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Preface 


Handbook of Functional Equations: Functional Inequalities consists of 20 chap- 
ters written by eminent scientists from the international mathematical community 
who present important research works in the field of mathematical analysis and 
related subjects with emphasis to functional equations and functional inequalities. 
As Richard Bellman has so elegantly stated at the second international conference 
on general inequalities (Oberwolfach 1978), “There are three reasons for the study 
of inequalities: practical, theoretical, and aesthetic.” On the aesthetic aspects, he 
said, “As has been pointed out, beauty is in the eye of the beholder. However, it 
is generally agreed that certain pieces of music, art, or mathematics are beautiful. 
There is an elegance to inequalities that makes them very attractive.” The chapters 
of this book focus mainly on both old and recent developments on approximate 
homomorphisms, on a relation between the Hardy—Hilbert and the Gabriel inequal- 
ity, generalized Hardy—Hilbert type inequalities on multiple weighted Orlicz spaces, 
half-discrete Hilbert-type inequalities, affine mappings, contractive operators, mul- 
tiplicative Ostrowski and trapezoid inequalities, Ostrowski type inequalities for the 
Riemann-Stieltjes integral, means and related functional inequalities, weighted Gini 
means, controlled additive relations, Szaz—Mirakyan operators, extremal problems 
in polynomials and entire functions, applications of functional equations to Dirichlet 
problem for doubly connected domains, nonlinear elliptic problems depending on pa- 
rameters, strongly convex functions, as well as applications to some new algorithms 
for solving general equilibrium problems, inequalities for the Fisher’s information 
measures, financial networks, mathematical models of mechanical fields in media 
with inclusions and holes. 

It is our pleasure to express our thanks to all the contributors of chapters in this 
book. I would like to thank Dr. Michael Batsyn and Dr. Dimitrios Dragatogiannis 
for their invaluable help during the preparation of this publication. Last but not least, 
I would like to acknowledge the superb assistance that the staff of Springer has 
provided for the publication of this work. 


Athens, Greece Themistocles M. Rassias 
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On a Relation Between the Hardy—Hilbert 
and Gabriel Inequalities 


Vandanjav Adiyasuren and Tserendorj Batbold 


Abstract In this chapter, we establish some new generalizations of Azar’s results, 
which are relations between the Hardy—Hilbert inequality and the Gabriel inequality. 
As an application, we obtain a sharper form of the general Hardy-Hilbert inequal- 
ity. The integral analogues of our main results are also given. Some Gabriel-type 
inequalities are also considered. 
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inequality - Hardy’s method 
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1 Introduction 


The classical Hardy—Hilbert inequality asserts that if p > 1, ; + ; = lay, bn = 
0,0 < °° ah < coand0 < °°, bi < oo, then 


n=1 


ps ont sin (2 = (>| ("5 ” 


where the constant factor 2/(sin 2/p) is the best possible. Its integral form reads 
as follows: If p > Le ao = 1,f,g => 0,0 < {5° f?(x)dx < co and0 < 
dee g4(x)dx < oo, then 
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[Of Re aay <a] [ sreoa}" | [ ercoat. 
a le x+y sin (7) 0 0 


where the constant factor 27/( sin z/p ) is also the best possible (see e.g. [6]). These 
two inequalities are important in analysis and its applications. Although classical, 
they are still of interest to numerous authors, and during subsequent decades numer- 
ous generalizations and refinements appeared in the literature (see e.g. [3, 4, 6, 8, 7 
10]). 

Recently, Das and Sahoo [4], obtained the following discrete version of the Hardy— 
Hilbert inequality with conjugate parameters p and q, p > 1, as 


(oe) 


3 3 —_ oe Hin > e-em] 


m=mo n=no m=mo 


1 


x | > enna (3) 


n=no 


where dm, bn = 0, Pp +g = 4,U © Any — bq), € Any — ¢,), and the constant 
B(@p, %q) (B is the usual Beta function) is the best possible. The set of function 
H,)(r) is described in the following definition. 


Definition 1 Letr > Oandmo € N. We denote by H,,,,(r) the set of all non-negative 
differentiable functions u : Ry — R satisfying the following conditions: 


(a) wis strictly increasing in (mo — 1, 00). 


(b) u((mp — 1) +) = 0, u(oo) = ov, and a is decreasing in (mo — 1, 00). 


In 2009, Das and Sahoo [3], obtained the following integral version of the 
inequality (3): 


1 


b : i 
LI Goren Bion) | if focounHglcon-” fra 


d a 
x| i oot WoyT tena . 


where f,g = 0, 6, + ¢g = A, v(x) and y(x) are differentiable strictly increasing 
functions on (a, b)(—o© < a < b < oo)and(c,d)(—0o0 < c < d < o)respectively, 
such that g(a + ) = wW(c +) = O and g(b — ) = W(d — ) = o&. In addition, the 
constant B(¢,, @,) is the best possible. It should be noticed here that we assume the 
convergence of series and integrals appearing in (3) and (4). 

In particular, letting u(x) > au(x), v(x) > Bv(x), and g(x) > ag(x), Wy) > 
BWQ), dp = 1— pAr,¢¢ =1-—qA1,aA= (a, B > 0) in (3) and (4), we have 
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oo oo a oo Pp 
m Dn <k(pA —1l4+pqAiy,,/ l-p_p 
5 Xu (au(m) + Bv(n))* vo {>> ae Be oe | 
x | > bento] (5) 


and 


i b i 
fx)gy) i Spite tates \ 
dy<k(pA PqA\ P FP(x)\d 
i f (oom) + Bye? »| eR a ON 


d ; 
x | / oor TW OI4et nay 
(6) 


where k(p A>) = age Ay (max{— = 0}, 1), Ar € (max{ += 
Further, we recall some Carlson-type inequalities. In 1935, Carlson [2], proved 
the following curious inequality: If a,,a2,... are real numbers, not all zero, then 


(o-e) 2 lo-e) 5 oo 5 
(>: o) <7 (>: “) (>: ra) ; (7) 
n=1 n=1 n=1 


where zr is the best possible constant. In 1937, Gabriel [5] proved a more general 
version of the Carlson inequality. In his work, Gabriel used a method similar to 
Carlson’s original proof. However, he mentioned that Hardy’s method could also be 
used. If p > 1, a, > Oand0 <6 < p —1, then 


(> ) 2 ( ( 1 1 it 
Yo an < — |B ; 
(25)P-! 2p—2 3) 


n=1 


£0}, 4)and 


p > 


1 


1 
foe) 2 foe) 2 
( p-\—5 :) ( p—14+65 :) 
x ) n a} y n Gd x (8) 


n=1 n=1 
and the constant we ‘ (8 (gh. — 
about the Carlson-type inequalities the reader is referred to [9]. 
Recently, Azar [1] gave a new discrete inequality with conjugate parameters p 
and qg, p > 1, which is a relation between the Hardy—Hilbert inequality (1) and the 
Carlson inequality (7) as 


-1 
is the best possible. For more details 
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co 600 2 ioe) Pp oo ; 
OP OO aie PA2 ( c ne qA\ 
mn mn 
(ee wel! [eesel © 
mn mn 


where dy), 0n,Omn > 0, Ai (0, 1) ,A2 (0, 1) , pA2+qA\ = | and the constant 


= a Gar is the best possible. 


In this chapter, we establish a new inequality with the best constant factor, which 
is a relation between the Hardy—Hilbert and the Gabriel inequalities. It is a general- 
ization of Azar’s result (9). We employ Hardy’s method to prove our main results. 
As an application we obtain a sharper form of the general Hardy—Hilbert inequality. 
The integral analogues of our main results are also given and some Gabriel-type 
inequalities are also considered. 

Throughout this chapter, all the functions are assumed to be non-negative and 
measurable. Also, all series and integrals are assumed to be convergent. 


2 Main Results 


In order to prove our results, we shall utilize the following simple property of the 
usual Beta function: 


t 
BE +1,99= BG,t +1 =——BG;d, 5,¢> 90, (10) 
s+t 


2.1 A New Discrete Inequality 


Theorem 1 Let p > 1, ; + 7 =l1r> 1,4 + 1 = | and mo,no € N. Suppose 


that Ay € (max{+*,0},+),A2 € (max{*,0},4), pA2+qA1 = 2-4 > 0, 
u € Ay, (qA1) and v € Hn, (pA2). If {am}, {bn} and {Om} are positive sequences, 


then 


Lal F 
lo me.<) t 0° Ds 0° qs 
( ons) <C | Wi (m a? | | w2(n)b4 | 
m=mo n=no m=mo n=no 


r(l—qA}) r(~pAg) 
coups U(M)O, n : Bey pace VMOn n . 
. | ap as: | {> 2X ree ad 


m=mo n=No m=mo n=No 
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where wilx) = [ux P441fw/ (xy? wale) = ey P42 e@Qt. In 
addition, the constant 
s[B(L — pA, 1 —qAi)]* 


(= qAiy = pay 


is the best possible. 
Proof Leta, B > 0. Utilizing the Hélder inequality and then, applying (5), we have 


m=mo n=no 


= | 3 5 ( (amDn)* (men, ) 
nny mm, \(au(m) + Bv(n))r (ambn)* 


Amb n au(m) + Bv(n) - 
<{) 2 3 (au(m) + Bv(n))r | {> 3 y (amDn )s out fr,,| 


m=mo n=no m=mo n=no 


[BU — pAx,1—gAi)]5 [ = an = ze 
< rd—qA1)  rd—pAg) . wi(m)ap, p» w2(n)bt 
a Ss S 


B m=mo 


u(m)o,;,, n VOC n 
° {a > Sa Gio 5p a) 


m=mgo n=no m=mo n=no (dmb n) 


< [B( — pAz, 1 — qAi)} | > wim} | { wx] | 


m=mo 


r(=pAz) rO-~9A1) go 


a 3 UM)On n B 5 = V(MOn n 
‘ (S) y ye (nbn)! ” ap (nbn)! 


m=mo n=No m=mp n=no 
u(m)o;, 2 v(njo/, n 
Now, set S = se =m ye =N0 Gn he ys’ = Dn =n ae =n (amPn )F t= Z and 
r(l ) r(qA 
consider the function h(t) = t — S+t a pe Since 

r(1 — pA2)S ra=pA2) 1—qgAj,)T 

jj a 

Ss (1 — pA2)S 


it follows that h attains its minimum for t = as . Thus, letting a = (1 —qgA))T 
and 6 = (1 — pA2)S, we obtain (11). 
Now, in order to prove that C is the best constant, suppose that e > 0 is sufficiently 
small, Gn = [u(m)|44'~Pu'(m), Bn = [Vn P24 v'(nym_ > mo,n > no), and 
dn by 


Onn = —~“"~. Then, considering the integral sums, we have 
(u(m)+v(n))F 
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1 oo ee loo) ror 
eluGnale ~ [ [u(x)]-'~*dlu(x)] < 2 [u(m)]"'~*u'(m) 
= » [u(m)]1*P94! [ul (m) |! Pa? 


< luca) Wma) +f [u(x)P'*d[u(x)] 


1 
—= —l-e,/ 
= [elmo] no) + ee 
and so )o | [u(m)]~'*? 441 [ul (m) |! Pan = CTT + O(1). Similarly, 
> be py wl = i 
n=no é[v(no)]* 


In addition, substituting the above defined sequences Gms Dns and G», in the 
left-hand side of (11), we get the inequality 


oO 00 ~ 
yo Amn 


m=mo n=no (u(m) al v(n))? 


o) 7 fo) —pAs-] 
> / [u(x)|-44'-3 ( / pore om) die 
= —l-e = pee y 
= ——-d id. 
[ [u(x)] ([-. — ‘Jeo . 
/ * tucoy i gaaee i eas eee 
= Ux 7 5 u(x)dx 
mo 0 (1+t)r 0 (_+t)r 


1 é é 
> B (1 qA\ ,l— pA2 ) 
é[u(mo)]* q q 


iu 


-[ [u(x)]-!- € ve t ~PA2~ 5 dtdx 


a (: Rac Ve pA “) 
= q > 2 
elu(mo) ee aa 


: [v(no)] P28 
(= pa $= pAa + §) [u(mg)]" PA 


1 é E 
a(1 gA — —,1— pAp ) OW). 
] q q 


~ e[ucmo)]° 
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In the same way, utilizing (10), we have 


u(m)a}, , _ ~ 1—qA\— $ [v(n)] an 7y'(n) 
3 y ree bor 2, (umn) Hom (um) + vin)! 


= I-gA1-£ 4 [voy]? a(x) 
< = [u(m)} 4 Pw mf (u(m) + v(x))s 
= ys [u(m)]'~* dim [ sar 
m=mgo C ” ” 
7 1+ e[uQmo) |" OC) |, (: + pAg+ 7 1,1— pAs =) 
é[u(mo) ]® q ? 
1 + e[u(mo)]° OC) 


= a(2 gi +2.1-pAa— =) 
e[u(mo)]* q q 


_ 1+ elu(mo) OU) TU 9Ait 9) 


elu) s 


g g 
B(1-4Ai+2.1-par~*), 
q q 


and similarly, 


3 y VME mn _ltelv(no) FOC) TO= part 5) 


E 
Bil A ,l-gA ; 
nba) elvino)lé 5 ( r i: — 7) 


m=mo n=no 


If the constant factor C in (11) is not the best possible, then there exists a positive 
constant C(with C < C), such that (11) is still valid when replacing C by C. In 
particular, utilizing the derived inequalities, we have 


1 € € . 
( (1 qa, ,1— pAo ) ow) 
é[u(mo) ]* q q 


1 Ps 1 rr 
Cc { ———_ + O’(1 —— + O(1 
7 \aimmor * o} lamar o} 


| L+elu(mo OU) TU-aAi+4) 


r(-gAy) 
Ss 


a(1 pA as =) 
e[u(mo)]° s q q 


r(I-pA) 
ry 


: a(I part ,l-qA, =) 
e[v(no)]° s P 


Multiplying the above inequality by e” and then, letting « > 07, it follows that 
s[BU — pAz, 1 — 4A] 


r(—qA;) (= pag) 


| 1+ efv(m) OM) 7-pé2+S) 


C= 


2¢, 
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which contradicts with the fact that C < C. Hence, the constant factor C in (11) is 
the best possible. This completes the proof. 


‘ 1 — ambn = oan u(m)ambn 
Considering vee with Onn = (um)-+v(n))F =v =m0o aus no (u(m)+v(n))s ? 
— V(1)ambn aAmbn 
f= yan =m paw =no (u(m)+v(n)) and $+T = ‘Deu =mo — =n (utm)-tv(ny) E » we obtain 


the following consequence: 


Corollary 1 Suppose the parameters p,q,r,s,A\,A2, and the functions u,v : 
R, — R are defined as in the statement of Theorem 1. If {am}, and {by} are positive 
sequences, then the following inequality holds: 


S 3 (u eG ae <C | > wi} {> win : R:. (12) 


m=mo n=no m=mo n=no 


In addition, the constant factor 
S\F 
is the best possible and 
r(1—qA]) r(l—pA2) 


ee poe Ee 
R= 1—qA\ 1—pA2 
S+T 


w(x) = [u(x)}- P44! fa’ (x)]?, wax) = [ve P42 [Va]. 
In particular, (I) for A, B,a,f > 0, setting u(x) = Ax®,v(x) = Bx?,mo = 
no = 1, we have the inequality 


Ld oem <c1{ wim} {>>| Ri, 


m=1 n=1 


where the constant 


Ci = 


ey BC — pA, 1 — gA1) 
Ala BI-PAag a Ba : 


is the best possible and wi(m) = mP?@I41~@+D-1 wo (n) = nIPPA2—B+D—1 
(ID If a, 6B > 0, putting ux) = aInx, (x) = BlInx,mo = no = 2, we have 


co 600 Anbn 4 00 1 
2G eee o1{yowimet| pou Ri, 


m=2 


a 7 B(l— pAg,1—@Ai) 
1=(-) "qa BI=PA2 


? 
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is the best constant and wi(m) = (Inm)7!+?941m?—!, wo(n) = Cnn)! P442n9- 1, 
(IID) For a, 6 > 0, set u(x) = a Inx, v(x) = Bx,mp = 2,n9 = 1. Then, 


ay AmDn 00 7 { 1 
2 Gin <¢1{ wim} {>> waom| er 


m=2 


s\; BC — pA2,1—qAi) 
( ) : a!4Ai Bl-pA2 
is the best constant and wi(m) = (Inm)7!*?¢41mP—!, wo(n) = n7!4 P4242, 
Theorem 2 Inequality (12) is a refinement of inequality (5). 


Proof Utilizing the well-known Young inequality, we have 


r(l—qAq) r(i—pA2) 
(rim) " (er) | 
1-qgA\ 1—pA2 
R= 
S+T 

rmgA1) | _S__ 4 r=pAr) | _ 
< Ss 1-qA\ Ss 1—pA2 _ ee 
S+T K) 


Now, the inequality (5) follows from (12), which completes the proof. 


pad 


1 — _— a — 
Setting u(x) = v(x) = x*,a = TICE Eni 


> 0,4) =m?,k =apU —qgAj)—- 


1-—p,b, = nil = aq(1 — pA2) — 1— 4 and oy,» = CnC, in Theorem 1, we obtain 
the following Gabriel-type inequality: 


Corollary 2 Suppose the parameters p,q,r,s,A,, and Az, are defined as in the 
statement of Theorem 1. If {Cm} is a positive sequence, then 


0° 5 

rk 
) Cm a>} m* SPC ; m~ 7 Cr, A 
m=1 m=1 m=1 


r 


Ne 


2 


where the constant C* = JC - (z) ** is the best possible. 


2.2 An Associated Integral Form 


Theorem 3 Let p > 1, 7 + 7 =, laa >1, 1 + i = |. Suppose that 


Ay € (max{—+,0}, +), Ao (max(!=2,0), 1), pAr+gA1 =2—! > 0, v(x) and 
wW(y) are differentiable strictly increasing functions on(a,b)(-w<a<b<o) 
and (c,d) (— «© <c¢ <d < o) respectively, such that g(a +) = W(ce+) = 0 
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and o(b —) = W(d — ) = ~. If f(x), g(y) and G(x, y) are positive functions on 
(a, b), (c,d) and (a, b) x (c,d) respectively, then the following inequality holds: 


b pd r b a d a 
(/ / Gtx, y)axdy) <c| / wes) FP a} / wate" 
b r ae. 
«|| 4 o(x)G" (x, ee axay| 
a Je (f(x)g(y))s 
r(l—pA9) 
ff LOD arayl (13) 
a Je (f(x)g(y))s 


Here, wi(x) = [xP [g' a), wo(y) = (yyy P14? [yh 4 and 
the constant 


s[B( — pAz,1—qAj)]}5 
r(L ate 1) rd rani) 


(1 — pA2) 


rl — qA\) 


is the best possible. 


Proof Using the Holder inequality, the Hilbert-type inequality (6) and proceeding 
as in the proof of Theorem 1, we have that (13) holds. Now, to prove the part with 
the best constant, suppose that ¢ > 0 is sufficiently small, and let 


~ 0, if x € (a,ai)(a, = |) 
f@) = ie otk , 
[yl Pyl(x), if x € [a1,b) 


7 0, if ye (ac = W'()) 
g(y) = he , 
[WOT ?? awi(x), if y € [c1,d) 


and G(x, y= a C9110) Then we have 
(gQx)+w(y))r 


b _ 7 d a 1\: 
/ wits) Fa} | / wal" Ovay -(<) 
fO)EO) 
G dxdy = ——_-~*" —_dxd 
[ft = Lf @@+¥o)F 


— —l-e_y d 
[ i Me name 


b ea uPA 4 
=[ [o(x)] vo [o* aril 


and 
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b 1/y(x) yo P24 
-{ Jeo) ae ow f —— dudx 
a (l+u)r 


pn 

q 
b 1/g@) r 

-{ [oxy '* vw f PAG dudx 
ay 


Lafveenetacats-8) 
q q 
1 
(b= pae= 2) = pass) 


E € 
~B(1-gar+=.1 pA2 7) Od). 


On the other hand, employing (10), it follows that 


eG") [ _— i yoPaan$ 
<<“ dixdy = olay d 
i fe fis dn es 


=pA=7 
< [ tooo oy [dua 


1 
Ss coma) 
E q q 


17 —gAre,) g g 
= Bi{1—qAi+-,1-— pA2 F 
q 


€ s 
and similarly, 


? 1— pA,+£ 
a “VOCED pray LT - Pals pAr+—.1—gA\ 7) 
ade (FORO)! é s 7 


Assuming that the constant C in (13) is not the best possible, then there exists a 
positive constant Ce C, such that (13) is still valid when we replace C by C. In 
particular, utilizing the above inequalities, we have 


1 € € . 
(a(1 gAi — —,1— pAs ) ow) 
E qd q 


ei {#20 rd-gAi+5) 


E 


r(-gAy) 
Ss 


ae a(1 gAi+—,1—pAg =) 
q q 


r(l—pA2) 
Ss 


g € 
a(1 part <1 gai =) 
P Pp 


E Ss 


| 1420) 7 — par + £) 
x . 
& S 
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Now, multiplying the above inequality by ” and then, letting « > 07, it follows 
that 


s[BU — Pan) — qAi)IF 
ea4p rd— rr PAD) 


(1 — pA2) ss 


<C, 


ral gay 


which is in contrast to C < C. The proof is now complete. 


Similarly to the discrete case, if G(x, y) = £00) — then, setting 


M+)" 
b rd g(x) fag) b pd WO) fg) : : 
sa i. warroyaxay, T = A he ivy axdy, we easily obtain that S + 
T= Lp 1 —LWs) _dxdy, and the Theorem 3 yields the following consequence: 
© (~@)44Q))r 


Corollary 3. Suppose the parameters p,q,r,s8,A\,A2, and the functions g,w : 
R, — R are defined as in the statement of Theorem 3. If f (x) and g(x) are positive 
functions on (0, 00), then the following inequality holds: 


[ [ f@)gy) _ FOO) array 
(v(x) + wy)? 


b 7 d q 
<ci{ / woo fPds| / wate" ae 


(14) 
In addition, the constant 


S\F 
Ci = (<)’- Bd pAr,1- Ai) 


is the best possible and 
r(l—qA]) r(l—pAQ2) 
S Ss T Ss 
(a 1—pA2 
S+T 
wi(x) = [px + P48) ['(x)I'?, wo(y) = [WO FP Lb’ (y) 4. 


It should be noticed here that the inequality (14) is more accurate than the 
inequality (6). 


R= 


? 


Theorem 4 Jnequality (14) is a refinement of inequality (6). 
Proof The proof follows the lines of the proof of Theorem 2. 


fue vi a20 =a = min | a LI, 1) = ore 
and G(x, y) = w(x)w(y), the Theorem 3 yields the following integral Gabriel-type 
inequality: 


x 


Corollary 4 Suppose the parameters p,q,r,s, Ai, and Az, are defined as in the 
statement of Theorem 3. If w(x) is a positive function on (0, 00), then 


1 


([ ear) ont ae e* [w(x))” ax\'{ [° e®tocoras ; 
0 0 0 


Nie 
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a pe 


and w = p+ap(qAi — 1),v=q + aq(pA2 — 1). 


where the constant factor C* = /C ( . ) 258 (ce) a (2) is the best possible 
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Mathematical Models of Mechanical Fields 
in Media with Inclusions and Holes 


Marta Bryla, Andrei V. Krupoderov, Alexey A. Kushunin, Vladimir Mityushev 
and Michail A. Zhuravkov 


Abstract Various problems of mechanics described by two-dimensional harmonic 
and biharmonic functions are investigated by application of the generalized al- 
ternating method of Schwarz (GMS). It is demonstrated that the GMS in zeroth 
approximation coincides with the principle of superposition. Iterative schemes for 
the R-linear problem on harmonic functions for multiply connected domains are 
constructed and compared to the GMS. The method is applied in symbolic form 
to the case when inclusions have elliptical shape. Two-dimensional problems for 
biharmonic functions by application of the Kolosov—Muskhelishvili formulae are 
considered by the principle of superposition to describe gas flows in rigid bodies. 
Viscoelastic problems in porous media are solved by use of the method of finite 
elements. 


Keywords Alternating method of Schwarz - Functional equations for analytic 
functions - Superposition principle - Elastic half plane with cavities 


1 Introduction to the Generalized Alternating Method 
of Schwarz (GMS) 


Mechanical fields considered in this paper are described by two-dimensional har- 
monic and biharmonic functions. Many problems of the mechanics and of composites 
are stated as boundary value problems for domains with holes and inclusions when a 
condition of the contact between the components is written as a conjugation condi- 
tion for the limit values of the unknown functions and their derivatives [12, 13]. Such 
problems have been the subject of research interest in porous media and composites 
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(e.g. [1, 2, 3, 5, 14, 15, 16]. In the present chapter, attention is paid to the problem of 
interactions of inclusions and its investigation by the generalized alternating method 
of Schwarz (GMS) [19, 22, 26]. 

The main idea of the method can be presented by the R-linear problem on 
harmonic functions for multiply connected domains. Let D; be mutually disjoint 
simply connected domains in the complex plane C bounded by smooth curves L, 
(aan Pee n) and D be the complement of all closures of D;, to the extended 
complex plane C = C U {oo}. Below, the domains D, are called by inclusions. 
Denote by D* the union of all inclusions D,;, i.e., the domain Dt consists of n 
connected components. Let L; are orientated in a counterclockwise direction. Let 
p be aconstant and c(t) be given Holder continuous functions on L = Uj_, Lx, the 
boundary of D*. 

The R-linear conjugation problem with constant coefficients is stated as follows 
[22]. To find a function g(z) analytic in D and in all components of D*, continu- 
ous by differentiable in the closures of the considered domains with the following 
conjugation condition: 


gHO=—9 O-pey Otc), teL. (1) 


Here y=*(t) denotes the limit values of y(z), as z tends to a point t € L from D* and 
from D, respectively. Moreover, g(z) vanishes at infinity. If |o| < 1, the problem has 
a unique solution. This follows from a more general result obtained by Bojarski [6]. 

In order to describe the GMS we first recall the Sochocki—Plemelj formulae. The 
curve L := Uj_,0D, divides the complex plane onto domains D* and D. Here, 
each curve 0 D, is orientated in the clockwise sense. Let jz(t) be a Hélder continuous 
function on L. Introduce the function 


D(z) = —— 
@) Qi Etmz 


(2) 


It is continuous on the complex plane except L where its limit boundary values 
@t(t) = lim,.;ep+ P(z) and @-(t) = lim,.;¢p P(z) satisfy the jump condi- 
tion [11] 


@*(th-@ (t)= pt), te. (3) 


The condition (1) can by written in the form (3) with @*(t) = @(t) — fT, 
@(t) = g(t) — f-(), u@® = e¢x(t), where the Cauchy integral 


fo=— [© 


dt 4 
Qi pres 4) 


determines the function f(z) analytic outside of L. Then (1) yields 


| 
ase = / 
a 21 JaDn 


in (t 
; i Fee De, k=1,2..50. 6) 
= 
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The function g(z) is calculated by g(z) as follows: 


pz) =p y= Oni =I, Onl ay + f(z), zeD. (6) 


m=1 


One can consider (5) as a system of integral equations on g ;(z) analytic in Dx and 
continuously differentiable in its closure. It is worth noting that the equations (5) are 
not the classic integral equations of the potential theory. They correspond to integral 
equations which are be deduced from the GMS. In order to analyse (5) we rewrite 
them in the form 


x(t) Qm(t) 
ote) — ef —dt = 0X a do, ——dt + f(z), z € Dy, k = 1,2,. 


2mi Jon, t —z t—Z 


) 


The equations (5) can be solved by the following two iterative schemes. First, the 
direct iterations can be applied to (5) 


gw) = f, 


n o(t) 
of @=p>- 58 CG Patt fo. #¢ Dy HN, 2 chs p= 0, 1,222, 


P f= 
m=1 aDn 


(8) 


where gy” Ww) denotes the pth approximation of ¢;,(w). As it is proved in [21], the 
iterations (8) uniformly converge for all |p| < 1. 

The second iterative scheme is constructed on the basis of the equations (7). The 
zeroth approximation can be written in the form of the separate equations for each 
k=1,2,...,n 


(0) 
g@- / PO a = £@), ze Dp. (9) 
ap, t 


201 


According to Bojarski [6], Eq. (9) has a unique solution. The pth approximation has 
also the form of the equation on oP) for each k = 1,2,...,n 


(p+) 
(p+l) p Dy, Ot -_ gy o?(t) 
eae eD 
oe — I, = 0) al . + f(z € Dy. 


t—Z 
(10) 


Contrary to the first algorithm (8), convergence results for the second algorithm 
(9)-(10) are unknown. 
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The integrals from (10) form ¢ k and z € Dx, can be estimated as follows: 


diam(Dx,) 


oP) 

2a 

Lf an] < marican, iO 
dD dim 


where dim = infreap,, zed, |t — Z|, diam(Dx) = sup, ,<p, |Z1 — Z2I- 
The values d;,, and diam(D,) characterize the distance between D, and D,,, and 
the linear size of D,. If the sum of the ratios 


3 py diam(D,) (11) 
k=1 m4¢k dim 


is sufficiently small, the zeroth approximation 9, (z) can be accepted as an 
approximate solution of (5). Then, the approximation for g(z) from (6) becomes 


=p = a os a + f(Q,2€D. (12) 


m=1 


Formula (12) expresses the superposition principle used in physics when the field 
in D is approximated by a sum of the separate fields induced by the inclusions D,,. 
Therefore, the GMS applied within the zeroth approximation yields the superposition 
principle. In Sect. 3, this principle is applied to complicated mechanical fields. 


2 R-Linear Problem with Elliptical Inclusions 


The present section is devoted to application of the GMS to the R-linear problem 
with many inclusions of elliptic shapes. We follow Sect. 1 and the paper [20] where 
this problem was considered in the case when all the ellipses have the same shape. 
In this section, we consider the general case when each ellipse can have arbitrary 
semi-axes and arbitrary size. 


2.1 Statement of the Problem and Reduction to Integral Equations 


Suppose that the elliptical inclusions D,,(m = 1,2,...,n) do not overlap. For con- 
venience, put the semiaxes equal to r,,(1 + @,,) and 7,,(1 — a), respectively. The 
parameter r,, 1s positive and characterizes the size of inclusion, and a, is the shape 
of the mth ellipse (0 < a, < 1). The case a, = a (m = 1,2,...,m) was considered 
in [20]. Let an inclusion D,,, be centred at (x, yj) and the angle between the major 
semiaxis of the ellipse and the x-axis be equal to 6,,. In accordance with Mityushev 
[20], introduce the local coordinates (X, Y) for a fixed inclusion D,, as follows: 


1 
x= —[« = Xm) COS On oe (y = Ym) Sin Om], (13) 


lm 
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1 
Y= —[(x _ Xm) SiN Om, ae (y _ Ym) COS Om J. (14) 


Tm 
The local equation of the ellipse 0D,,, has the form 


x y 
= 1 
d+ Oa)” " d_— Om)? 


(5) 


The foci of the ellipse 0 D,, in the local coordinates are located at ( = 2,/an, 0). 

Let Z = X + iY be the local complex coordinate, z = x + iy andw = &€ +i¢ 
be global complex coordinates, where i denotes the imaginary unit. The Joukowsky 
conformal mapping 


Am 
Z=wt+— (16) 
w 


transforms the annulus ./a@,, < |w| < 1 onto D, — Ij,, where I, denotes the slit 
(— 2,/am, 2,/m) along the X-axis. The inverse mapping to (16) has the form 


1 
w=5 (2+ V2? = 4am) (17) 
where the branch of the square root is chosen in such a way that 


lim JZ? — 4am = tiv4am — X? (18) 


Xi 


for —2,./an < X < 2./a,,. Formulae (16)—(17) in the global coordinates become 


a re ae (19) 
Ww 


1 —~ Um —~ Um 2 
vo | =2 +/(: “ ) dom | , (20) 
2 Sin Sin 


where 5S, = ret”. 

Let D denote the complement of the closures of all domains D,, to the extended 
complex plane. We study the conductivity of the two-dimensional composite, when 
the domains D and D,, are occupied by materials of unit and A conductivity, respec- 
tively, where 0 < 4 < oo. Then, the potentials u(z) and u,,(z) are harmonic in D and 
Dy (m = 1,2,...n) and satisfies the conjugation (transmission) conditions 


ou OUm 
u= Um, =i On 


on 


, on dD, m = 1,2,...,n, (21) 


where 0/dn denotes the outward normal derivative to the ellipses. For simplicity, it 
is assumed that the potential u(z) has singularities only in the domain D described 
by a function Ref(z), where f(z) is analytic in all inclusions D;,, Re stands for the 
real part of a complex number. 
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Following Mityushev and Rogosin [22], introduce complex potentials g(z) and 
GYm(z) analytic in D and D,,, respectively, in such a way that u(z) and u,,(z) are related 
to the complex potentials by 


2 
uz) = Re[p(Z) + FZ); Um(Z) = eS ea (2). (22) 
Then the conditions (21) can by reduced to the R-linear problem (1), where c(t) = 
F(Z) and p denotes the contrast parameter 
A= 1 


=.—_,, 2. 
ar am (23) 


2.2 Solution to Integral Equations 


It follows from Sect. | that the R-linear problem (1) is reduced to the integral 
equations (5). We now reduce these equations for elliptic inclusions to a system 
of functional equations (without integral terms). 

Let k be fixed in (5). The doubly connected domain D,; — I), is mapped onto the 
annulus ,/a% < |w| < 1 by the conformal mapping (20); D, is transformed onto the 
unit circle |w| = 1, J; onto the circle |w| = ,/ax. Introduce the functions 


De) = Gul) = GK | (w+ *) + a4 | (24) 


analytic in /a, < |w| < 1 and continuous in /ax < |w| < 1. Substitute (24) in (5) 
and change the variables in the integrals as follows: 


— (+S) +a. (25) 


Then (5) becomes 


Dn 1 We om d 
/ OES are: 8) 
|rj=1 T+ 


am Sk ak am —ak 
T Sm (w a w ) 7 


Sm 


n 1 
®(w) = 0) 5 


m=1 


Ja <|w) <1, k=1,2,...,n, 


where F(w) = f(z). Moreover, it follows from the continuity of g;,(z) when z passes 
the slit J), that 


Ok 
Oi(t) = Oj (—), Ie = Vax. (27) 
Equation (27) implies that };(w) is represented in the form 


ak 
Dev) = 00) + Oe (), ae S dw] 1, (28) 
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where ¢x(w) is analytic in the unit disk |w| < 1. Equation (28) follows from the 
representation of ®;(w) in the form of the Laurent series in the annulus a; < |w| < | 
and form (27). The same arguments yield the representation of F(w) in the form 
F(w) = gxe(w)+ ax(*), where g;(w) is analytic in the unit disk. Substitution of (28) 
into (26) yields 


bw) + ox () =p % [ Pim) + Qun(w)] + ge0w) + ae (=), 29) 


W 


m=1 
ar < |wlh <1, k=1,2,...,n, 
where 
1 bm(S)C — “B)dt 
Pin) = => ff Ee. (30) 
ani Jj t+ @ Sr ae 
1 Pm (QmT)(1 ~ “dt 
On / a. G1) 
2ni Jj t+ = (w+ )+ . 


Here, the relation tT = i on the unit circle is used. 
The integrals (30)—-(31) are analytically calculated by residues in [20]. Following 
[20] consider the quadratic equation with respect to t 


— Se [si (w a —*) + a, — an | T+Am = 0. (32) 
Ww 


The cases of equal and non equal k and m have to be separately investigated. 
a) Let k = m. Then Eq. (32) becomes 


2 Ok 
t — (w+) r+ a =0. (33) 
7 
Its two solutions have the form 
n=won=—. (34) 
w 


b) Let k 4 m. In order to avoid a confusion with (34), the roots of (32) in this case 
are denoted by w; and w2 


1 ; su(w + 2) + ay — Gm V7 
Wf sa [ (w+ —*) + ak an | | KA uw) : 4am, 
2 w Sin 
(35) 
1 = Ak Sew + et) + dk — an 
W2= 75 y5m [s: (w + =) + a — an| aa 40m 
2 Ww Sm 
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The branch of the square root is chosen in accordance with (18). It was proved in 
[20] that |w1| < 1 and |w2| > 1. 
The integrals (30)-(31) were calculated in [20]. From m # k it can be written in 
the form 
—— w ae 
Pun(w) = dm (0) — bn (=), (m x k),  Pre(w) = ox (0), 


m 


fags. 
Oxm(w)= om (0) = Pm(@mW1) (m # k), On(w)= —x(0) Ag Px (aw) ar Pk (+). 


where w and w» are given by (35). 


2.3 Functional Equations 


Substituting (34)-(35) into (29) we transform the integral equations (29) to the 
following functional equations: 


7 ON 
0) +o, (<) = p[ Ful@W) + (=) - (36) 
— SF | -2GrO + Gn mB OD) + bn (=) + gu(w) + 8 (=) f; 
m#k %m yy 
Jo <|wl <1, k=1,2,...,n. 


Here, for convenience the root w) is written as the function of w 


Pan) = 5450" [5 (w+ 4) +4 — an] - Vino}, BN) 


where 


ne 2) papa 
eae ee 4otm, (38) 


Nim(w) = 
Sin 
The right hand part of (36) consists of the functions ¢,(w) and x (2) analytic 
in |w| < 1 and |w| > ./am, respectively. Denote by P* the project operator which 
transforms a function analytic in ./a&, < |w| < 1 to its part analytic in the unit disk. 
This operator can by considered as taking the regular part of the Laurent series or as 
the integral operator fi 2d" with |¢| < 1. Application of P+ to (36) yields 


2ni J|wl=1 w—C 
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Pew) + PO) = p | bain) + (0) — (39) 


a —2¢m(0) + P* bn (Om Bem(w)) + P* dm (=) + gx(w) + sO}, 
m#k m 


lw] <1, k =1,2,...,n. 


Here, the following relation is used: 


OP OK 
Pt dy (=) = $0). 
Ww 


One can consider (39) as a system of functional equations on the functions ¢;(w) 
analytic in the unit disk and continuous in its closure. The solution of (39) can be 
found by the method of successive approximations corresponding to the algorithm 
(8). The equations (39) can by considered as iterative functional equations with shift 
into domain [20, 22], since |Bgm(w)| < 1. It is worth noting that the equations (39) 
do not contain integral terms and can be solved by use of the symbolic computations, 
hence, the obtained results can be obtained in the form of approximate analytical 
formulae. 


3 Some Model Problems of Gas Flows in Rigid Bodies 


3.1  Stress—Strain State of the Elastic Half Plane with Holes 
Filled by Gas 


One of the mathematical model approaches to creation describe the stress—strain state 
of an elastic half plane with cavities that can contain gas, is discussed in this section. 
We consider an elastic isotropic half plane with two holes which are far away from 
the half-plane boundary and each other. This assumption allows us to apply the GMS 
in the zeroth approximation (the method of superposition discussed in Sect. 1). All 
the problems are considered in the plain strain condition. One of the holes is a circle 
with radius R and centre at the origin. The second hole is an ellipse with semiaxes a 
and b. The centre of the ellipse is placed at the point O1 (x01, yo1). The x-axis forms 
the angle € with O;O (see Fig. 1). Let the real axis and the boundary of holes be 
denoted by Lo, L;, L2, respectively, and the distance from the centre of the circle 
to Lo be H. Let the homogeneous pressure po be given on the boundary ZL; and 
boundaries Lo and L> be free. 

The Kolosov—Muskhelishvili method will be used to solve this problem. Let S* 
be a domain bounded by contours Lo, L;, Lz and S a domain bounded by L, and Lp. 
The problem is described by the following equilibrium equations: 


ao) ar 
Ox dy 
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> 
x 
Fig. 1 Scheme of model problem 
ac) aa) 
ee y = 0, 
ox oy Be 
Aol” + of?) =0 (40) 


and the boundary conditions 


of) cos(n,x) + i cos (n, y) = 0, a cos(n,x) + oD cos (n, y) = 0 


on L; (j = 0,2), (41) 


of) cos(n,x) + va cos (n, y) = —Pocos(n, x), 


a cos(n,x) + a cos (n, y) = —Pocos(n, y) on Ly, (42) 


where oj; denote the stress components, p the media density, g the gravity 
acceleration, and n the outward normal to the boundaries L ;. 

Using the superposition principle we can represent the stress components as 
follows: 


Oy) = ON) + Ox, Try = Try + Taye Dy) = Oy” + Oy, (43) 


The sizes of holes are small in comparison with plane sizes. Therefore stresses oj; are 
negligible at large distance from holes, hence, o;; vanish at infinity. It is evident that 
the additional stresses satisfy homogeneous equilibrium equations. If the boundaries 
L, and L, are far away from the boundary Lo, we can consider an infinite plane with 
holes. The formulae for initial stresses are well known 


o. = pgy — H),t = 0,0 = drpgty — H), 
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where A is the ratio of horizontal to vertical stress. 
The boundary conditions for the additional stresses have the form 


Oy = Try = 00n Lo; (44) 
0, COS (N,X) + Try COS (n, y) = fj cos (n, x), 


Txy COS (n, x) + oy cos (n, y) = gj cos(n, y) on L;, j = 1,2, 
where 
fi = peg — Po, g1 = pgH — Po, fo = poeg(H — you), g2 = pg(H — yor). 


Following the Kolosov—Mushelishvili method we use the complex potentials ®(z) 
and W(z) 


Ox + ay = AP(z) — G])), oy — oy + Wry = 2AZO'(z) — W(Z)). 


Using the superposition principle and the well-known solutions for infinite plane 
with elliptic and circular holes [23, 30] (with p = 1), we obtain 
ox = Rel — W(x) + 2G2(z1) — K(Z)], 
Try = Im[W4(@) + Ki], 
oy = Re[W(Z) + 20221) + K(Z)I, 


where 

Wi) = AR 2 = x tiy, O(a) = BS a = eh — m1), Ku) = 

e (7 @5(z1) + Valz)), Pr = Po — pgh, zw = xo + iyo, Os) = 

MOO 9(5) = BE, EB = Shs = Sh, ws) = Ele + 3/5), 
= a ia W(Z1) = ee Wo = BE + PEs Lise P, = pg(H — yoi)s 


— 9s) 
P31) = FO" 


The main stresses become 


M460 gM 6 


a= ; 4, ; *— cos (26) + t{\) sin (26), 
(1) (1) (1) (1) 
0,’ +a 0,’ — 0; 
n= e y af ; ” cos (20) — a sin (20), 
03 = vo, + a); (45) 
1 ark) : : : 
where 9 = 5 arctan ~;~“7p and v denotes Poisson’s ratio. Solutions to these 
Oy —Oy 


problems by other methods are described in (7, 18,28, 29]. 
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Fig. 2 Scheme of model problem for two orthotropic half planes 


3.2 Stress—Strain State of the Rock Massif and Applications 
to Gas Dynamic Phenomena 


We consider an orthotropic elastic body which consists of two half planes D; (j = 
1,2) with different elastic constants. The line y = 0 be the boundary between the 
half planes and let the y-axis be directed downward. Each half plane is orthotropic 
in the local coordinate system (&, 7) as displayed in Fig. 2. 

Hooke’s law in the local coordinate system becomes 


( 
OUY _ ai, D+ pPal?, 
avn ae 
De G) G) GW) 
aa = By 0," + By 9,”, 
au) av) 
=p che (46) 
an 0g : 
where 
WMG) Gj) (CD nen) GG) 
gG — 1a V3] Mis. G) __ _ Yar + 31 M23 Gy l= v3 vy pe = 1 
I Gi) Pa (2) 22 Gi) AG) 
Ey E; E; Gi» 


E : and TEs are Young’s modules in the principal directions € and n, respectively. 
Here, Gj, denotes the shear modulus in the plain (&, ), vj, Poisson’s coefficients. 
The angle between the local and global coordinate systems is denoted by a;. 

Hooke’s law in the main coordinate system can be written in the form 
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aU) 
aes =co DP +o + ert CH), 
x 
BV Gh Gy ji) ay eee, 
By = Cy Oy" + Cy OW” + Cog Te 
RY GACD ava) oi (i) (j) 
dy tag 168 + C6) + C66 Ee (47) 
The coefficients c,,, linearly depend on the coefficients 6; as follows: 
cl) = = B\ cost (aj) + BY sin? (a;) cos” (aj) + BS) sin* (aj), 
cy 


= p\)) sin* (aj) + B” sin? (a;) cos” (aj) + BS) cos* (aj), 
cy) = = nA ‘ls Ce ae B= BY) sin2 (a1;) cos? (a), 
ce) = = Ae a 4(pv ne i B”) sin? (a:;) cos? (a;), 

ct) = (2B) sin? (aj) — 2B\)? cos? (aj) + BY cos (2a;)) sin (ar;) cos (a), 
cS? = (282 cos? (aj) — 2¢) sin? (w;) — BY cos (2a:;)) sin (a) cos (a;), 


where BY) = 2p) + Ae. 


We will solve the problem when the body forces are absent. Then, the equilibrium 
equations become 


dol! ) 9 we) 


= 0, 
ox oy 
a? aol” 
= + 5 =0. (48) 


The stress tensor components can be written in the form 


2yWU) 2Ww) 2WwW) 
we WS a ew 
x 


dy2 > % Ax? a dyax ¢ oe 


where W\) denotes the Airy function. Then, the equilibrium equations are satisfied 
and the compatibility equation becomes 


r rere 
grew? , wa ” ell hy. ofp Oe pt OW 5 ye We 
a Ox" *6 ax3ay me z~ 2416 axdy3 |! ay4 
(50) 
We use the following representation for the function W [9] 
WY = 2Re[ Fy? (zy?) + Fy? (2), (51) 


where FU are analytical functions of the complex argument z =x+ i y(k = 1,2). 
The constants Ly will be defined below. 
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We introduce the functions 


Fy) _ se )_g 
gi? 
dp @ _ gi, iol? '@ _ gw 
oe ®y (2), [ar D(z). 


Then, the stress components are calculated by the following formulae: 
ao) = ee > a” (HY 02 Ih 
= = reat o%Cd Dy a iPalee, (52) 
The displacements components become 
UVM= 2Re[p oe”) He PP eP(z i 
vo = 2Relq; Gj) GPL?) + QP QP? )], (53) 
DM, GM) (7) QD) GD 


where py? = = eae y te eps cei dee a Se Gay aa = end 
The compatibility equation (50) with (52) and (53) yields 


(2) j ( ) 
Ce = 2a) pe 4 Oey teu? 2c pee =O. (54) 


As shown in [17] this equation has two pairs of complex conjugate roots. 
Let a concentrated force be applied at a point Mo(X0, Yo) of the domain D;. Then, 
the complex potentials in a neighbourhood of this point become 


GP) = a” In (ei? — a) + pe, a ve 


OPV) = —_ BY In ats a) + POM), 2 rt ae “0, (55) 


where gy! (2 ) and wl! ey ) are holomorphic functions in a vicinity of the point 
Mo. 


The coefficients av - by are calculated by formulae [24] 
com i(Xp + uP Yo) + mY — nO? 
. = QD _ yD 2 
4n (uy 2) 
pt — i Xo+ wi Yo) +m) = nP py? (56) 
0 — ; ’ 
An (pi? — ny 
KEP X98 9) KEP Xo+8¥) Cj) G) uf Wi) 
where m/) = aw Jn) = a a op = Im[pj ], 55 
7) 
us j) (2) ) (2) c 
Im[p\? + - ], 53 J = Im{(u\? + opiird pe, ke — Re[w uy ]- a 
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3.2.1 Fundamental Solution 


We determine the stress-strain state of the described body loaded by a concentrated 
force P applied at the point Mo(xo, yo). It is assumed that the condition of the ideal 
contact on the line y = 0 takes place 

oe) = GM FV @ YO. yo, vO = y® (57) 


Oo, y ? “xy Try ? 


and all the stresses vanish at infinity. 
The following stress functions are used: 


MD, Dy _ SI $2 
PGi) = _ oe)? a _ 
4) Ty ty 7% 
l L 
De Dy _ 1 2 
?)'°@)= Q_.o* @_ 0’ 
Q TT Age = 0) 
(2)/,2) ay ny no 
ra) = o_O" @ = woo’ 
eae sn ZT 
Lb m m 
2 2 0 1 2 
OS) = = + — + —, (58) 
7 _ (2) 2) 2) _@ 
2 2 2 Ty 2 — TH 


where 51, 52, J), lo, nj, N2, m;, and mz are arbitrary coefficients. The coefficients 
si,li,ni, and m; are defined by the equations (57). Consider the case when o()) = 0, 
For y = 0, we have 


(1) Sy 52 ly Ll 
Gy = aKe)s @ p.48 pO pe 
1 2 1 
2 2 
Q) _ Re ae? ny 7D) Be m, mM) 
(2) (2) 
x—t a eo @ x—d _ 7 7 


Comparing the coefficients at Le and ;- ce we obtain, respectively 


@) bo ; 


Seth —-—ny-—m =a’, s2:+h-ny-—mz= 


Thus, the coefficients satisfy the following system of equations: 


1 1 -) 2 2 
ws + Ph — wm — wm = wPa??, 
pr dd) Q— me (2) (2) 

sit py hl — py — py’m = py ay’, 


qs) + qh _ qm _ qe? a = = qa, (59) 


30 M. Bryla et al. 


TO 


EES esa: 


Fig. 3 Scheme of model problem with circular hole in an orthotropic sectionally homogeneous 
plane 


59 + ly — 7g — My = DY, 


1 1 D— Do . (2),2 
p59 + wy le — BOM — wP my = wP bo”, 


(1) (1) TQ _ Q—— (2) 7, (2) 
P\ 82+ Py la — py 2 — py’ M2 = py bo 


1 2O—  .O== 2), (2 
A132 + Qe — ay ma — aa = APB (60) 


’ 


Let this system be solved. Then, the stress functions would be given by (58) and 
the stresses would be given by (52) and (53). These solutions were also obtained by 
other methods [4, 8, 10, 27]. 


3.2.2 Example 


We consider sectionally homogeneous infinite media with a circular hole when the 
surface homogeneous pressure is applied as shown in the Fig. 3. It is assumed that 
the stresses at infinity take the following values: 


Oyj> oy = pgH, ty = 0. 
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The complex potentials have the following asymptotic far away from the contact 
surface: 


@\(z1) = =I, bY (2) = 1h, 


where ‘as are constants to be defined. 
The equations (60) yield the following system of equations: 


2Rel(uy YT + (uy?) Tal = of, 
2Re[T + Ih] =o5°, 
2Re[uP Tr, + uP Ty] =0. (61) 
The last equation of (61) holds if 
Oui TP, + uy? Ps) = ig”, 
where rv is an arbitrary real constant. The system (61) can be easily solved and 
i= ir pS (2) POU YA, 
Baie ay Hr ee yA, (62) 
where A = na = ge . Substitution of (62) into the first equation of (61) 


yields 


Jur? + Sone =— 


2 + | 
o& 
dary) + Bary” = ——> (63) 
where 5) = Lmt(Hy Pe" wy — Pup /Al é = Emily ue (ug — H)/Al, 
1 
83 = Im[(u uy (Hy? — By?)/Al, 84 = Im P ey? — (HPP wY?)/Al. 
Therefore, 


(1) do — d4oy° (2) 305° — b102° 
iy == OS SS 
2(5164 — 6253) 2(5164 — 6253) 
The second equation of (61) yields 
(5455 — 6356)o-° + (5156 — 5285)oy> = (5154 — 5253)0y°, (64) 
where 


85 = Im[(u> — w)/A], 86 = Im[(ui? — w5?)/Al. 


Let the condition of? = o% hold at infinity. Then the value o° is defined through 


y° 
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Fig. 4 Constant force acting 
on the segment 


F(§)=Pde 


Y» 


We will solve the source problem by the superposition principle for the following 
two stress states. The first one is the stress state in the media without a hole and the 
second one is characterized by the vanishing stresses at infinity and by the following 
boundary conditions on the hole surface: 


0; = (— po +a%)cos(n, y) — (62° — po) cos (n, x), 
On = (— pot oy, ©) cos” (n, x) + ig — po) cos” (n, y). (65) 


Then, the full stresses are defined by formulae at the upper and lower half planes 


a.) = -a% +010, 00 = 0% + of, 162 = 2 
(2) _ oo) (2) ,@) Q) p= 7 
Ox, = Op, + 0; Oy = =o; or Oy s Try, = Try + (66) 


3.2.3. Method of Unknown Loads and its Numerical Realization 


We consider a problem of the load uniformly distributed on the segment |x| < a as 
shown in the Fig. 4. Let it be solved by the method presented in the previous section. 
Then, we define the stresses near the point (Xo, Yo) as the functions of (x, y) 


oy) = XoAD(a, y) + YB, y), 
of? = XoAY(x, y) + YoBP (x,y), 
TY) = XoAY(x, y) + YoBY (x, y). (67) 
The following expressions for the stresses take place on the segment 
ao) = Py, TAY (x, y) + Py IBY (x, y), 
al? = = Py TAD (x; y)+ PIB (x, y), 
rW = Py, TA (x, y) + Pr I BO, y), (68) 


Mathematical Models of Mechanical Fields in Media with Inclusions and Holes 33 


Fig. 5 Scheme of model problem solving 


where 


TA,(J)@,y) = / AY (x —E,y)dé,  TAy(J)(x, y) = i AD (x —E, yd, 


—a a 


1B? G9)= 1 * BOG —&, yidé, BPG) = i ; B(x — &, y)dé 


—a a 


TAY (x,y) = i AY —&,ydé, IBDY(x,y) = / BO —&,y)dé, 


—a —a 


Px, = / Xodé, Py, _ / Yodé. 


—a a 


The method of solution near the circular hole (see Fig. 5) can be presented as 
follows. First, the circle is divided onto N segments. Unknown constant shear and 
normal loads P/ and P; are applied (to each small segment). Using (67) and (68) 
we can calculate the stresses at the middle points of each segment 

a, = DAP + DAP 


ss” S sno n? 


of = DN AM PE ON AE pki = TN, (69) 


ns nnn? 


The values Pi! and Pi can be found from the conditions at the centres of each 
element. As a result we obtain the following system of equations: 


(= po + 0%) cos (n, y) — (0° — po) cos(n,x) = EP, AMP + EN Alt Pk 


ss Ss sno on? 


ns” S nn” n? 


(= po + 0°) cos” (n, x) + (6% — po) cos* (n, y) = DP, Aik Pk + UN Ait Pk 


i=1,N. (70) 
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Fig. 6 Stresses caused by 
load of arbitrary orientation 


Consider an example of the distributed force on the segment in the local coordinate 
system (x, y) shown in Fig. 6. The segment is defined by equations: |x| < a,y = 0. 
The coordinate systems are related by equations 


X = (x — cx) cos (B) + (y — cy) sin (B), y = —(x — cx) sin (B) + (y — cy) cos (B). 


(71) 
The stresses in the global coordinates have the form 
oy = 07 C08" (B) — 2tyy sin (B) cos (B) + oF sin? (B), 
oy = ozsin’ (B) + 2tz; sin (B) cos (B) + a5 cos” (B), 
Txy = (oy — oy) sin (B) cos (B) + Tey cos (2B). (72) 


Moreover, we have 
o{) = Py AY, ¥) cos” (B) — 21AY&, y) cos (B) sin (B) + 
TAY, y) sin? (B)) + Py, BY, y) cos” (B) — 
21 B(x, ¥) cos (B) sin (B) + 1 BY(&, y) sin? (B)), 
o\)) = Px (LAY (x, y) sin’ (B) + 271A), ¥) cos (B) sin (B) + 
TAY, y) cos” (B)) + PU BY, y) sin? (B) + 
21 BY) (&, y) cos (B) sin (B) + 1BY(X, y) cos? (B)), 
1) = Pr(LADG, y) — TAY, y)) sin (B) cos (B) + 
TAY) &, y)(cos? (B) — sin? (B))) + Py(U BY, y) — 
IBY, y)) sin (B) cos (B) + 1 BY), ¥)( cos” (B) — sin’ (B))). (73) 
In order to obtain the influence coefficients AS Jf AS ,-.. we choose the point 


(x, y) as the centre of the jth element. The scheme for boundary elements is shown 
in Fig. 7. The local coordinates of the ith point relative to the jth point have the form 
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Fig. 7 Scheme for boundary elements 


= (x' — x/)cos(B/) + (y' — y/) sin (B/), 
¥ = —(x' — x/) sin (B/) + (y' — y/) cos (B/) (74) 
The stress components at the ith point relative to the jth point can be obtained 
by (68) 
of! = PLTAM Ey) + PLIBOG,5), 
og” = PLTAMG,y) + PLIBOG,y), 
te” = PLIA@ Gy) + PLTBOG, 9), (75) 
where k is the number of the half-plane; 7, 7 elements numbers. Ultimately, we have 
of = Pi(IAMG, y) sin’ (vy) — LA®(&, y) sin (2y) + TAP, y) cos? (y)) + 
PJ BY, y) sin’ (y) — 1BOG, y) sin 2y) + 1B, y) cos” (y)), 
sin ae 


o{® = PJ(IADYE,y) — IAY&, y)) —— + IAYE, 9) cos (2y)) + 


> 
in 1) + IBY, ¥) cos (2y)), 


(76) 


PLOBY Gy = IEG, 9) 


where y = f; — f;. So we can find the influence coefficients expressed through 
Pj and P; in (76). Substituting them in (70) we arrive at a linear system. After its 
solution the stress—strain state can be explicitly determined. 
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Fig. 8 Four layered massive 


3.3. Three-dimensional Models of Conjugative Processes in 
Porous Media by Use of the Finite Element Method 


We consider transversely an isotropic viscoelastic four-layered massif with intersec- 
tion faults. There is also a mined out space. The scheme of the problem is displayed 
in Fig. 8. The second layer from the top has porous liquid in its skeleton. We inves- 
tigate the flow in the massif skeleton when a mined external space is moved to the 
fault. The problem is described by the following equation: 


1) Equilibrium equations with the fluid pressure have the form 


00x,  OOyy  OO>~ 0 
fe Ge TE ae 


— 0, 
ax dy Oz ax 
d0xy 4 dOyy 4 doy, Op = 
ax dy Oz dy 
00x, | O0y, 00, Op 
- = 0. 
ax 7 dy 7 Oz 5, 


2) Storage equation with the pressure terms [25] 


Op _ op, ep, ep 2 (au tew * 0s) 
7 dx? ay? AZ? : 


—a 
at "OE 3 
— _kU+e) ono Tali : : é F . 
where a = ya,+ef)’? “Pp = aap? & 18 the porosity coefficient, 6 is the fluid com- 


pressibility, a, is the rock hardening coefficient, k is the filtration coefficient, and t 
is time. 


3) The physical law yields 


1 — Vp: Vep Vp + VzpVzp Vep + VzpVzp . . 
Or = ~ * = Ex, + 2D(Exx — &0), 
XX E,E.A XX E,E.A yy E,E:A Zz ( eG 0) 
Vp + VzpVzp 1 — Vp Vzp Vep + VzpVzp : : 
Oyy = Exx + Eyy + Ex + 2D(Eyy — €0); 
£E,E,A “" £,E.A ™ E,E,A  *~ a 
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2 
Vep + Vepd Vep + VzpV l-—v 
ea ROAD aD zp Vzp ean P 

E,E,A E,E,A HEA 


Ex, + 2D(Ezxz — €0), 


Ox = 2GzpExz + 2DExz, Oyz = 2Gzplyz + 2D yz, Oxy = ———fxy + 2Déxy, 
: l+v, 
where E,,, and v, are Young’s modulus and Poisson’s ratio respectively in the hor- 
izontal plane; E,, v,,, and G,, are Young’s modulus, Poisson’s ratio, and the shear 
< 3 : _E é — U+vp)U—2vzpv pz) , x 
modulus in the vertical plane; vp, = E. Yep A = ee and D is the 
viscosity coefficient. Here, the Kelvin model is used. 


4) Compatibility equations 


ae ee eee 
dy? ax2 Ax dy 
Pee Orbe. 5 0 Eye 
az x2 Ax az 


dydz  dxdz adxdy dx? ae 
Vey 20 by Obie 4. Oe = 
dxdy dydz dxdz dz? : 
ee gr cs em ee é 


5) Cauchy’s relations 


6) Boundary and initial conditions: 
a) On the left and right edges, i.e. with y = Y;, y = Yj: oy, = Oy = O, uy = 


0,p=0 
b) On the front and back edges, i.e. with x = X,,, x = X¢: Ox, = Oy = Ouy = 
0,p =0 


c) At the bottom: u, = uy = u, = 0 

d) At the upper surface: 0,, = oy, = Oz 

e) At the boundary of the water layer with the massif—impermeability condition 
op 
an 

f) p=Ofort =0 

g) Contact conditions on the faults surfaces 
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Fig. 9 Pressure distribution 


in horizontal plane after third 
step of deleting elements 
pres 
4] 51 24) 
4000000 
2000000 
-2e+006 
-3641296 


Onl = On2, 


Uni = Un2, 

Or1 = 072, |Or| < fon, 

Uri = Uz2, |Or| < fon, 

O11 = 072 = fOn, |Or] > fon. 


Here, o,, and o; are the normal and shear stresses and f/f is the friction coefficient. 
We are interested only in the additional pressure, which is caused by mining works. 
Hence, we impose vanishing boundary and initial conditions for the pressure. 

The problem is solved by a finite element package using the following scheme: 


1) Calculate the initial stress—strain state of the massif caused by gravity. Hydrome- 
chanical processes are not considered at this stage. 

2) Step-by-step deletion of the elements which model the mined out space. Dimen- 
sions of the mined out space are 2000 x 2000 x 10 m?. And on each step we delete 
elements of size / x 2000 x 10 m?. Hence, the mined out space is in movement 
to the fault (on the first step / = 1200 m and on the following steps / = 200 m). 
The velocity of movement is | km/year. 

3) Calculation of the moment when the steady state of the massif is reached. We 
used the following as the physical, mechanical, and geometry parameters of the 
layers: 

First layer: E, = 0.3(GPa), E, = W(GPa), vy = vz = 0.3, Gap = 
0.0577(G Pa), top = 0, bottom = —130 m, 

Second layer: E, = 5(GPa), E, = 5(GPa), vp = Vp = 0.3, Gep = 
0.288(G Pa), top = —130, bottom = —400 m, 

Third layer: E, = 14(GPa), E, = 14(GPa), vp = vzp = 0.3, Gz = 
0.8(G Pa), top = —400, bottom = —1800 m, 
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Fig. 10 Pressure distribution 
in horizontal plane after fifth 
step of deleting elements 


Fig. 11 Pressure distribution 
in horizontal plane after last 
step of deleting elements 
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4000000 


2000000 

0 

-2e+006 
-3641296 


pres 
419124) 
4000000 


2000000 

0 

-2e+006 
-3641296 


Fourth layer: E, = 14(GPa), E, = 14(GPa), vp = Vzp = 0.3, Grp = 


0.8(G Pa), top = —1800, bottom = —2200 m. 


The fluid properties of the second layer are expressed by the parameters 


k =10-° (m/s), B = 107'° (Pa™'), ¢ = 0.11, a, = 10°? (Pa) 


Distribution of fluid pressure is shown In Figs. 9, 10, 11, 12, 13 and 14 at the 
horizontal plane on the depth 250 m and at the vertical plane the middle of the mined 


out space perpendicular to the x direction. 


Remark: The fluid pressure has the same sign as the stresses, hence, at the 


compressible pressure is negative. 
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pres 
-26+006 2e+006 


Ly -3641300 2191240 


Fig. 12 Pressure distribution in vertical plane in the third step of deleting elements 


pres 
-2e+006 'e+006 


bs -3641300 2191240 


Fig. 13 Pressure distribution in horizontal plane after fifth step of deleting elements 


-2e+| +006 


- -3641300 2191240 


Fig. 14 Pressure distribution in horizontal plane after last step of deleting elements 


One can see from the graphics that the water layer is in zones with high horizon- 
tal stresses, because large sizes of the mined out space of compressible horizontal 
stresses are greater than the tension of vertical stresses. Therefore, the additional 
pressure of fluid is positive in the usual sense. We can also see the influence of the 
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fault on the pressure distribution because the pressure distribution is different on both 
sides of the fault. 


The problem is solved by use of the finite difference approximation in time; a 


finite element method is used at each time step for spacial variables. The package 
T ochnog® is used for implementation of the finite element method. 


Acknowledgements The authors are grateful to Dr. V.A. Savenkov for fruitful discussions during 
the preparation of the chapter. 
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A Note on the Functions that Are Approximately 
p-Wright Affine 


Janusz Brzdek 
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Abstract Let W be a Banach space, (V,+) be a commutative group, p be an 
endomorphism of V, and p : V — V bedefined by p(x) := x — p(x) forx € V. We 
present some results on the Hyers—Ulam type stability for the following functional 
equation 


f(p@) + Px) + f(P&) + pO) = f@) + fO), 


in the class of functions f : V > W. 


Keywords Hyers—Ulam stability - p-Wright affine function - Polynomial function 


1 Introduction 


Let 0 < p < | bea fixed real number and P be a nonempty subset of a real linear 
space X. Assume that P is p-convex, i.e., px + (1 — p)y € P for x, y € P. We say 
that a function f mapping P into the set of reals R is p-Wright convex (see, e.g., 
[7, 8, 14, 17, 26]) if it satisfies the inequality 


f(px + 1 — py) + Ff — p)x + py) Ss f+ FO) x yEeP. CT) 


Note that we obtain (1) by adding the following usual p-convexity inequality 


f(px + 1 — p)y) S pfx) +0 — pf) x,yeP (2) 


to its corresponding version (with x and y interchanged) 


f(py + 1 = p)x) < pf) +d — p)f() x,yeP. (3) 
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Analogously, we say that g : P — R is p-Wright concave provided the 
subsequent inequality holds: 


f(px + (1 — p)y) + f(A — pix + py) = f+ FO) x yEP. 


The functions that are simultaneously p-Wright convex and p-Wright concave, 
1.e., Satisfy the functional equation 


f(px + (1 — p)y)+ f(d — p)x + py) = f(x) + fO), (4) 


are called p-Wright affine (see [7]). 
Note that for p = 1/2, Eq. (4) is just the well-known Jensen functional equation 


A) _ FO) + £0) 


2 2 
If p = 1/3, then Eq. (4) can be written in the form 


f(x + 2y)+ fx + y) = fGx) + fFGy). (5) 


Solutions and stability of the latter equation have been investigated in [16] (cf. [5]) in 
connection with a generalized notion of the Jordan derivations on Banach algebras. 
Solutions and stability of Eq. (4), for more arbitrary p, have been studied in [4, 6, 7] 
(see also [13, 23]). (For further information and references on stability of functional 
equations, we refer to, e.g., [3, 10, 11, 15, 18-22, 25]). In particular, the following 
results have been obtained in [4] (C denotes the set of complex numbers). 


Theorem 1 Let X be a normed space over a field F € {R,C}, Y be a Banach 
space, p € F, A,k € (0, 00), |p|k + |1 — p|k < 1, and g: X > ¥ satisfy 


llg(px + — p)y) + 8 — p)x + py) — 8@) — gO) S Adal + II © 
for all x,y € X. Then there is a unique solution G : X — Y of Eq. (4) with 


Allxll 
L=|ph—|l=p) 


lg) — G@x)I| (7) 


Theorem 2 Let X be a normed space over a field F € {IR,C}, Y be a Banach 
space, p € F, A,k € (0,00), |p|* + |1 — p|?* < 1, and g: X = Y satisfy 


Ilg(px + (1 — p)y) + 9(l — p)x + py) — g(x) — g(y)Il < Allxll* yi 


for all x,y € X. Then g is a solution to (A). 
In this chapter, we complement these two theorems by considering the inequality 


lle(px + 1 — p)y)+ g( — p)x + py) — g(x) — g(y)I| < 5 x,yeXx (8) 


with a fixed positive real 6. In particular, we also obtain a description of solutions to 


(4). 
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Note that if we write p := 1 — p, then Eq. (4) can be rewritten as follows: 


f(px + py) + f(px + py) = fx) + fO). (9) 


We use this form of (4) in the sequel. Moreover, we consider a generalization of it with 
p and Pp being suitable functions, using the notions px := p(x) and px := px — x 
(x € X) for simplicity. 

Actually, some results in such situation can be derived from [23]. Namely, from 
[23, Theorem 2] we can deduce the following. 


Theorem 3 Let 5 € (0,00), (X,+) be a commutative group, p : X — X be 
additive (i.e., p(x + y) = p(x)+ p(y) forx, y € X), p(X) = p(X), andg: X > C 
satisfy 


Ig(px + 1 — p)y) + gC — p)x + py)—g)—sl so x, yeXx 
for all x, y € X. Then there is a solution G : X — C of Eq. (4) with 


au |g(x) — G(x)| < oo. (10) 


In this chapter, we provide a bit more precise estimations than (10), though we 
apply reasonings similar to those in [23]. 


2 Auxiliary Information and Lemmas 


Let us start with a result that follows easily from [2, 24] (cf. [9]). We need for it the 
notion of the Fréchet difference operator. Let us recall that for a function f, mapping 
a semigroup (S, +) into a group (G, +), 


Ayf(e)=A,f@=fat+y-f@) xyeES, 


A =A hy =A, RES, 


A? 


t,u,z 


== A,oA,oA,  A?:= A? tu,ze S. 


It is easy to check that 
A? f(x) = fe tt+o—fa+O-f@t+Dtf@)  xnzES, 
Ap.) = f+t+etu)—fet+tty—fae+ttw—f«etz+y 
+fa+tOH+fa+g+fatu—f@)  x,t,z,ueS. 


We refer to [12] for more information and further references concerning this subject. 
From [2, Theorem 4] (cf. [10, Theorem 7.6]) and [24, Theorem 9.1] we can easily 
derive the following proposition. 
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Proposition 1 Let W be a normed space, (V,+) be a commutative group, ¢ = 0, 
and G: V — W satisfy the inequality 


MA@@l<e xyev. (11) 


Assume that one of the following two hypotheses is valid. 


(a)e=0. 

(b) W is complete and V is divisible by 6 (i.e., for each x € V, there is y € V with 
x = 6y). 

Then there exist a constant c € W, an additive mapping a : V — W, anda 

symmetric biadditive mapping b : V7 —> W such that 


|G) — bx) — a) - ell 5 = rev. 


Let us now recall two more stability results (see, e.g., [10, p. 13 and Theorem 3.1]). 


Lemma 1 Let (V,+) be a commutative group, W be a Banach space, ¢ => 0, and 
g:V — W satisfy the inequality 


Isa +y)—ga)-sMlse x ye. 

Then there exists the limit 

A(x) = lim 2-"g(2"x)  xeEV (12) 

n—->oo 
and the function A : V — W, defined in this way, is additive and 
IIg@)-AQ@)| se xeEV. 
Lemma 2 Let (V,+) be a commutative group, W be a Banach space, ¢ > 0, and 
g:V — W satisfy the inequality 
Isa +y)+ae—y)—-2g@)-2gM)| Se x yeEV. 

Then there exists the limit 


b(x) = lim 4-"g(2"x)  xeV (13) 
noo 


and the function b : V — W, defined in this way, is quadratic and fulfills the 
inequality 


lle) — BOI < 5 pe Vi 


In what follows, given a function p mapping a group (V, +) into itself, for the 
sake of simplicity we write, 


px := p(x), PX =X — px xev. 


The next proposition will be very useful in the proofs of our main results. 
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Lemma 3 Let (V,+) be a commutative group, ¢ > 0, p: V > V be a homo- 
morphism with p(V) = p(V), and W be a normed space. Assume that g : V > W 
satisfies the inequality 


IIg(px + Py) + g(px + py)— gix)— gIlS€ xy EV. (14) 
Then the following two statements are valid. 


(i) If g is odd, then || A2,,g(x)|| < 4¢ for x,z,ueé V. 


ZU 


(ii) |Ar ue g(x)|| < 8e for x,z,u,t EV. 


Proof This proof is patterned on some reasonings from [23]. 
Take z € V. There exists w € V with pw = —pz, because p(V) = p(V) is a 
subgroup of V. Note that 


Pxtg+py+tw)=pxt+ py xyeEvV, 
whence replacing x by x + z and y by y + w in (14), we get 
IIg(px + Py + pz + pw) + g(px + py) (15) 
—sa+z—-syytwil<e x,yev. 
Now, (14) and (15) yield 
lg +z) — g(x) — g(px + py + pz + pw) (16) 
+ g(px + Py) + gly + w) — gQ)ll 


<|lg(px + py + pz+ pw) + g(px + py)— gx+2-aiyt w)ll 
+ \lg(px + Py) + g(px + py) — g(x) — g(y)|| < 2€ x,yeV. 


Takeu € V. Analogously as before, we deduce that there is v € V with py = — pu. 
Clearly 


P(x +uy+ py t+v)=px+py xyEV. 
Hence, replacing x by x + wand y by y + v in (16), we have 


lg +ut+z) — gx +u)— g(px + py + pz + pw) + g(px + Py) (17) 
+g(ytwty)—g(yt+y)|| < 2e x,yeV. 
It is easily seen that (16) and (17) imply 
IlIgx +u+z)— g(x + u) — g(x +2) + g(x) (18) 
+ey+twt+v)—eytw)—e(yty)teQ)ll 
<|lg(px + py + pz+ pw) — g(px + py) 
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— gx +z)—g(yt+w)t+ 8) + sO) 
+ lls(px + py + pz + pw) — g(px + py) 
— g(x +u+z)—g(ytwty) 
+aat+wt+esytvilsd4e xyeV, 
which with x replaced by x + ¢ yields 
leet +a ze) — ei 96 FEZ ee t+ ey tw +9) 
—sytw)-—sot+vy+sMls4e  t.x,yeV. 


Combining (18) and the latter inequality, we get statement (ii). 
For the proof of (i), observe that (18) with x replaced by —x — z — u, under the 
assumption of the oddness of g, brings 


ll -— g@®) +9%+2)4+ 89% +4u)—- g(xt+z+H) (19) 
+e(y+twty)—g(ytw)— giyty)t gl < 4e x, ye’, 


whence and from (18) we have 


2 g~) —2 g4+2)-2g@~44+u)4+2 g(x+2z+4+y)|| < 8e x,yeEV. (20) 


This yields statement (i). 
The next corollary provides a description of solutions to (9), which will be useful 
in the sequel. 


Corollary 1 Let V and W be as in Proposition 1 and p : V — V be a homo- 
morphism with p(V) = p(V). Then f : V — W satisfies Eq. (9) if and only if there 
exist c € W, an additivea : V > W and a biadditive and symmetric L : v+>WwW 
such that 


f@)=Lia,x)t+aa)+e xe, (21) 
L(px, px) = 0 xeV. (22) 
Proof Let f : V — W bea solution of Eq. (9). Then (14) holds with e = 0. 
Consequently, according to Lemma 3 (ii), 
(ABf\x)=0 x yeEV. 


Hence, on account of Proposition 1, there exist c € W, an additivea : V — W, and 
a quadratic b : V — W such that f(x) = b(x) + a(x) +c for x € V. Further, it 
is well known (see, e.g., [1]) that there exists a symmetric biadditive L : Vow 
such that b(x) = L(x, x) for x € V, whence (21) holds. Now, it is easily seen that 
(9) (with y = 0) and (21) yield 


L(px, px) + L@x,Px) = Lx.x) x eV 
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and consequently 
—2 L(px, px) = L(px, px) + L(px, px) — L(x,x) =0 xéeV, (23) 


which gives (22). 
The converse is a routine task. 
We need yet the following very simple lemma. 


Lemma 4 Let(V,+) be acommutative group, W be anormed space, a,ay : V > 
W be additive, L, Ly : V* > W be biadditive, c € W and 


M := sup ||ao(x) — a(x) + Lo(x, x) — L(x, x) + ¢|| < o. (24) 


xeV 
Then a = ag and L = Lo. 


Proof That proof is actually a routine by now, but we present it here for the 
convenience of readers. 
Note that 


|| Lo(x, x) — L(x, x)Il < lla@x) — ao(x)II + IIe] + Mx EV, 
whence 
| L(x, x) — Lo(x,x)|| =n? ||L(nx, nx) — Lo(nx, nx) 
<n~(|la(nx) — ap(nx)|| + IIc] + M) 
=n'|la(x) — ao(x)| +n (lcl] + M) x E Vin EN, 
which yields L = Lo. Hence, by (24), 
"| 


I|a(x) — ao(x)|| =n |la(nx) — ao(nx)|h 


<n llc] +M) xeVineN, 


and consequently a = ao. 


3 The Main Stability Results 


We start with two theorems describing odd and even solutions of functional inequality 
(14). They will help us to obtain the main result of the chapter (but they seem to be 
interesting, as well). 


Theorem 4 Let (V,+) be a commutative group, € => 0, p: V > V be a homo- 
morphism, p(V) = p(V), and W be a Banach space. Assume that g : V > W is 
odd and satisfies the inequality 


llg(px + py) + g(px + py)—ag(x)-agMil<e x, ye V. (25) 
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Then there exists a unique additive function, A: V — W, such that 
Ig) -A@)l<4e xeV. (26) 
Moreover, (12) holds and for every solution h : V — W of (9) such that 


sup || g(x) — h(x)|| < 00, 
xeV 


the function A — h is constant. 


Proof According to Lemma 3 (i), 
Isa +ztu—gsaet+y-—gatutg@iis4e x,zuevV, 
which with x = 0 yields 
IIsz+u)—g@)-—gwil<4e zuev. 


Hence Lemma | implies the existence and the form of A. It remains to show the 
statements on the uniqueness of A. 
So, suppose that Ap : V > W is additive and 


sup || g(x) — Ao(x)|| < 4e. 
xeV 


Then 
sup || A(x) — Ao(x)|| < 8e, 
xeV 


which implies that A = Ao. 
Now, let h : V — W be a solution of (9) such that 


sup || g(x) — A(x)I| < 00. 
xeV 
Then 
M := sup ||A(x) — h(x)|| < ow. 
xeV 


Further, by Corollary 1, h(x) = a(x) + L(x, x) +c with some c € W, an additive 
a: V — W, and a biadditive and symmetric L : V7 — W. So, Lemma 4 implies 
that 

L(x,x) =0 xev 


and A =a. 


Theorem 5 Let(V,+) be acommutative group, ¢ > 0, p: V - V be ahomomor- 
phism, p(V) = p(V), and W be a Banach space. Assume that g : V — W is even 
and satisfies inequality (25). Then there exists a unique biadditive and symmetric 
mapping L : V7 — W such that 


|L@,x)— g)+gOll<4e xe. (27) 
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Moreover, (22) holds, 
L(x,x) = lim 4-"9(2"x) xev (28) 
n—-oo 

and, for every solution hh : V — W of (9) with 

sup || g(x) — h(x)|| < 00, 

xeV 
there is c € W such that h(x) = L(x,x)+c forx € V. 
Proof Let go := g — g(O). Then go fulfills (25) as well. According to Lemma 3 (11), 


lola +t+z+u)— golxt+tt+z)— golxt+tt+u)— go(x +z+u) 
+ golx +t) + go(x + 2) + go(x + u) — go(x)|| < 8¢ x,t,z,ueS, 


whence (with x = O and u = —f) we obtain 


lgo(z) — go(t +z) — go(0) — go(z — t) + golt) + go(z) + gol — t) — go(0)|| 


< 8e t,u,zEV 
and consequently 
I2go(Z) — got +z) — Bo —H+2oHll<8e t2eV. 


Hence Lemma 2 implies the existence of Z and (28). 
Now we show that (22) holds. Clearly, (25) (with y = 0) yields 


lg(px) + g(px)— gx)-gO|se xe. 
So, (27) implies that 
| L(px, px) + L(px, px) — L(x, x)|l (29) 
<|L(px, px) + gO) — g(px)ll 
+ ||L(px, px) + g(0) — g(px)]| 
+ |lg(x) — L@, x) — g(0)Il 
+ llg(px) + g(px) — g(x) — gO)||< 13e 3 =xeV. 


Since b is biadditive and it is very easy to check that 
—2 L(px, px) = L(px, px) + L(px, px) — L(x, x) xeVv, 
from (29), we get 


2k*||L(px, px) || = || L(pkx, pkx) + L(pkx, pkx) — L(kx,kx)]l (30) 
< 13e xéEV,kEN, 
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which means that (22) holds. 
It remains to show the statements on the uniqueness of L. So, first suppose that 
Lo: V2? > Wis symmetric, biaddititve, and 


sup ||Lo(x, x) — g(x) + g(O)|| < 4e. 
xeV 


Then 
sup ||Lo(x, x) — L(x, x)|| < 8, 
xeV 


whence from Lemma 4 we deduce that Lo = L. 
Now, assume that h : V > W isa solution of (9) with 


sup || g(x) — A(x)|| < 00. 
xeV 
This implies that 


M := sup ||L(x, x) — h(x)|| < oc. 
xeV 


Further, according to Corollary 1, 
h(x) = a(x) + S(x,x) +c xevV 


with some c € W, an additive a : V — W, and a biadditive and symmetric 
S: V? > W. Clearly, by Lemma 4, L = S and a(x) = 0 for every x € V. Hence 


h(x) = L(x,x)+ce xev. 


In what follows, given a function g mapping a group (V,+) into a real linear 
space W, by g, and ge, we denote the odd and even parts of g, i.e., 


etry POLED gy, 
2 
Pre esa re) ey 


The next theorem is the main result in this chapter. 


Theorem 6 Let (V,+) be a commutative group, p: V — V be a homomorphism 
such that p(V) = p(V), W be a Banach space, e > 0 and g : V — W satisfy 
inequality (25). Then there exist a unique additive function a : V — W anda 
unique biadditive function L : V* — W such that 


lg(x) — a) — L@,x)— gO0)|| <8 xeV. (31) 
Moreover, (22) holds, 


a(x) = lim 2" g,(2"x), L(x,x) = lim 4-"g,(2"x) xev (32) 
n—->OoO noo 
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and, for every solution hh: V — W of (9) with 


sup ||g(@) — h(x)|| < 00, (33) 
xeV 
there is c € W such that h(x) = a(x) + L(x,x) +c forx eV. 
If V is divisible by 6, then there exists co € W with 


16 
llg(x) — a(x) — L(x, x) — coll < = xeV. (34) 


Proof It is easily seen that g, and g- satisfy inequalities analogous to (25). So, by 
Theorems 4 and 5, there exist an additive function a : V — W and a symmetric 
biadditive function L : V7 + W such that 


Ilgo(x) — a(x) || < 4e, IIge(x) — LQx,x)- gO] <4e x“«xeV. (35) 


Moreover, (32) holds and, clearly, 


lex) — a(x) — L(x, x) — g(O)|l < Ilgo(x) — a(x)]| (36) 
+||g-(x) — L(x, x) — g(0)|| < 8e xeV. 


Further, (25) (with y = 0) yields 
Ilge(px) + e(Px) — Selx)— gO) se xe. 
Hence analogous to (29), from (35) we derive that 
|L(px, px) + L(px, px) —L@, x)| < Be x eV, (37) 


whence (30) holds, which implies (22). 
For the proof of uniqueness of a and L, suppose that ag : V — W is additive, 
Lo : V2 > W is biadditive, and 


Ig) — ao(x) — Lo@, x) — gO) <8e xe V. (38) 
Then 
|ao(x) — a(x) — Lo(x, x) — L(x, x)|| < 16e xeVv (39) 
and consequently, by Lemma 4, L = Lo and a = ao. 
Now, leth : V > W be a solution of (9) fulfilling condition (33). Then, in view 
of (31), 


M := sup |la(x) + L(x, x) + g(0) — h(x) || < c (40) 
xeV 


and, according to Corollary 1, h(x) = dao(x) + Lo(x,x) + c with some c € W, an 
additive ay : V > W and a biadditive and symmetric Ly : V7 > W. Hence, again 
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Lemma 4 implies that L = Lo and a = ao. Consequently h(x) = L(x,x) + a(x) +c 
forx eV. 
Finally assume that V is divisible by 6. Then, in view of Lemma 3 (ii), we have 


IAS V@I<8e x yeV. 


Further, by Proposition 1, there are cg € W, an additive ag : V — W anda biadditive 
and symmetric by : V7 > W such that 


16 
Ilg(x) — bo(x, x) — ao(x) — ell < i ve Vv. (41) 


In view of (31) and Lemma 4, we must have ag = a and Lo = L. 
For some discussions on a special case of condition (22), we refer to [7] (see also 
[6, 8, 13]). 


Remark 1 There arises natural questions whether (under reasonable suitable as- 
sumptions) we can get some better estimations than in (31) and (34) and whether 
the assumption of divisibility of V by 6 is necessary to get (34). Also, it would be 
interesting to know if we can have cg = g(O) in (34). 
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Multiplicative Ostrowski 
and Trapezoid Inequalities 


Pietro Cerone, Sever S. Dragomir and Eder Kikianty 


Abstract We introduce the multiplicative Ostrowski and trapezoid inequalities, that 
is, providing bounds for the comparison of a function f and its integral mean in the 
following sense: 


b b 
FO exp] [ve f@) a and f (b)'=« f(a)i=a exo) 7 log f(t) a| , 


baa 
We consider the cases of absolutely continuous and logarithmic convex functions. 

We apply these inequalities to provide approximations for the integral of f; and the 

first moment of f around zero, that is, fis xf (x)dx; for an absolutely continuous 

function f on [a, bd]. 

Keywords Ostrowski inequality - Trapezoid inequality - Logarithmic convex 

function 


1 Introduction 


Comparison between functions and integral means is incorporated in Ostrowski type 
inequalities. The first result in this direction is due to Ostrowski [27]. 
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Theorem 1 Let f : [a,b] — R be a differentiable function on (a,b) with the 
property that [f'o| < M for allt € (a,b). Then 


1 b 
y (x) - eae i: f(t) dt 
—aJa 


1 e282 : 
< +( =) (b—a)M, x€l[a,b]. (1) 
4 b-a 

The constant 7 is the best possible in the sense that it cannot be replaced by a 
smaller quantity. 

More inequalities of Ostrowski type have been generalised for functions which 
are not necessarily differentiable, namely, absolutely continuous, Hélder continuous, 
and convex functions. We refer to Sect. 2 for the details of these inequalities. 

Inequalities providing upper bounds for the quantity 


b 
(x —a) f(a)+ (6 —x) f ©) 1 / fat 
b-a b—-a Ja 


; x€élfa,b] (2) 


x— a+b 


2 
b-a 


b 
(x —a) f(@+b—x) f ) 1 / f@at 
b-a b—-a J, 


are known in the literature as generalized trapezoid inequalities. It has been shown 
in Dragomir [7] (cf. [6]) that 
I b 
< E + V (f) 
(3) 


for any x € [a,b], provided that f is of bounded variation on [a, b] . In particular, 
we have the trapezoid inequality 


Jerre 1 
2 


1.? 
= =3V 0. (4) 


b 
f @dt 
a a 


The constant 5 is the best possible. The trapezoid inequalities have also been 


developed for other types of functions, such as absolutely continuous and convex 
functions. We refer to Sect. 2 for the details of these inequalities. 

Motivated by the above results, we intend to develop the Ostrowski and trapezoid 
inequalities. In particular, we are interested in the multiplicative Ostrowski and 
trapezoid inequalities, that is, providing bounds for the comparison of a function f 
and its integral mean in the following sense: 


b b 
Fox] [ve f@) a| and f (b)'=« f(a)i=a exo) / log f(t) a| ‘ 


 b—a 


We summarise the results concerning absolutely continuous functions and loga- 
rithmic convex functions in Sect. 3. In Sect. 4, we apply these inequalities to provide 
approximations for the integral of f and the first moment of f around zero, that is, 


b b 
[ fea and [ sfeax 


for an absolutely continuous function f on [a, b]. 
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2 Results Concerning the Ostrowski and Trapezoid Inequalities 


This section serves as a reference point for the developments of the Ostrowski and 
trapezoid inequalities. Readers who are familiar with these developments may skip 
this section. 

We start with the Ostrowski type inequalities. The following results for absolutely 
continuous functions hold (cf. [19—21]). 


Theorem 2 Let f : [a,b] — R be absolutely continuous on [a,b]. Then, for all 
€ [a, b], we have: 


1 
yo-suf f(t) dt 


Lbs (2) ]o-olrbe if € Leta; 


aly eG bay! at [f'|p. FF € Lp lad] 


stqg=la>t; 
{|r 


where |\-ll[a,b,r (7 € U1, 00]) are the usual Lebesgue norms on L, [a, b], that is, 


= 


1 
b 7 
IIE Ilta,b},0 = ess poe Ig(t)| and |lgllfaojr *= (/ jov"ar) »r €[1,00). 


€[a,b] 


The constants i —!~ and ; respectively are sharp in the sense presented in 
(athe 


Theorem 1. 

The above inequalities can also be obtained from Fink’s result [23]. If one drops the 
condition of absolute continuity and assumes that f is Hélder continuous, then one 
may state the result (cf. Dragomir et al. [22] and the references therein for earlier 
contributions): 


Theorem 3 Let f : [a,b] — R be of r — H— Holder type, that is, 
I f(x) — fQ)| < H|x — yl’, forallx, y € (a,b), (5) 
wherer € (0, 1]and H > Oare fixed. Then, forallx € [a,b], we have the inequality: 


H er —) . : 
r+1|\b—a (= ee: 


(6) 


yo ae f (@)dt\ < 


The constant => is also sharp in the above sense. 


a 
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Note that if r = 1, that is, f is Lipschitz continuous, then we get the following 
version of Ostrowski’s inequality for Lipschitz continuous functions (with constant 


L > 0) (cf. [8]): 
1 x — tb = 
+( = (b-a)L, (7) 


1 b 
yo- | f @)dt| < ri 


where x € [a, b] . Here the constant 5 is also best possible. 
Moreover, if one drops the condition of the continuity of the function, and assumes 
that it is of bounded variation, then the following result may be stated (cf. [11]). 


Theorem 4 Assume that f : [a,b] — R is of bounded variation and denote by 


b 
V (J) its total variation. Then, 
De 
< 
~ a 
for all x € [a,b]. The constant 5 is the best possible. 
If we further assume that f is monotonically increasing, then the inequality (8) 
may be improved in the following manner [9] (cf. [18]). 


aip 


1 b 
y (x) — =a / f (dt 
ed 


—=||\ V (Pf) (8) 


Theorem 5 Let f : [a,b] — R be monotonic nondecreasing. Then for all x € 
[a,b], we have the inequality: 


lf) — FL? fdr] 

2 {{(2x ~(a +b) f(x) + f? sent — x) fdr} 
me {@ - OL) — f@)1+ © — xf) — f@)} 
1 
[ 


All the inequalities in (9) are sharp and the constant 5 is the best possible. 
The case for the convex functions is as follows [13]: 


(9) 


IA 


|] tf - £@) 


IA 


Theorem 6 Let f : [a,b] C R > R be a convex function on [a, b]. Then for any 
x € (a,b) one has the inequality 


1 
5 [(b— x)? fi (x) -(«—a)? f! (x)] 
b 
</ f (t)dt — (b—a) f (x) (10) 
1° 
=| [(b—x)° fl (b) -(«-a) fi @]. 


The constant 5 is sharp in both inequalities. The second inequality also holds for 
x =aorx=b. 
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For other Ostrowski’s type inequalities for the Lebesgue integral, we refer to 
Anastassiou [1], Cerone and Dragomir [2, 4], Cerone, Dragomir and Roumeliotis 
[5], and Dragomir [8, 9, 16]. Inequalities for the Riemann-Stieltjes integral may be 
found in Dragomir [10, 12]; while the generalization for isotonic functionals was 
provided in Dragomir [15]. For the case of functions of self-adjoint operators on 
complex Hilbert spaces, see the recent monograph by Dragomir [17]. 

Now we recall the results concerning the trapezoid type inequalities. If f is 
absolutely continuous on [a, b], then (see [3], p. 93) 


b 
(x —a) f (a) + (0 —x) f ) 1 / fat 
b—-a b—a J, 


1 
4 


i 
Lf (aay P=ZN YL oa try (11) 
=) @+) | \b-a b—a ‘ [abhp” 


iff’ ¢ L, [a,b], p>i,5+ 5=1 
1 
aT If Wace 


for any x € [a,b]. Here, || - ||[a,5},» are the usual Lebesgue norms. 
In particular, we have 


f (a)+ f(b) a i 
| 5 —/ f@dt 


xo ey 
+( 2 (b—a)|f'|| iff’ € Lx [a,b]; 
b—a [a,b],00” ea ag 


atb 
2 
b-a 


x— 


1 
5 (b—a) If’ le if f’ € Lo [a,b]; (12) 
1 
= ) xqapm OO Fl» iff €Lplabl, p> 5+ g=1, 
Wy 
aan 


The constants i ae and 5 are the best possible. Finally, for convex functions 


f : [a,b] — R, we have [14] 
[(b— x) fi @)-—@-a)’ fl @&)] 

b 
6-FH+0-aF@- | f(t) dt (13) 
1 a 
5 [(b—x)° f! (b) —(«—a)’ Ff! (a)] 


1 
2 
= 


IA 


for any x € (a,b), provided that f’ (b) and f; (a) are finite. As above, the second 
inequality also holds for x = a and x = b and the constant ; is the best possible in 
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both sides of (13). In particular, we have 


1 o| . (atb ,f(atb 
bo-arfe (54) 5") 


b 
< HOST) roa (14) 
=a) 


7 2 


A 


1 / 14 
=) [fl (b) — fi @)]. 


The constant 7 is best possible in both inequalities. For other recent results on the 
trapezoid inequality, we refer to Dragomir [13], Kechriniotis and Assimakis [24], 
Liu [25], Mercer [26] and Ujevic [28]. 


3 Results 


We present our main results in this section. We start with the first of our main 
theorems. 


Theorem 7 Let f : [a,b] — (0,0) be an absolutely continuous function and 
y,I € R such that 


yf(t) < f'@) <I ft), foralmost allt € [a,b]. 
Then, we have 


[ —ay— ren] 


IA 


b 
rovexp[-5—— f log FO dr] 
b—a a 


T(x —ayY —y(b— xy 
exp | —— |: (15) 


IA 


for any x € [a,b]. In particular, we have 


1 a+b 1 a 
exp |-3(F = vy] = F/ ; ) exo | —/ log fdr] 


1 
< exp Eg — yb — a) . (16) 


The constant 7 is best possible in (16). 


Proof We use the Montgomery identity 


1 b 1 x b 
g(x) — —/ g(t) dt = —— ll (t —a)g'(t)dt +f (= ne wat | 
—aJa b-alJa . 
(17) 
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where g : [a,b] — C is absolutely continuous on [a,b]. If we write (17) for the 
functions g(t) = log f(t), then we get 


1 b 
log f(x) = —/ log f(t) dt 
x 't b 't 
=a FP art [ a-n28 | 
a Wa ft) x ff) 
Taking the exponential of (18), and multiplying the result by 
exp [-s ie log f(t) dt], we have 


(18) 


1 b 
f(x) exp -- | log Far] 


_ 1 f'O bit 
= exp | |/ C—O a+ | Seal ares ar|} 


which can be considered as the multiplicative Montgomery identity. Now, since 


(19) 


<I, foralmost allt € [a, b], 


ory (t —a)dt, 


svcs =ay = i (t ae dt < “r(x a). (20) 


it implies that 


yf @-aars (t — 


which is equivalent to 


Also, 


r fama < fens Oarsy [ana 
x ~ x St) = x , 


which is equivalent to 


LO | 
Fin“ 


Adding inequalities (20) and (21) and dividing the resulted inequalities by b—a > 
0 gives us 


-5P(o- x) = fru b) <-57 xy. (21) 


1 2 2 
spp le - a? -PO- a] 
f(t) f'O | 
<5—|f[ e-otpat | ce ba (| om 
1 


<a-plT@ ay —y(b—x)], 
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for x € [a, b]. Utilising (19) and (22), we get (15); with (16) as its special case, that 
is, when x = ooh The proof for the best possible constant is given in Remark | (via 
the sharpness of 7 in (23)). 


Remark 1 If|f’(t)| < Mf (t) for almost every t € [a, b], then by (15), for y = —M 
and I” = M, we get 


2 
os — ((: “*") +70 *)) 


1 b 
< f(x) exp -s= log Far] 


a 


2 
seo ((: “*) +70 oi) 


In particular, we have 


1 a+b 1 2 
a {-e-o]=r( 28a 00 


< exp | Me _ a) ; (23) 


with i as the best constant. To verify this, suppose that (23) holds for constants A, B 
instead of —4 and i respectively, that is, 


b 
exp[AM(b—a)] < f (> exp [5 -| log f(t) ar| (24) 


b 
exp[BM(b — a)] = (S *) exp |-— _| log f(t) ar| : (25) 
a+b 
2 


Suppose in (24), f(x) = exp (|x — |), thus M = 1, and we have 


1 
exp [A(b — a)] < exp |-70 _ a) : 
Since the exponential function is strictly increasing, we now have A(b — a) < 


—ib — a); which asserts that A < -i since a < b. Now suppose in (25) that 
f(x) = exp(—- |x - ath), again, M = | and we have 


exp [B(b — a)] => exp Ec _ a) : 


By similar arguments, we conclude that B > i. 
We have the results for multiplicative trapezoid inequalities in the following. 
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Theorem 8 Let f : [a,b] — (0,00) be an absolutely continuous function and 
y,I € R such that 


yvf(@t)< f'O<T Ff), foralmost allt € [a,b]. 
Then, we have 


yb — x)? — Pe — a? 
a 2(b — a) 


ji - 1 
< f(b) f (a)i« exp |---| log FO dr] 


r(b—-xyP = y(x — ay 
< exp] Ore), (26) 
for any x € [a,b]. In particular, we have 
1 i 
exp l- 5" - yb — a) < /fF@fOexp l-s=< / log feat] 
< exp Ea — yb - om) . (27) 


The constant : is best possible in (27). 


Proof We use the generalised trapezoid identity 


b b 
ve ve) a). | tits —— / (¢—x)g'(t)dt, (28) 
=a b—-a Ja b—-a J, 


that holds for any x € [a,b] and g an absolutely continuous function. If we write 
(28) for the function g(t) = log f(t), then we get 


b 
(b — x) log f(b) + (x — a) log f(a) 1 / lee fae 
b-a b—-a J, 
b / 
= ! (t gi? a 
b-—a a f@ 
TF £O ‘ f'O 
= |/ oo nart | 0-90 al, (29) 


for x € [a, b]. By taking the exponential of (29), we have 


Bay = 1 e 
f(b) f (a)4 exp -s—f log Far] 


1 . ft) f@ 
=e |---| [ (t near | o- oF 2 al]. (30) 
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for x € [a,b], which is the multiplicative generalised trapezoid identity. Similarly 
to the expositions in the proof of Theorem 7 and using the assumption that 


<I, foralmost allt € [a,b], 


we have 


[y(b — x)? — P(x —a)’] 


2(b — a) 
1 : fi) . f(t) 
< hae ll C-D ar [ CE) ar| 
1 wh 2 
= ab-@ [Pw — xy —y@—a)’]. (31) 


Taking the exponential of (31) and utilising (30), we get the desired result (26); 
with (27) as a special case when x = ah The proof for the best possible constant 
is given in Remark 2 (by inequality (32)). 


Remark 2. If |f’(t)| < Mf(t) for almost all t € [a,b], then by (26) we get (for 
y=-M,l=M): 


M on ee 9 
v| aa 5 ) +56 || 


= = 1 p 
= f(b) f(a)** exp |-— | log fdr] 


M a+b = 2 
ose | | (+ 5 ) srk zal 


for any x € [a, b]. In particular, we have 


1 fy 
exp |-zMo-a) <¥V fla) f(b) exp | tog fdr] 


< exp | Me _ a) > (32) 


with 7 as the best constant. To verify this, suppose that (32) holds for constants C, D 
instead of —i and i respectively, that is, 


1 b 
exp[CM(b —a)] < V f(a) f(b) exp -s= i log fear] (33) 


1 b 
exp[DM(b — a)] = V f(a) f(b) exp |-s= / log feat] . (34) 
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Suppose in (33), f(x) = exp(— |x — at), thus M = 1, and we have 


exp [C(b — a)] < exp |-70 _ a) ; 


Since the exponential function is strictly increasing, we now have C(b — a) < 
—ib — a); which asserts that C < —4 since a < b. Now suppose in (34) that 


f(x) = exp (|x — a), again, M = | and we have 


exp [D(b — a)] = exp EG _ a) : 


By similar arguments, we conclude that D > i. 


4 Applications 


In this section, we apply the results from Sect. 3 to provide approximations for the 
integral of f and the first moment of f around zero. We start with the inequalities for 
logarithmic convex functions, as tools to help us in providing the above mentioned 
approximations. 
If f : [a,b] — (0,00) is logarithmic convex, that is, log f is convex, then log f 
is differentiable almost everywhere and 
f@ — FL) 


f(a) 7 
7@ < (log f()) = 7O = 7b’ t € (a,b). 


Also, by Hermite-Hadamard’s inequality we have the bounds 


b 
oes (“S*) <,~— | tos fonar 


— 4 Ja (35) 
1 b)+1 
< ELON EL) _ hog (FOF). 
From (15), we have 
f,@) 2 fl) 2 
Hay (X — a) (b— x) 1 a 
f(a) f(b) 
exp 3b ~a) exp (5 / log fdr) 
< f(x) (36) 
a) 2 fila) 2 
(x —a) tay (0 — x) 1 
f(b) f(@ 
< exp 1b —a) eo(s | log fdr), 
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for all x € [a, b]. Utilising (35), we have 


atb\ | Fu a) ~ Fay — 37 

F( : ) exp -_ 
a) 

< f(x) 2 

FO) 2_ @ 5 

+—(b 

< /fF@ FO) exp Fy o ia oy] 
—a 


for all x € [a,b]. From (26), we have 


(x — a)? 1 
f(a) fb) 
—— 1 t)dt 
exp 6-2) ep (--. | og f(t) ) 
b-x x-a 
< fb) flare (38) 
fl) 2 fi@ 2 
(b— x) ay (X — a) 1 7 
f(b) f(a) 
< it t)dt}), 
< exp 6 ~a) exp(—— | og f(t) ) 


for all x € [a, b]. Utilising (35), we have 


a+b EO (b — xP — Ge — a) 

exp 

2 2(b — a) 

< f(b)=* f(a) (39) 
iy y f(a) (x ay 


< /f@f@exp | La) 


2(b — a) 


for all x € [a, b]. 
Recall the error functions: 


2 x 
erf(x) = Fe ij edt and erfi(z) = —i erf(iz). 
0 


Proposition 1 Let f : [a,b] — (0,00) be an absolutely continuous function and 
y,I €R such that 


yf(t) < f'@) <I ft), for almost allt € [a,b]. 
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Then we have the following estimates for the integral of f on [a,b]: 


Jz [=t( a ) ert ( id Jer [pte [oe rinar + 2) 
2 J2a /2a b-aJq 2a 


Qa 
b 
a 


s 


f(x) dx 


< [= [en( al ) eri ( - ) Ie [ssf pyar 22, 
~ \ 2a /20 / 20 Plo—a . P 2a |’ 


where a = (IX — y)/(b — a). Furthermore, if f is log convex, then we have 


Va" (Gea) -o* (Gea) 2") 2 Ce) 


< F(x) dx 


<fEla(G)-=(G) Verm0(-). 


Proof First, we note some useful identities to help us in our calculations: 


yx —aY —P'(b—xy? roy ( =) (b—a)yl wis 
2(b — a) 2(b — a) T-y 20 —-y) 
Pae—-aPv—-yb-x? 8 r-y ( naar) (b—a)yT (ai 
= Xx * 
2(b — a) 2(b — a) T-y 20 — y) 
To simplify our calculations, we let 
_T-y _ bF —ay _ al’ —by 
ea rE Bi = fay" po = Poy 
so now (40) and (41) become 
y(x —ayY —P(b— xy a 9, VL 
= —; 42 
a7 sos by +s (42) 
T(x-aY-—y(b-xyP a >» ve 
= : 43 
2b a) 5 (x — Bo) Fa (43) 


We integrate (15) with respect to x over [a, b]. We observe the integral 
i. y(x —aY —P(b—xy 
exp dx 
a 2(b — a) 


T b 
= exp (=) / exp [-5 (x — pi)"| dx 


70 P. Cerone et al. 


Performing similar calculations, we get that: 


[ [“ =a) =y9- ~) 
exp dx 


2(b — a) 


er ff? a 2 
= exp ae exp [5 (x — Bo) | dx 
— Fa Bs 
2 r "Ya 
= / exp ( id ) * § exp(—w)du 
a 2a ed 


= V3a°% (Se) [** (aa) -* (ea) 


Thus (15) becomes: 


me *( 5)" (Fez) -**(Fe)| 


b b 
< f(x) dx exp |-— | log adi] 


<\Eon(-2)|o0(5)-o¥()] 


Multiplying the above by exp Ee J i log f(t)d | gives us the desired result. The 


last set of inequalities follows from (37), coupled with the fact that both functions, 
erf and erfi are monotonically increasing. 


| 
@Q 
ia! 
i=?) 


Proposition 2 Let0 <a < band f : [a,b] > (0, 0) be an absolutely continuous 
function and y, I € R such that 


yf(t) < f'@) <I f(t), for almost allt € [a,b]. 


Then we have the following estimates for f. ie; f(x) dx: 


a 


exp = i_ log fat] {= (<xo( eee ”) exp (ee ®)) 
+ [Eneo('2)[e«(de)-«(2e)] 
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b 
2 / xf(x)dx 


<exp| [ ve.revar| {= (ex (7° 2) exp ( ae °)) 
“Yahoo (Fe) [e*(Zae)-=* (Fe) 


where 


[-y _ bl —ay _ al’ —by 
b-a’ gp o Re ita 


Proof We multiply (15) with x > O and integrate the resulting inequality with 
respect to x over [a, b]. We observe the integral 


i y(x —ay —P(b- xy r 
/ x exp| 2b ~a) x 
_ yT v a 2 
= exp (4) / xexp|—5 (@ ~ Bi) | dx 
= exp (20) [2 [P wssp tes Af spay 
2a a -£ alt 


2a 


V2a 


05) [2 (-e0(-z2) +#°(-z)) 
+ Viet (+ (Fea) = (Zea) 
Soa a2) 
+ Jato (32) [* (aa) (a) 


Performing similar calculations, we get that 


[ox [=< Sa on) dx 
oe Se = a) 


Vda 


rs Po 

P\| 2 fe a. fie 
=exp(-_ -- | ° wexp(—12)du + —pa | * (— i)exp(—u2) du 

2a a J; a +i 
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-oo(-2£)[E (oo(&)-er()) 
\En(()-*(25)] 
“(on ( 2852) -mo( 252) 
+ fEneo(-2)[on( fe) (Ze) 
Thus (15) becomes: 
* (exp ( a 2) exp (70> °)) 
Vato (Sr) [*" (Gae) -#" (Fa) 
[ xf (x) dx exp -s : io reat] 
1 T(b-a b-a 
= ((“ =") -e@(-F*)) 
wVmo(-22) e6(Fa)--*(ca) 


Multiplying the above by exp FE (s log f(t)d | gives us the desired result. 


IA 


IA 


Remark 3 The inequalities in Proposition 2 can be simplified in the similar manner 
to that of Proposition 1 by assuming that f is logarithmic convex and using the 


estimates for exp [es (i log f(t) dt] in (37). 
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A Survey on Ostrowski Type Inequalities 
for Riemann-Stieltjes Integral 


W. S. Cheung and Sever S. Dragomir 


Abstract Some Ostrowski type inequalities for the Riemann-Stieltjes integral for 
various classes of integrands and integrators are surveyed. Applications for the 
midpoint rule and a generalised trapezoidal type rule are also presented. 


Keywords Ostrowski type inequalities - Riemann-Stieltjes integral - Absolutely 
continuous function - Trapezoidal rule 


1 Introduction 


The following result is known in the literature as Ostrowski’s inequality [27]: 
Let f : [a,b] > R be a differentiable mapping on (a,b) with the property that 


| #/()| < M for all t € (a,b). Then 
, + (SF) (b-a)M (1) 
4 


1 
yo- | f (t)dt| < 


b-—a 


for all x € (a,b). The constant ; is best possible in the sense that it cannot be 
replaced by a smaller constant. 

The above result has been naturally extended for absolutely continuous functions 
and Lebesgue p—norms of the derivative f’ in [20-22] and can be stated as: 


Theorem 1 Let f : [a,b] — R be absolutely continuous on [a,b]. Then for all 
x € [a,b] we have: 
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1 b 
iy (x) — lf f(t)dt 
—a 


[p+ (SE) Jo-o If'loc PF" € Loo lab: 


1 x—a\ptl p+1 _ 
< (pt? [=4) + (= a) |e a) || ¢’ I, (2) 
if f' € L,[a,bl, orpe kph 
[2+ |S |] 


where ||-||, (7 € [1, c]) are the usual Lebesgue norms on L, [a,b], that is, we recall 
that 


1 
b ? 
Ilglloo = ess ee lg()| and |gll, = (/ Jer at) , reé[l,oo). 


te[a,b 


The constants i and 5 respectively are sharp in the sense mentioned above. 


1 
” I/p 

They can also be obtained: ina slightly different form, as particular cases of some 
results established by A.M. Fink [23] for n—time differentiable functions. 

For other Ostrowski-type inequalities concerning Lipschitzian and r— H —H 6lder 
type functions, see [11] and [18]. 

The cases of bounded variation functions and monotonic functions were consid- 
ered in [14] and [10] while the case of convex functions was studied in [16]. 

In order to approximate the Riemann-Stieltjes integral ths : p(x)dv(x), where 
p,v : [a,b] = R are functions for which the above integral exists, S.S. Dragomir 
established in [12] the following integral identity: 


b 
[u(b) — u(a)] ft)- f f(t)du(t) 


x b 
— / [u(t) — u(a)] df(t) + [u(t) — u(b) df(t), x € [a,b] (3) 


provided that the involved Riemann-—Stieltjes integrals exist. In the case u(t) = f¢, 
t € [a,b], the above identity reduces to the celebrated Montgomery identity (see 
[26], p. 565) that has been extensively used by many authors in obtaining various 
inequalities of Ostrowski type. For a comprehensive recent collection of works, see 
the book [19] and the papers [1—-5, 7, 24, 28, 29, 30]. 

In an effort to obtain an Ostrowski-type inequality for the Riemann-Stieltjes inte- 
gral, which obviously contains the weighted integrals case, S.S. Dragomir established 
[12] the following result: 


Theorem 2 Let f : [a,b] — R bea function of bounded variation and u : [a,b] > 
R a function of r — H —Holder type, i.e., 


|u(x) —u(y)| < H|x — yl" for any x,y € [a,b], (4) 
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where r € (0, 1] and H > O are given. Then, for any x € [a,b], 


b 
[u(b) — u(x)] f @) -[ f(t) du(t) 


x b 
<H c —ay VJ (f)+-xy VV | 


[«-a +O-o TL VI +3 VED-VED 


eux fl@-o" +e-0"} [(VEcny’+(Vicn)']’ (5) 
ifp> 1, ; + ; —1; 
[O-a +[s— FI Ven, 


where Te (f) denotes the total variation of f on the interval [c,d]. 
The dual case was considered in [13] and can be stated as follows: 


Theorem 3 Let u : [a,b] — R be a function of bounded variation on [a,b] and 
f : [a,b] > Ra function of r — H—Holder type. Then 


b 
[u (b) — u(a)] f (x) -[ f (1) du(t) 


1 b 
<H[56-a+|r- 5" 


rb 
VV w) 
a (6) 


for any x € [a,b]. 

For other results concerning inequalities for Riemann-Stieltjes integrals, see [3], 
[24] and [25]. 

The aim of the present survey paper is to present some results of Ostrowski- 
type inequalities for Riemann-Stieltjes integrals is i f (t) du (t) discovered by the 
authors. Applications to the midpoint rule and for a generalised trapezoidal rule are 
also pointed out. 


2 General Bounds for Absolutely Continuous Functions 


The following representation result is of interest [8]: 


Lemma 1 Let f : [a,b] — R be an absolutely continuous function on [a,b] and 
u: [a,b] > R such that the Riemann—Stieltjes integrals 


b b 1 
f @du(t) and / (x — ft) (/ f'Pr+d -1)x1d2) du (t) 
a a 0 


exist for each x € [a,b]. Then 


b 
f(x)[u(b) — u(a)] -[ f(t)du(t) 


78 W.S. Cheung and S.S. Dragomir 


=[e-0 ([ ror +a-vaar) aun (7) 
or, equivalently, 
/ “ u(tydf() — u)Lf(6) — FO) — ul@L fC ~ Fa) 
-[ Ca, (fr iar + (1 = 2)e1d2) du(t) (8) 


for each x € [a,b]. 


Proof Since f is absolutely continuous on [a,b], hence, for any x,t € [a,b] with 
x &t, one has 


FO-fO_ ff Wau 


x-—t Lt 


1 
= f' (A -A)x+art]da 
0 
giving the equality (see also [15]): 
1 
Fay=fore-o | f' (A -A)x + art] da (9) 


for any x,t € [a,b]. 
Integrating the identity (9) we deduce 


b b b 1 
f(x) / du(t) = / f(t)du(t)+ / (x —1) ( / fla —Ax + ia\dn) du(t), 
a a a 0 


which is exactly the desired inequality (7). 
Now, on utilising the integration by parts formula for the Riemann-Stieltjes 
integral, we have 


b 
Ff (x) [u 6) - ua f f (1) du(t) 
b 
= f (x) [u(b) — ua] — [uo Faua- f warn] 


b 
= u(t)df (t)-—ub)[f6)— f@Ml-ru@I[f@—-f@l 


and the representation (8) is also obtained. 
For an absolutely continuous function f : [a,b] — R, let us denote by 


L(f3x,t) = i f'~t+d—A)x] dal, where (t,x) € [a, b]° . It is obvious that, 
by the Hélder inequality, we have 


w(f3x.t) < I'l txjoo fff € Loo la,b]; (10) 
- IF lecie if f’ ¢ Lp[a,b], p> 1, 
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where 


ie ixtoa — sup | fu) 
u € [t,x] 
(u € [x,t]) 


’ 


i 
Pp 


», pal 


IF'Vusapi= | f° Le eal? du 


and t,x € [a,b]. 
We can also state the following result of Ostrowski type for the Riemann-Stieltjes 
integral [8]: 


Theorem 4 Let f : [a,b] — R be an absolutely continuous function and u : 
[a,b] = Ra function of bounded variation on [a, b] . Then 


b 
uo) -w@ltey- f f(t)du()| <M), (1) 


and, equivalently 


<M(x), (12) 


b 
/ u(t)df (t)—u(b)[f )—- f@l-uw@f@-f@ 


a 


where M (x) = M, (x) + M2 (x) and 


Mi (x) := \/ w) sup [De (fn O1, 


te[a,x 
b 
Mp (x) := \/ (u) sup (¢— se (FO, 


for x € [a,b]. 
Remark 1 Using the notations in Theorem 4, we have 


M(x) <@-a\/W sup (fst) 


€[a,x 


x , if n L .b . 
<(x-a)\/w- IF’ Whasrc0 if f" € Lo [a,b] 
. 2 Views if f’e Lpla,b], p= 1, 


b 


Mp (x) < (b—x)\/ W sup w(fsx,0) 


te[x,b] 


| i [x,b],00 if f’ € Loo [a,b]; 


b 
<(b-x)\/w- 
a IF epi if Fs € Lp la, b), P = 1 
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for any x € [a,b]. 


Proof We use the fact that, if p,v : [c,d] — R are such that p is continuous and 


v is of bounded variation, then the Riemann-Stieltjes integral i. ‘ p (t) dv (f) exists 
and 


d 
: p (x) dv (x) 


d 
< sup |p(x)|\/ 0). 
x€[c,d] é 
Utilising the representation (7) we have 


b 
yo [ut 6) -u@l | f (t) du(t) 


x 1 
[e-o(f fre = axldn) dul 
a 0 
b 1 
+{ «w-9(f fr Axlar) due) 
x 0 
x 1 
[e-o(f fr = a)xlda) du(p 
a 0 
b 1 
[w-o(f fr += Asa) au 
x 0 


b 


<\V wm sup [«e-)e(fsx.O1+\/ @ sup (@-x) K(f] 


te[a,x] te[x,b] 


= 


+ 


< My (x) + M2 (x) =: M(x). 


The other inequalities for M, and Mp) are obvious from the inequality (10) and the 
details are omitted. 


Remark 2. Hence, if we denote by | f' | tealiin the p norm on the interval [c,d], 
where | < p < ov, then for f’ € L,[a, b], we have 


b 
retary — wen f f(t)du(t) 


x b 
<@-a VOWS leap tO-O VO UF leap = NO 3) 
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where p € [1,00] and x € [a,b]. 

Obviously one can derive many upper bounds for the function N (x) defined 
above. We intend to present in the following only a few that are simple and perhaps 
of interest for applications. 


Estimate 1 


x b 
N(x) < c -a)\/w+b6-»\V/ 9 ead ree 


max {x —a,b— x} [Vs (u) + ve | : 


1 


[or — ay + 6-9} | (V5 co)" + (VEew)']’ 


(a eee 
ifa>1,2+5=1 
(b —a) max {\/3 (u),\V w)| 
[3 @-a)+|x- SI Vi@; 
i B z 
[@- a)" + 6—»"]* (vs (wo)? + (Veo) 
= | i leaps , 


: 1 ae 
ifa>1,otgah 


=a) [AVE w+ $/VE wo - VE Go 


(14) 
for any x € [a,b]. 
Estimate 2 
e b 
N (x) S max {x — a,b — x} LV (u) || f'| ashe V (u) || f'| ais 
1 a+b “ b 
- E (b-a)+|x- VWF Trecap t V © WF decane 
<fjo-oeh =" 
a | | ia [a,x],p ’ f' | mai Was (u) 5 


[Ld"Waap tH anol” [OVS 0)? + (ve eo) "T! 


. 1 ie 1 
Epa a 


[EVE +4]VE «= VECO] [IF brane + UF leeonn | 
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1 a+b 
[porwr 
max | | tg | [a,x],p ’ ia | ie Vi (u) > 
# 3 
I 'Ihapuy [CVs 0)? + (V2 c0)"} 


ifp>1,5+7=1; 
[E2004 $]VE@ = VE COT] [Flore + IF leone | 


for any x € [a,b]. 
Estimate 3 


x b 


N (x) < max lV ().\/ wo} [« —a) Ff’ lpenp t@O- IF lisorp| 
far 1 | x b 
=| Voor 5]Vo-Vool]s 
[« —a) | f'| =_— + (b—x) | f’ | ie 
ie 11° b 
max | | f' a,x],p’ | ‘i leis | (b _ a) : 


[@ -—aji+(b—- xy]! | Ci | [a,b],p 
x 


ifp>1,5+7=1; 
[3o =a) +|x— I] [I SP lian £1 licorp| 


for each x € [a,b]. 
In practical applications, the midpoint rule, that results for x = wie , 1s of obvious 
interest due to its simpler form [8]. 


Corollary 1 With the assumptions in Theorem 4, we have the inequalities: 


b b 
wo —woit(S*)-f rode 


1 o / : / 
246-0 Vol aagjet VOU sae 
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ity] 


max j || f"| 
aees es 


iecmaaenn 
ath B B 5 
<i 6-0 «{(VeP co)" + (Vie09)"] as 
ifa>1, +4 ‘i = 1; 
[E V3 + 3 |ViP @ - Vie wl] 
[IF lfeespet Wapato 


where p € [1,o]. 
From the above, it is obvious that we can get some appealing inequalities as 


two) —wca s (SS =) - [ f (i) du(t) 
if f’ € Lxo[a,b); 


follows: 


| f' | [a,b],co We (u), 


Wael (vet 0)" + (vee 0)"] ae 


1 
ifp>1, — nee 


[EV2@ +4 Vtw- 


=1, f’ €L,[a,b); 
Vege «wo|| | Je [a,b],1* 


Nie 


Remark 3 Similar inequalities can be obtained for the generalised trapezoidal rule 


We only state here the following simple results 


b a+b a+b 
[vmarn-vo|ro-r( : )]-«o[r( : )-ro] 


If Trasjco V2, — if f’ € Leola, bl; 


spay | EU lien [Ca 00)" + (Ve 0) "T 
ifp>1,5+7,=1 f' €L,la,bl; 
[3 We (u) + 4 Vat (u) — Vege |] IP eon 


provided that u is of bounded variation and f is absolutely continuous on [a, b] 
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3 Bounds in the Case of | f' | a Convex Function 


Some of the above results can be improved provided that a convexity assumption for 
| f’| is in place [8]: 


Theorem 5 Let f : [a,b] — R be an absolutely continuous function on [a,b], 
u: [a,b] > Ra function of bounded variation on [a,b] and x € [a,b]. If | f’| is 
convex on [a,x] and [x, b] (and the intervals can be reduced at a single point), then 


b 
[u (b) — u(a)] f (x) -[ f(t) du(t) (17) 


x 


1 b 
5 LV (u) ae {@-o|f Ol} + V (u) {@—x)|f’ ol] 
1 : | ? 
+5 I/F @| c -a)\J/wMteo-n\V » 
1 ‘. ° 
25]6-OV OL et? 9V OL ane 


x b 
+ ; |f’ (| c ae + oo Voo| 


for any x € [a,b]. 


Proof As in the proof of Theorem 4, we have 


b 
yo tu) —u@ = | f(t) du(t) 


1 ‘% 
< sup lo —t) : are ae = x1aa]] Vw 
tela,x] 0 a 
1 b 
+ sup ee / Era ~ 1 x1a2l] Vw 
te[x,b] 0 x 


1 x 
< sup lw-o f ford aailda] Vw 


tela,x] 


1 b 
+ sup lo-» f yar +a —aallaa] Vw 
0 x 


te[x,b] 


roe c alt shal NY 


tela,x] 
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! ! b 
+ sup c x) Fol +f Vo 


telx,b] 2 


1 b 
<5 | sn DERG IENACE: we (¢-9/F ol) Vo 


a x 


1 x b 
+5 |f'@)| c —a)\/w+ oo Voo| 


which proves the first inequality in (17). 
The second inequality in (17) is obvious using properties of sup and the theorem 
is completely proved. 
The midpoint inequality is of interest in applications and provides a much simpler 
inequality [8]: 


Corollary 2 If f and u are as above and | f’| is convex on [a ; ath) and [o", b| : 
then 


(18) 


a+b 7 
we) —wcait (SS) -{ f (t) du (t) 


1 
7-4) ral a jeVerlsh 


[«. 3 


pe-alr (SN 
a+b 
poo) [I Trdiao + V(S II. 


Remark 4 If we denote, from the second inequality in (17), 


IA 


030 5] -V (u) 


Pe 


l x b 
Lj (x) = 2 c — a) | f'l [a,x],oo V (u) + (b— x) | ‘a [x,b],00 V 9) 


and 


1 x b 
Lo (x)= 5|f' | c —a)\/@)+ oo Voo| 


for x € [a,b], then we can point out various upper bounds for the functions L; and 
Ly on [a,b]. 
For instance, we have 


1 x b 
Li@) <5 | F Ihasioo c -a)\/w+bo-»\V » 
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and by (17) we can state the following inequality of interest: 


(19) 


b 
(ub) — ware) — f f(t)du(t) 


x b 
5[l lane + onl] [o-oVin eo Veo) 


[36 - a) + |x— S41 Vw 
[E V2.0 +4 ]/Vs @ - V2 Go|] a) 


A 


IA 


1 ; 
2 [li ler 1S («|| x 


for each x € [a,b]. 


Remark 5 A similar result to (19) can be stated for the generalised trapezoidal rule, 
out of which we would like to note the following one that is of particular interest: 


b 
/ u(td f(t) — wb) f(b) — f%)] — uM fa) — f@)] 


x b 
; [I f’Tranioo + 1021] c -a\/w+o-nV 9 


[3b —a) + |x — |] Ve) 
[3 V2 + 4/VE c= VE) 


IA 


IA 


1 : 
2 [I I asioo + IF (| x 


|e-a 
(20) 


for each x € [a,b]. 
As in Corollary 2, the case x = ath in (20) provides the simple result 


b 
[voaro-wo[ro-1(S*)]-v@l[r(F \- zo)| 


os 5 nV (u) 


ath 


1 
<—(b-a) alee a jeV 0+ Up 


4 
,{(atb 
(SIV 


ee 
a bool I faasioo + 


eer 
ri a 


,(atb 
C2) m 


Remark 6 Similar inequalities may be stated if one assumes either that | f' | is 
quasi-convex or that | f' | is log-convex on [a,x] and [x, b]. The details are left to 
the interested readers. 
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4 The Case of Monotonic Integrators 


The following result may be stated [9]. 


Theorem 6 Let f : [a,b] — R be a function of r-H-H 6lder type with r € (0, 1] 
and H > 0, and u: [a,b] — R be a monotonic nondecreasing function on [a, b). 
Then 


b 
[u(b) — u(a)] fe) f f(t)du(t) 


; a He) 
cn[e-oran—a-oran-r|f’ ice f' ect 
21) 


(b — x)" [(u(b) — uxe)] + (& — a)" [wry — u(a)]} 


a+b 


pps 
2 


<H| 3-0) 


[u(b) — u(a)] (22) 


for any x € [a,b]. 


Proof First of all we remark that if p : [a,b] — Ris continuous and v: [a,b] > R 


is monotonic nondecreasing, then the Riemann-Stieltjes integral va pD(t)dv(t) exists 
and: 


b b 
i pitydv(t)| < / Ip(t)| dv(2). (23) 


a 


Making use of this property and the fact that f is of r-H-H6lder type, we can state 
that 


b 
[u(b) — u(a)] fey | f(t)du(t) 


b 
=|/ [f(x) — f()|du() 


b 
< / Ife) — FO dus) 


b 
< nf |x —t|’du(t). (24) 


By the integration by parts formula for the Riemann-Stieltjes integral we have 


b x b 
/ |x —t|"du(t) = / (x — t)'du(t) + / (t — x) du(t) 


= (x = ty u(t)|* 4 rf u(t) dt By (t xyu(t)|? rf u(t) 
7 a (x x s (t — 


_ t)i-r x)= 7d 


x b 
= (b— x)'u(b) — (x —a)'ula) +r / ue) 4; / me) ‘] 
a (x ~~ t)i-r x (t ~ Kr 
25) 
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which together with (24) proves the first inequality in (22). 
Now, by the monotonicity property of u we have 


[ u(t)dt es [ dt _ & — alu) 
(x —1)!" ee a : 


u(t)dt ir dt (b — xY'u(x) 
> u(x) = ; 
x (t oa a 


x ¢-») = r 


and 


giving that 


* — u(t)dt > u(t)dt Pe 
en Ge=ay Jy aay 7 


[(x — a)"u(x) —(b-—x)J'ux)] . (26) 


This inequality implies that 
. . * u(t) > u(t) 
(b — x) u(b) — (x — a)'u(a) +r |/ G@op= dt | Go» ar| 
< (b — x)'u(b) — (x — a)'u(a) + & — aux) — (6 — xu) 
= (b — x)" [u(b) — ux)] + @ — a)" [u(x) — u(a)] 


and the second part of inequality (22) is also proved. 
The last part is obvious by the property of max function and we omit the details 
here. 


Remark 7 If f is assumed to be L-Lipschitzian, 1.e., 


If@)— fs Llx—y| forany x,y € [a,b], (27) 


where L > 0 is given, then for u : [a,b] — R being monotonic nondecreasing on 
[a, b] the inequality (7) will produce the simple result: 


b 
[u(b) — u(a)] fey | f()du(t) 


b 
<L jou + au(a) — x [u(a) + u(b)] + / sen(x — nuda 
< L[® — x) (ub) — ua&)] + & — a) [u(x) — u@)]] 


<L| 5-0) 


b 
x= ] [u(b) — u(a)] (28) 


for any x € [a,b]. 
A particular case that may be useful in applications is the following midpoint- 
type inequality [9]. 
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Corollary 3 With the assumptions in Theorem 6, we have: 


ub — was (S* *) - [ seaue 


(b —ay’  u(t)dt b  u(t)dt 
<H _ [u(b) — u(a)| + r {/ (2 —pir i G= atbyi—r Hl 


a r 

u H(b—a) 
= yr 

In particular, if f is a L-Lipschitzian function, we have 


tub) — want (SS =) - [ soaue 


‘ E —a) ue — u(a)] +f sen (“> _ ) (pat | 


7 L-(b—-a) 


[u(b) — u(a)]. (29) 


[u(b) — u(a)]. (30) 


Remark 8 We observe that the first inequality in (30) is sharp. Indeed, if we choose 
fou: [a,b] > R, f@) = |r— S|, u(t) = t — 4, we notice that f is L- 
Lipschitzian with the constant L = 1 and u is monotonic nondecreasing on [a, b]. 
Also: 


b a oog\2 
tub) — ways (SF ”) - [ a i eae 7 
(b= a) [u(b) — wal A sen (“5* -1) u(t)dt 
2 a 2 
_ (b-ay iat = OO 
3 ; 2 : 
(b-a)y~ a, 


which shows that in both sides of (30) we have the same quantity 


Remark 9 In terms of probability density functions, if w : [a,b] — [0,00) is such 
that : w(s)ds = 1, then writing out the inequality (22) for u(t) := ; w(s)ds, we 


obtain: 
[ 


, w(s) f(s)ds 


yoo- f 
Wt) > wc) 

<u |b—x +f Gear —dt / el 

<H | - yf w(s)ds + (x — ay [ words 


a+b 
5 i (31) 


<H|> (b—a)+ 
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for any x € [a,b], where, as above, f is of r-H-H6lder type. 
The Lipschitzian case provides the simpler inequality: 


b 
<L E —x+ i sgn(x — nwende| 


- (32) 


b 
Lye - / w(s) f(s)ds 


a 


<L [so-a+ 


for any x € [a,b]. 
Finally, the weighted trapezoidal inequality for Hélder continuous functions reads 


as 
b b 
W(S )- i, w(s) fs)ds 


(bay Wit) 6 W(dt 
=| Ir off (ope {SI 
_ Hb-ay 
Sa 


while for Lipschitzian functions it will have the form 


b 
I (“ a" ”) - / ws) fsa 


<b [P5*+ fon (24? -: Wt)dt < LL a) (34) 
= 2 p 5) — { 


The uniform distribution w(s) = a s € [a,b], will then provide the following 


inequality: 


, (33) 


1 b 
ye ar i f(t)dt 
—a Ja 


r r m (t —a) : (t —a) ee 
< Ho +f Gane [Seal ear, say) 


a+b|]" 
5 ig (35) 


Se 


=a [(b—x)t! + -a)'*!] < al; (b—a)+ 


ia cS ——___dt= [ e-ae-0 ‘at 
Pant: a 


=(x— af s(1 —s)''ds 
0 


(x > ayt! 


rrt+1)’ 


= (x —a)'*'B(2,r) = 
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where B(p,q) := i, s?!( —s)*'ds, p,q > 0, is the Euler’s Beta function, and 


t=@) , pe [bth 


, Cae G—-no 
_ ey > (b—t)dt 
=e a | @—xr J, @ xy 


= (ba). O—* [ (b= 1(t = x"dt 


r 1 
=(b yan (b ia s(l—s)'ds 
0 


=@ a) On *7 (b — x) BQ,r) 


— b-alb-xY (b-xyt! 
~ r rr+1)’ 


hence 7, defined above, has the form 

(x—a)t! (b-alb—-x)  (6-x)" 
r(r+ 1) r r(ir+1) 

_ (x —ay't! + (b—a)'t! 

~ r+1 


=(b xy + 
b-a 


Therefore, from the first inequality in (35) we deduce 


H x=a r+1 b—x r+l1 . 
“2 +(=) Je 


(36) 


yer oa f(t)dt) < 


for any x € [a,b], which has been obtained before (see for instance [10] and [19]). 


5 The Case of Monotonic Integrands 


It is natural now to investigate the dual case, that is, where the integrand f is assumed 
to be monotonic nondecreasing while the integrator u is H6lder continuous [9]. 


Theorem 7 Let f : [a,b] — R be monotonic nondecreasing on [a,b] and u : 
[a,b] > R of r-H-Holder type. Then 


b 
[u(b) — wannfts)— f f(t)du(t) 


> f(tdt *  f(t)dt \] 


<H I =p =b— a)’ | f(x)+r | 6-9 bao 


92 W.S. Cheung and S.S. Dragomir 


=H {b=3) (fO)=f@Ol+6 =a 1/@)=s@)]} 


b\]" 
ae ] Yo- re. (37) 


sH| 50-04 


Proof Utilising the integral identity (3) and the hypothesis, we have successively 


b 
[u(b) — u(a)] fe | f(t)du(t) 


x b 
< / lu(t) — u(a)| df(t) + / \u(s) — u(t)| df(t) 


x b 
<H| i: (¢ — ay'df(t) + | wr are)| 


2 afa-a¥ fol, =r TE hpi Hy ee 


f(t)dt 
x (b = | 


b f(t)dt x f(t)dt \ 
ea Jean 


ae @=ayt 


=H E —ay f(x)—-(—-—xY f@)+r 
(38) 


proving the first inequality in (37). 
Since f is monotonic nondecreasing on [a, b], hence 


b b 
f(tdt dt sf (bb—xY 
, O-9 = sf (nn, 
and 
f@dt f@(x - ae 
(t- me etof a ajir r 
giving that 


d - d 1 
— ae <i [ f(b)(b — x)" — fax —a)’] 


which obviously implies that 


P ‘ f (t)dt “  f(tdt 
@=e! fQ)-b=—a2l f@)+r an b—per in| 


< (a — a)’ f(x) — (6 — x) f(x) + FO) — xy — f@@ — ay 
= (b— x) [ f(b) — f@)] + @ — a) [f@) -— f@), 


which together with (38) provides the second inequality in (37). 
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The last inequality is obvious, since 


(b— xy [f(b) — f(x) + @ — a) [f@) — f@) 
< max {(b — x)’, (« —a)'} [f) — f@] 
= [max {b — x,x — a}]" [f(b) — f@] 

a+b 


be ag 
2 


= a 
-[; —a)t+ 


[f(b) — f(a] 


for any x € [a,b]. 


Remark 10 The particular case of L-Lipschitzian functions provides a much simpler 
result: 


b 
(ub) — wannsta) — f f(t)du(t) 


a 


b 
2h E —a—b) f(x) + if san(t — ofa | 
< L{(b— x) [fb) — f+ « — a) [f0) — F@D 


20 ewe 
Ss 5) a XxX 2 


[f(b) — f(a] (39) 
for any x € [a,b]. 
A particular case that can be useful in applications is the following one [9]. 


Corollary 4 With the assumptions in Theorem 5 we have: 


b b 
[u(b) — u(a)] f () = i F(t)du(t) 


b ab 
Bue | i fat [ f(t)dt 
app (b — ty! a (t—a)! 


H(b—ay 
< Oe )— Fol (40) 


In particular, for ua L-Lipschitizian function, we have 


b b 
[u(b) — w(a)] f (>) - | F()du(t) 


b a+b 1 
< Lf sgn (: 7 ) -f(@dt < Pe [f(b) — f@). (41) 


Remark 11 The inequalities (41) are sharp. Indeed, if we take u, f : [a,b] > R, 
u(t) = |t— 44| and f(t) = sgn (t — 4°), then u is L-Lipschitzian with L = 1 
and f is monotonic nondecreasing on [a, b] . Also, 
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b 
[u(b) — u(a)] f (S )- [ f()du(t) 


“z a+b b a+b 
--|f cy-a(S*—1) 4 ia Dear (1 ; )| 


and 


b 
/ sen (1 “**) f@dt =b—-a, 


and then we get in all sides of the inequality (41) the same quantity (b — a). 


Remark 12 In the case when u(t) = t, t € [a,b], out of (39) we deduce the 
Ostrowski-type inequality: 


A 


1 b 
yoo — i Fndt 
=a} 


b 
< — E —(a+b))+ | sgn(t — ofioar| 


a 


A 


1 
S55 O — OU@) — F@I+ @ — OF @) — f@l 


oe aaa ; 
Sha, \oe) Ol 


that has been obtained in [10] (see also [19]). 


6 Some Results for a Generalised Trapezoidal Rule 


In [17], the authors have considered the following generalised trapezoidal formula: 
[u(b) — u(x)] f(b) + [u(x) — ula)] fla), x € [a,b] 


to approximate the Riemann-Stieltjes integral s f(t)du(t). They proved the 
inequality 


b 


f(t)du(t) — [u(b) — u(x)] f(a) — [u@r) — u(a)] f(a) 


I] V (f) (42) 


for any x € [a,b], provided that f : [a,b] — R is of bounded variation on [a, b] 
and u is of r-H-Holder type. 


<ul; (b—a)+ 


A Survey on Ostrowski Type Inequalities for Riemann-Stieltjes Integral 95 


The best inequality one can obtain from (42) is the following: 


b b b 
/ F(du(t) jue) (5 JJro-[(S ) - ma] f(a) 


H(b—a)\” 
a V (A). (43) 


We observe that if p,v : [a,b] — R are a pair of functions for which the Riemann— 
Stieltjes integral ik p(t)dv(t) exists, then, on application of the integration by parts 
formula, we have 


b 
in) ~ veal px) — ff P(t)dv(t) 


b 
=[v(b) — v(a)] p@&) — | pow — pla)v(a) — i wndp| 


b 
=) v(t)dp(t) — v(a)[p() — p(@)] — vb)[p®) — pI. (44) 


Therefore, any inequality of Ostrowski type for the difference 


b 
(nb) = veal x) = f p(t)dv(t) 


a 


would give a corresponding inequality for the generalised trapezoidal approximation 
of the dual Riemann-Stieltjes integral: 


b 
i vit)dp(t) — v(a) [p(x) — p(a)] — v(b) [p@) — p@)). 


a 


If v is of r-H-H6lder type and p is of bounded variation, then by (5) and (44) we 
recapture the result from [6]: 


b 
il v(t)dp(t) — v(a) [p(x) — p(a)] — vib) [p() — pos) 


% b 
<H c -a¥ \/ (p+ 0-27 V | 
1 1 . 
H[(x—a) +(b—xy] E Vv (p) + 5 IV: (p)- Ve || 3 
He — ay” +6— 9" [[Vi wy’ +[Vi@]"]’ 
< (45) 


: 1 1 
if p>1l,-+-=1; 
P 4 


H [pe-a+ 


b ae 
1-2 view 
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for x € [a,b]. 
If we use (6) and the identity (44) above, then we can get the result in (42). 
Now, if p is of r-H-Holder type and v is monotonic nondecreasing, then by 
Theorem 6 and (44) we have the inequality 


b 
1 v(t)dp(t) — v(a) [p(x) — p(a)] — vib) [p(s) — pos] 


v(t) Ps b> W(t) |} 


a aka e aay 


< H {(b— x) (vb) — ve) + & — a)" va) — v(a@)]} 


<H {e — x)'v(b) — (x — a)’ v(a) +r (f° e 


oe ate In(b) — v(a)] (46) 


1 
<H| 5(0-a)+ 


for any x € [a,b]. 
Finally, by employing Theorem 7 and the identity (44), we can state that for p 
monotonic nondecreasing and v of r-H-H6 lder type, we have: 


b 
i vit)dp(t) — v(a)[p(x) — p(a)] — vb) pb) — poo] 


b x 
. : p(t)dt p(t)dt 
< ao —a) —(b—x) |p +r| | oop / Ao | 
< H[(b—x)'[p() — p@)) + @ — a)"[p(x) — pta)]] 


<H aC )4 a+b 
Ss 5) a X 5) 


[p(b) — p(@)] (47) 


for each x € [a, b]. 


7 The Case of Holder Continuous and Lipschitzian Functions 


The following result may be stated [4]: 


Theorem 8 Let f : [a,b] ~ R be ar — H—H élder continuous function on [a, b], 
1.é., 


If@)-fO ls H\|x—yl" — forany x,y € [a,b], (48) 


where r € (0,1] and H > O are given, and u : [a,b] > R is an L—Lipschitzian 
function on [a, b], that is, 


lu(x)-—u(y)|<L\x—yl" — forany x,y € (a,b), (49) 
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then for any x € [a,b], 


4 LH r+l r+l 
[u) weal fey f f (t) du (t) seri ea +(b-x)'""], 


+1 
(50) 
or, equivalently, 
b 
/ u(df @) — {uf ®)-— f@MI+u@[f @) -— f@} 
< = [ (x - ay + (b- ay : (51) 


~r+i 


Proof Note thatif p : [a,b] — Ris Riemann integrable on [a, b] andv : [a,b] ~ R 
is L—Lipschitzian, then the Riemann-Stieltjes integral is p (t) dv (t) exists and 


b 
/ p(t) dv(t) 


a 


b 
< L/ Ip (tl dt. (52) 


Utilising this property, 


b 
i Lf (x) — f O]du(@) 


a 


b 
[u (b) -war sis —f f(t) du(t) 


b 
<L] |lf@)-f@ldt 


b 
< Lu | |x —t|’ dt 
a 


_ LH 
rt 


[(x _ aye as (b — ay | , 
and the inequality (50) is proved. 


Since, by the integration by parts formula for Riemann-Stieltjes integrals we 
have, 


b 
[u(b)—u@]fay—]f f@du(s) 


b 
= u(t)df (t)-ub)(fO—-—f@Ml-vw@l(f@-f@l, 


a 


hence (51) is a direct consequence of (50). 


Remark 13 If f is assumed to be K —Lipschitzian, then from (50) and (51) we get 


the equivalent inequalities: 
P 2 
< AL + (b —a) 
4 a 


[u(b)—u(a)] f(x)— J f(t)du(t) 


a 


b= 
(53) 
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and 


b 
/ u(t)df (t)-—u(b)[f 6) -— f@I-u@If@—-f@) 


a 


1 c= ° 
SL) — (b-— a) 


for each x € [a,b]. 
The midpoint inequality is useful for numerical implementation and is incorpo- 
rated in the following corollary [4]. 


Corollary 5 With the assumptions of Theorem 8, 


a+b e 
tub) — ua r( )-{ f @) du(t) 


1 
< LH (b—a)'*', 


2 ~ 2° (r+ 1) 
(54) 
and 
a+b a+b 

i u(t)df (t) — u(b) Komal 5) ) — u(a) lr ( 5) )- 0] 

<—— LH (bay! (55) 
respectively. 
Remark 14 If u(t) = t¢ in the above, then the results for the Riemann integral 


obtained in [18] are recaptured. 


Remark 15 In terms of probability density functions, if w : [a,b] — [0,00) is such 
that w € Lo [a,b], i.€., ||Wll{a,b,00 = e88 SUP; ca.) |W (t)| < 00, and vs w(s)ds = 
1, then the function u(t) = ie w (s)ds is L—Lipschitzian with the constant L = 
I|Wll[a,b,00 and the inequalities (50) and (51) can be written as: 


H 
< pets [«-ay!+@-x] 66) 


b 
roo f w(t) f (t)dt 


b t 
i) ( / w(s)ds) df(t) — fb) — fe) 


H 
< rete [a ayt! oo ye xy] (57) 


and 


for any x € [a,b]. 
The dual case, that is, when f is Lipschitzian and u is Hélder continuous admits 
some slight variations as follows [4]. 
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Theorem 9 Let x € [a,b] and assume that f is L\— Lipschitzian on the interval 
[a,x] and L2—Lipschitzian on the interval [a,b] (L1, L2 > 0) while the function 
u: [a,b] > R satisfies some local Hélder conditions (properties), namely, 


u(t) —u(a)| < Hy, |t —a|*! for any t € [a,x] (58) 
and 
|ju(b) — u(t)| < A |t — b|”? for any t € [x,b], (59) 


where H,, Hy > 0, a1, a2 € (—1, 00) (notice the difference for a, a), then, 


b 
[u(b) — want) — f f()du(t) 


7 L, A(x —a)"t! Ly Ho(b — x)*! 


atl a2 + 1 om) 
or, equivalently, 
b 
/ u(t)d f(t) — ub f(b) — f@)] — w@L fa) — fia) 
— Li Ai(x - at! — Ly Hb(b — xy"! 61) 


a, +1 a2+1 


Proof We use the following generalisation of the Montgomery identity for the 
Riemann-Stieltjes integral established by S.S. Dragomir [12]: 


b 
[u(b) — wanifts)— f f(t)du(t) 


x b 
= / [u(t) — u(a)]d f(t) + [u(t) — u(b)]df (t) (62) 


for any x € [a,b]. 
Taking the modulus we have 


b 
[u 6) -wa@lte—f Ff (t) du (t) 


b 
< x / [u (1) — u(b)l df (1) 


i “[u() —u@ldf (0) 


x b 
<1, f Iu) (alae + La f lu (t) —u(b)| at 


x b 
< mL [ (t —a)™ dt+ Hal [ (b— x)” dt 


_ AL, (x = aye AL, (b ~~ ae 
7 ajt1 ag+1 
and the inequality (60) is obtained. 


> 
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Remark 16 It is obvious that, if we assume that f is K —Lipschitzian on the whole 


interval [a, b] while u is of the g—H6 lder type with q ¢€ (0, 1], then from Theorem 
9 we can obtain the following inequality which is the dual of (50): 


b 
uo) —u@l sey f f (t) du (t) 


KH _ atl yt 
< ree [(x a)i"’ + (b—x)! | 
(63) 


for any x € [a,b]. 


Remark 17 From the tools utilised in the proofs of Theorem 8 and 9, one can 
easily realise that if in the first result it is natural to assume the global property of 
r — H—H6lder continuity for the integrand and L—Lipschitzian property for the 
integrator, then in the second theorem the local properties around the end-points 
a and b qualify as natural as well. Moreover, we observe that in (51) the order of 
approximation is min (a, @2)+ 1 whichcan be higher than the order of approximation 
in (50) which is r + 1 (maximum 2 for r = 1). However, this can be improved if 
some local conditions around x € [a, b] are assumed. 

If wis T;—Lipschitzian on [a, x] and T)— Lipschitzian on [x, b] and the function 
f satisfies around x the following conditions 


IfO-f@l<Vle—xl!, te [a,x], 
and 
IFO-f@l<Volt—xl#%, © [x, 5], 


where Vi, V2 > 0, 61, B2 € (—1, 00) are given, then, following the proof of Theorem 
8, we have, 


b 
[u(b) —u(a)] f «| f (1) du(t) 


% b 
/ (Fa —Foduey + f (f (x) — f ()) du(t) 


b 
< ip i f (@) — f@)du(t) 


i “(f (x) — f ®) du(t) 


x b 
<n f Po) = folar+h | Lf () — f (lat 


T1Vi (x —a)'t1 Ty Va (b — x) Pet! 
Bi+1 Bot+1 


ry 


giving a similar result to the one in Theorem 9. 


A Survey on Ostrowski Type Inequalities for Riemann-Stieltjes Integral 101 


8 The Case of Monotonic and Lipschitzian Functions 


The case where the integrator is monotonic nondecreasing is incorporated in the 
following result [4]: 


Theorem 10 Let x € [a,b] and assume that f : [a,b] — R is monotonic nonde- 
creasing on [a,x] and [x, b] (it may not be monotonic nondecreasing on the whole 
of [a, b]). If u is L;—Lipschitzian on [a,x] and L2—Lipschitzian on [x,b], then, 


b 
[u (b) -u@rs—f f (1) du(t) 


b x 
< taf Findr—Li | f @) dt — [Lz (b-x)-— Lie —a)] f () 


Sln6-x)(fO-f@I+La-gMf@-foOl 
< max {L), L2} (b — x)[f() — FO) + @ — ALF@) — f@) 


[26 — a) + |x - S*I] [LP - F@I 
[LF - f@]+ 3 | f@) - 24L)] 6-2), 


and a similar inequality holds for the generalised trapezoidal rule. 


< max {L,, L>} (64) 


2 


Proof As in the proof of Theorem 8 above, we have, 


b 
[u () — u(a)] f (x) — d. f ()du(t) 


x b 
st f IF) — flat La f If @) — f Oldt 


x b 
=Le-afay-Li f fdr + La | f (@t) dt — Li (b-x) f &) 


b x 
=1, | findr— | f @ dt —[L2(b-—x)-Lia-a)l fe), 


proving the first inequality in (64). 
Now, on utilising the monotonicity property of f on both intervals, we have 


b x 
[ foaso-oFe and [ foazo-are, 


which implies that, 


b x 
Ly fyar—L, f f (@) dt —[L2 (b- x) — Li @ —a)] f &) 


<1,-—x)f)-Lia@—a)f@—U26-x)- Li —a@)] f @) 
=l6-x)[f®@-f@]+Lie-alfa)-f@l, 


that is, the second inequality in (64). 
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The last part is obvious by the property of the max function and we omit the 
details. 


Corollary 6 If f : [a,b] — R is monotonic nondecreasing on [a, aif) and 


[4b] and u is L,—Lipschitzian on the first interval and Ly— Lipschitzian on 
the second, then 


b b 
[u(b) — ua) | f (“) - i F(t)du(t) 


b a b—-a a+b 
eta f., soar—L f paar — =" y= Lo £( ) 


2 
b-—a 
< a [Lal f(b) — f@)] + Lilf(x) — f@I] 


b = 
< “max {L1,L2) [fb) — fal. (65) 


Remark 18 The case u(t) = ¢ (therefore L; = Ly = 1) retrieves the results 
obtained earlier for the Riemann integral in [10]. 
The dual case is incorporated in the following result [4]: 


Theorem 11 Let x &€ [a,b] and assume that u is monotonic nondecreasing on both 
[a,x] and [x, b], then, 


b 
[u(b) — weoni ro) — f f(t)du(t) 


x b 
< Lo(b — x)u(b) + Ly (x — a)u(a) + Ly / u(t)dt — 1. | u(t)dt 
< Li (x — a)(ux) — u(a)) + La(b — x)(u(b) — ux)) 
< max {L), Lo} [(x — a)(u(x) — u(a)) + (6 — x)(u(b) — ua))] 
[4(b — a) + |x — 44] [ub) — ula); 
< max {L,, L>} (66) 
[5[u(b) — u(a)] + 3 ux) — “| (b — a), 
and a similar inequality holds for the generalised trapezoidal rule. 


Proof As in the proof of Theorem 9 above, we have, 


b 
[u (b) —u(x)] f @) -| f(t) du(t) 


x b 
sti f Iu) —u(apldt + La f u(t) — u(b)| dt 


x b 
=u f w(t) dt ~ Li ~a)u(a) + La (bx) u(b) ~ La f u(t) dt 
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and the first inequality in (66) is proved. 
By the monotonicity of u in both intervals [a, x] and [x, b] we have, 


x b 
[ woarse-aue and [ voare o-nuw, 


which gives 


b 


Ly [ude -Qu@ +L 6-Hu@)-L [ u(t) dt 


< Li (x — a)u (x) — Li (x — a)u (a) + L2 (6 — x) u (6) — Lz (6 — x) ua) 
= L; (x —a)[u(x) —u(a)] + L2 (6 — x) [u(B) —u(@)] 


and the second part of (66) also holds. 
The last part is obvious and the details are omitted. 


Corollary 7 [fu is monotonic on [a, aih| and [o, b| while f is L;—Lipschitzian 


on the first interval and Ly—Lipschitzian on the second, then 


b b 
[u(b) — u(a) | f (>) 2 / F(du(t) 


a+b 
2 


b—-a 2 
2 [hau(b) Lay) + Li / 


a 


ae {u | (SS) — wen] + 20 ] oy — un (*) | 


b-—a 
5, nee {L,, Lo} [u(b) — u(a)). (67) 


IA 


b 
u(t)dt — Lo Ios u(t)dt 
ae 
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Invariance in the Family of Weighted 
Gini Means 


Iulia Costin and Gheorghe Toader 


Mathematics subject classification(2000): 26E60 


Abstract Given two means M and N, the mean P is called (M, N)-invariant if P(M, 
N) = P. At the same time the mean N is called complementary to M with respect to 
P. We use the method of series expansion of means to determine the complementary 
with respect to a weighted Gini mean. The invariance in the family of weighted 
Gini means is also studied. The computer algebra Maple was used for solving some 
complicated systems of equations. 


Keywords Weighted Gini mean - Complementary mean - Invariance in a class of 
means. 


1 Means 


A mean is a function M : R? — R,, with the property 
min(a,b) < M(a,b) < max(a,b), Va,b > 0. 
Each mean is reflexive, that is 
M(a,a) =a, Va > 0. 
A mean is symmetric iff 


M(b,a) = M(a,b), Va,b > 0, 
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homogeneous iff 
M(ta,tb) =tM(a,b), Va,b,t > 0, 
it is strict iff 
[M(a, b) — a][M(a,b) — b] £0, fora £}b, 


and strictly isotone iff foreach a, b > 0, the functions M(a, .) and M(., b) are strictly 
increasing. 

A reflexive function M : Ri — R, is called also a pre-mean. 

We shall refer here to the following families of means: 


¢ the weighted Gini means(or sum means) S,, ,.,, defined for p 4 g by 


da? + (1 —A)b? 


ilps 
ro “ 2€ (0,1); 
dat + (1 —A)b4 


Spga(d, b) = ( 
* the weighted Lehmer means (or generalized counter-harmonic means) C,., = 
Sp, p—lias 
¢ the weighted power means ?,., = Sj 0:,; 
* the weighted arithmetic means A, = ?).;; 
¢ the weighted harmonic means H, = P_\.); 
¢ the weighted geometric means G,, defined by 


G,(a,b) = a*b'™. 


The symmetric means Sp 9:1/2,Cp:1/2, Pg:1/2» A1j2, Hi/2 and Gi/2 are written 
simply as Sp.4,Cp, Pg, A, H respectively G. For A = 0 or A = 1, we have 


Sp.q:0 = IT, and Spgil = lV p,q ER, 
where J7, and /7) are the projections defined by 
IT\(a,b) = a, IIh(a,b) = b, Va,b > 0, 


respectively. For A ¢ [0,1], Sp4:, are only pre-means for all p,g € R. 

Some families of means are defined with respect to arbitrary functions. For in- 
stance, given a fixed mean M and a bijection f : Ry — R,, we can construct a 
mean M(/f) defined by 


M(f\(a,b) = f-'\(M(f(a), f(D), Va, b > 0. 


If we take M = Aj, we get the family of weighted quasi-arithmetic means. In 
a similar way, the Beckenbach-Gini means are defined by 


af (a) + bf) 


OT Fava eb) 


,Va,b > 0, 
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where f is a positive function. A generalized quasi-arithmetic mean A!/"8!, is defined 
by 


All(a,b) = (f + 8) ' (Ff (@) +8 )), 
where f,g : R; — R, and f + g is a bijection. A Lagrangian quasi-arithmetic 


mean Al is defined by 


1 
A Gb= 7" (/ f(tx+(—t)y) ani) i 


where f : [0,1] — [0, 1] is a bijection. 
More details on means can be found in [5]. Let us underline that the notations can 
be different from one paper to another. 


2 Invariance of Means 


Given three functions M, N, P : R? — R., we can compose them, obtaining a new 
function P(M,N): Ry — R,, defined by 


P(M, N)(a,b) = P(M(a,b), N(a,b)), Va, b > 0. 


If M,N, P are means (pre-means) then P(M, N) is also a mean (respectively a 
pre-mean). 


Definition 1 The function P is called (M, N)— invariant if it verifies 
P(M,N)= P. 
Obviously we have the following duality property: 


Lemma 1 /f the symmetric mean P is (M, N)— invariant, then it is also (N, M)— 
invariant. 
The following property was proved in [36]. 


Lemma 2 /fthe means M and N are symmetric and P is (M, N)— invariant, then 
P is also symmetric. 
A similar result can be also proved. 


Lemma 3 /fthe means P and M are symmetric, P is strictly isotonic and (M, N)— 
invariant, then N is also symmetric. 


Proof We have 
P(M(a, b), N(a,b)) = P(a,b), P(M(b, a), N(b,a)) = P(b,a),Va,b € J. 
As P and M are symmetric, the second equality gives 


P(M(a,b), N(b,a)) = P(a,b),Va,b € J, 
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thus 


P(M (a,b), N(a,b)) = P(M(a,b), N(b,a)), Va,b € J. 


The strict isotony of P implies the symmetry of NV. 

These properties are related to the following problem. Given two functions M, N : 
R2 — R, and two numbers ao,bo € R;, we can define a (Gaussian) double 
sequence by: 


antl = M(ay, bn), Dn41 = N(ay,b,),Vn > 0. 


If M,N are means which have some properties (for instance, one of them is 
continuous and strict (see [34])), the sequences (d,),+9 and (by),>9 are convergent 
to acommon limit P(do, by). Moreover P also defines a mean. C. F. Gauss was the 
first author who related the problem of determining the common limit of the double 
sequences, to the invariance of the mean P with respect to (M, N), in the special 
case in which M is the arithmetic mean while N is the geometric mean. A general 
invariance principle was proved in [3]. It was generalized for pre-means in [37]: 


Theorem 1 Let P be a continuous pre-mean and M and N be two functions such 
that P is (M, N)— invariant. If the sequences (Ay) ,>09 and (by) n>9 are convergent to 
a common limit l, then! = P(ao, bo). 


3 Invariance in a Family of Means 


Given a family Z of means, we can consider three problems of invariance: 


¢ A first problem is that of the study of the invariance of a given mean P with 
respect to the family Z. This means the determining of all the pairs of means 
(M,N) from Z such that P is (M, N)— invariant. 

¢ Asecond problem is named invariance in the family Z. It consists of determining 
all the triples of means (P, M, N) from Z such that P is (M, N)— invariant. 

¢ A third type of problem was called reproducing identities and assumes 
determining quadruples of means (P, M, N, Q) from Z such that 


P(M,N)=0Q. (1) 

This problem has the trivial solution 
P(M,M)=M, (2) 

the solutions of the invariance problem 
P(M,N)=P, (3) 


but it can have other solutions also. 
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Many problems of the first type were formulated as functional equations. The first 
one was related to the invariance of the arithmetic mean A with respect to the family 
of quasi-arithmetic means A(/). It was solved in [33] for analytical functions f and 
in [30] for the second order continuously differentiable functions f. It was called 
the Matkowski-Sut6 problem (see [16]). The regularity assumptions were weakened 
step-by step in [19, 16, 17], arriving at simple continuity hypothesis on the functions 


The problem of invariance of the arithmetic mean A was studied later: 


¢ with respect to the family of Lagrangian means, in [32]; 

¢ with respect to the family of Beckenbach-Gini means, in [20]; 

* with respect to the family of weighted quasi-arithmetic means A,(f), in [1] and 
[18]; 

* with respect to the family of generalized quasi-arithmetic means A!/’8!, in [29]; 


¢ with respect to the family of Lagrangian quasi-arithmetic means Aut. in [32]. 


The problem of invariance of the geometric mean G with respect to the family of 
Lagrangian means was studied in [22]. 

The problem of invariance was studied in the family of Beckenbach-Gini means 
in [31], in the family of Greek means in [35], and in the family of weighted quasi- 
arithmetic means in [27] and [26]. 

The first reproducing identities problem was studied in [4] for the families of 
Lehmer means and for that of power means. 


4 Complementary of a Mean with Respect to Another Mean 


Given two means M and N, it is very difficult to find a mean P which is (M, N) 
-invariant, as can be seen in the case considered by C. F. Gauss: M = A and 
N = G (see [3]). Another method was considered to overcome this situation. The 
idea was taken from [21] where two means M and N are called complementary 
(with respect to A) if M+ N = 2.A. We remark that for every mean M, the function 
2. A—M is again a mean. Thus the complementary of every mean M exists and it is 
denoted by “M. The most interesting example of a mean defined on this way is the 
contraharmonic mean given by C = “H. A second notion of this type also considered 
in [21] is the following: two means M and WN are called inverses (with respect to G) 
if M-N = G?. Again, for every (nonvanishing) mean M, the expression G*/M 
gives a mean, the inverse of M, which we denote by ‘M. For example we have 


‘AHH. 


In [34] and then in [30] it was proposed a generalization of complementariness 
and of inversion. 


Definition 2 A mean N is called complementary toM with respect to P (or P— 
complementary to ) if it verifies 


P(M,N)= P. 
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Remark 1 Ofcourse this is equivalent with the property that P is(M, N)—invariant, 
but sometimes we can easier determine the mean N which is the P—complementary 
of M, than to determine the mean P which is (M, N)—invariant. 


Remark 2 The P—complementary of a given mean does not necessarily exist nor 
is unique. For example the J7;—complementary of [7; is any mean M, but no 
mean M # IT, has a [7;—complementary. If a given mean M has a unique P— 
complementary mean N, we denote it by ’ M. 


Proposition 1 For every mean M we have 


“M=M, (4) 

“1h =i, (5) 

2M = Ih (6) 
and if P is a symmetric mean then 

"Tie =7h, (7) 


Remark 3 In what follows, we shall call these results as trivial cases of comple- 
mentariness. We shall denote also 


IT, = M, (8) 
meaning that 7; 77,, M) = I7,. 


Remark 4 Of course, we are interested in determining non trivial cases. The com- 
plementariness with respect to P»-, for A A 1 was considered in [8]. If we denote it 
by ?(") M, we find the expression 


1 
m m 
Pimw iy — [P= =a * m #0 


while, for m = 0 we have 


Lemma 4 The pre-mean ?"”) M is a mean for every mean M and each m € R if 


. 1 
and only if0 <r < ae 


Remark 5 This complementary can exist also for 1/2 < p < 1, but only for some 
means. For example, we have 


GG, = Gray, (9) 


and the result is a mean for 0 <1 < a We shall refer also to the following special 
cases 
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POG a.-1 =G; (10) 
WG G4, (11) 
POG a1 = IN; (12) 
SOONG: (13) 
NG = Ts (14) 
and 
9G, =Gi-p- (15) 


5 Series Expansion of Means 


For the study of some problems related to means, the power series expansions 
was used in [28]. Let M be a symmetric and homogeneous mean. Without loss 
of generality we may assume that M acts on the positive numbers a > b and 


M(a,b) = aM(1,b/a) = aM(1,1—1), 
where 
0<t=1-b/a <1. 


For many problems it suffices to consider only the normalized function M(1, 1—f) 
even if the mean M is not symmetric nor homogeneous. We shall give explicit 
Taylor series coefficients of the normalized function for some means. In order to 
avoid complicating the presentation, we shall call them series expansions of the 
corresponding means. For some means, determining all the coefficients is impossible. 
In these cases, a recurrence relation for the coefficients will be very useful. It gives a 
way to calculate as many coefficients as desired. Such a formula was given by Euler 
(see [23]) in the following: 


Theorem 2 [f the function f has the Taylor series 


fos) Geax, 


n=0 


p is a real number and 


(Gr => ack 


n=0 
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then we have the recurrence relation 


n 


Yo lk(p + 1) =n) - ay Bye = 0, 2 > 0. (16) 
k=0 


In [11] it was proved the following 


Theorem 3. The first terms of the power series expansion of the weighted Gini mean 
Sp,p—rt, with r # 0, t € (0, 1) are 
2 


Spp-r¢, 1-2) = 1-0-2) -2 42-1) @p—r—1)- 


2 [t (6p? 6p +) ++) Cr+) —3P@—-C-DO+HD] FZ 


r(1—t)-[P(—24p? + 36p? (F +:1) — 1L2p +) Qr+ D404) r+) 


-3r+1))+ 1224p? — 12p? Br +1) + 12pr+) 2r—-1)-3(r+ 1) 2@r+1) 


“(r= 1))— 4p? + 6p? (r — 1) — 2p (27? —3r -1) +7 -2D(r-D(r +d] - 


—1(1—1)- [6 (120p* — 240p? (r +1) + 120p*(r + Dr + 1) 
20p(r + YQr+ V)Gr+ 1) ++ D2r+ DGr+ Y4r +1) 
1)(4r — 1) + 30p(r + 1)(2r + 1) 


+17 (—180p* + 180p3(2r + 1) — 90p?(r 

-3r — 2) — 6(r — I) + DOr + DGr + D) +¢ (70p* — 20p37r — 2) + 10p? 

(14r? — 6r — 9) — 10p(r + I(7r? = 12r +3) +r — DQr + DOr — 1(r + D) 
5p* + 10p°(r — 2) — 5p*(2r? — 6r +3) + Sp(r — 2)(r? — 2r — 1) 


5 


(+ IM — Der — De - De te 


Taking r = 1 we get the first terms of the weighted Lehmer mean C,,;. The first 
terms of C, were given in [24]. Also, for r = p we get the first terms of the weighted 
power mean P,., which were determined in [6]. Its first part was given for P, in 
[28]. 

Using series expansion of means, in [28] it was proved that the families of means 
P, and C, have in common only the arithmetic mean, geometric mean, and harmonic 
mean. More generally in [11] is proved the following result: 


Theorem 4 The families of weighted means Py. and Cy:; have in common only the 
weighted arithmetic mean A,, the geometric mean G, the weighted harmonic mean 
H,, and the first and the second projection IT, and [. 
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6 Generalized Inverses of Means 


The basic results related to generalized inverses of means, that is to complementary 
with respect to G,, were given in [6]. We denote the G,—complementary of M by 
9) M. For 4 = 1/2 we use the simpler notation 9M. 


Theorem 5 /[f the mean M has the series expansion 


oe) 
M(,1—x)= 1+ So anx”, 


n=1 


then the first terms of the series expansion of its generalized inverse ¥” M are 


SO M(,1—x)=1-(+a-a))-x+5[@+1)-ap+2(@ —a)]-x° 


a 
—gl@+D@+2)-ap+3@+1)- a1 @ — 2a2) + 6 (a3 — an)] -x° 
+5 [@+D@+2)(@+3)- aj + 4a} (@ + 1) (a+ 2) (ay — 3an) 


+12 (a + 1) (az — 2a) (az — a3)) + 24 (a3 — as)] -x* — Se + DY (@+2)- 


a 
5! 
-(@ +3) (a +4) - a} + 5a? (a + 1) (@ + 2) (a + 3) (ay — 4a) — 6007 - 
-(@+ 1) (@ +2) (@ — a3) + 60a, (@ + 1) ((w + 2) a5 +2 (a3 — a4) 


+60az (a + 1) (az — 243) — 120 (a4 — as)] x? +++, 


where 


Ar 
a= —. 
1-2 
The series expansion of the generalized inverse of S, »_;.,, was given in [7]. 
Corollary 1 The first terms of the series expansion of the generalized inverse of 
Sp,p—qiu are 


GO) s 


pp-qau (,l—x)=1—-(@@p-—atl)-x-ad—p)[@+2p—q)p 
2 


(a — I]. +a —p) {[6p? + 6(@ — 4) p+ (a— 9) (@ — 2g)] w? — [3° 


3 
3(q — 2a) p+ (20-4) (@—g)lu+ (@— 1) (@+ 1} 5 —a (1p) {[24p° 
+36 (a — gq) p? + 12 (a — q) (a — 2g) p + (a — q) (a — 2g) (w — 3q)) p> + [—24p? 
-p? — 12 (2a — 24 + 1) (@— 4) p— (a — 2g) (a — gq) Ba +2—3q)] pu" + [4° 
+12 (3q — 4a — 1) +6 (2a —q + 1) p? +2 (6a (20 — 2g + 1) —3q +2q?-1)p 


4 
Ha — qa? + da — 3qa — 2g +4? —D]w— (@— I (@+ I @+2)- 
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+a (1 — 2) {[120p* + 240 (a — g) p®> +120 (a — q) (a — 2q) p* 
+20 (@ — g) (a — 2q) (a — 3g) p + (@ — q) (@ — 2g) (w — 3q) (a — 4q)] a4 
+ [—180p* + 60 (6g — 7a — 2) p? — 90 (a — q) 3a — 4g + 2) p* — 30(a —q) 
“(a — 2g) (2a + 2 — 3g) p — (a — gq) (a — 2g) (a — 3g) (4a + 5 — 6q)] W? 
+ [70p* + 20 (10a — 7g + 6) p® + 10 (—30ga + 18a? + 24a + 3 + 14g? — 189) 


-p’ + 10(a—q) (6007 + 12@ — 12ga + 7q? — 12q +3) p+ (607 


12qa + 15a + 5+7q? —15q) (a — 2g) (a — q)] we? + [—Sp* + 10 (gq — 2 — 2a) 
-p? + (30ga — 30a” — 60a — 15 —10g* + 30g) p* — 52a + (2 — q) (207 


2qa + 4a —2q 4 ¢ 1) p—(a@—-@q) (4° 6qa" + 15a 15qa + 10a 


5 
Hq?a —5+5q*— 4) —Sq)] w+ (a—D(@+l)(@+2)@+3)- St, 


a Lh 
where a = 775. 


Remark 6 Forq = p we get the first terms of the series of (P,,.,, (1, 1 — x), while 
for g = 1 we have also the first terms of the series of PC a) d,1l— x). 
Using the above results, the following property was proved in [12]. 


Theorem 6 The relation 
nn Sa age = Sys: 


holds if and only if we are in one of the following cases: (4), (5), (6), (7), (13), 4), 


or 
SO pi Op ga (17) 
Remark 7 Ofcourse, we have also some other equivalent cases, taking into account 


the property S;;., = S;,s:y. We have in view this property in all the results that 
follows. 


7 Complementariness with Respect to Weighted Power Means 
Basic results related to complementariness with respect to power means were given 
in [8]. Denote the P,».,— complementary of M by ?°"”) M, or by ?™ M if A = 1/2. 
Corollary 2 J[f the mean M has the series expansion 
[oe 
M(,1—x)=1+ a 
n=0 


then the first terms of the series expansion of PM, form #0 and #0,1 are 
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PEA MD I a= = 1 = (asa) ee 5 [1 — m) (2a; + aj + aay) — 2ay] - x? 


+5 {Cl — m) [(2a?m — a? + 3am — 3a +m — 2) aj +3(2am —a+m—l)az 


+3may + 6a + 6 (@ + 1) ajay] — 6a3} x? + a {1 =m) - [(603m? — 5am 


+a? + 12a?m? — 18a7m + 6a? + Jam? — 18am + lla + m? —5m + 6) at 
+4 (607m? — 5a7m + a + 6am — 9am + 3a +m? — 3m + 2) a; +6 (4oxm? 
—2am +m? — m) at + 4m (m + 1) a, + 12maz + 24 Qam — a +m — 1) aja 
+12 (207m — a? + 3am — 3a +m — 2) aap + 24 (a@ + 1) a,a3 + 24a, 
+12 (a + 1) a3] —24ay}-x4+---, 


where 
Xr 


~ T=) 


a 


Using them, the following consequence was proved in [10]. 
Theorem 7 The first terms of the series expansion of the Pin.,— complementary of 
Pow are 


P(m;d) -_ e 
Ppu(l,1 =x) = 1 = (ap at Ix 5 (w= 1) (um = ap + apm 


—up+a-—-l—am+m) c= - (uw — 1) (307m? — 3u7>mp — 3am 
—3a7 72m — 3apu?mp + 3a" p + 207 Wm + a? Ww? + wm + 2p" p* 
+3aump — up” — 407 um? — 3aup+ 607 um — 207 + wm? — 1 — 307m 


+a> — 3am + 3am + 207m? + m’) x i (uw — 1) ( 2-a-amu+ 6a?mL 
+6a7?mp> — 18a7m? 3 — 6a Lp — 120?mp? + 10a7?m7u — 33a7°m? pn — 6bamp” 
+3am pw — 6m” p + 6am p + 2207 m? uw? + 3303m? pW? + 3am? — Lamp} 
—Tam? > + 1803mp — 1803 mp? + 6a3mp> — 607 up + 1207? p — 6a? U3 p 
+207 — lap p* + 15ap? p* — dap? + Jam — m + 18map3p — 18map? p 
4207 pW? — 4074 + ap — m+ upt+ am? — 14a2m? + 2m? + 2m? 2 + 2m 
—2up* + Au p? + 18a?mpp + 18a°m? p = 367m p +a? + 1am? 
—607m — a? uw? + 303? — 3030 + 6m app = 18m? ap? p + 12m7ap p 
—12a7m wp — 120?m? 3 p + 2407?m Ww? p + Lima p* — 15map? p” 
+4mapp? — Tam? + 12a?m3 — 603m? — wp? + 6 p? — 63 p? 
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+1207m3 uw? — 6m? > p — 12a7m? uw + 180°m3 pw + 3am? — 18a7°m3 yr? 
3am? + 60°m> + Tam > a Tm p? + L1mp3 p* + mL 
tb 2 + m3 3 + m3 — 12u2a2m)x4 + --- , 

where 


Xr 
CS = 
1-i 


The problem of invariance in the family of weighted power means was solved in 


[9]. 
Theorem 8 We have 


eas, = Pay,m #0, 


if and only if we are in one of the non-trivial cases: 


PUOMYD = Py: dtp 5 (18) 
Pond) TT, = Piss (19) 
POUAYD 2-1 = 7h (20) 
POON Dm a4 4 = Px.r3 (21) 
PNY is =G; (22) 
Pmsldg — Pno. (23) 


Remark & Some of the complementaries in the above theorem are only pre-means. 


Remark 9 The problem of invariance in the class of weighted quasi-arithmetic 
means was solved by other method in [27] and [26]. Of course, the weighted power 
means are weighted quasi-arithmetic means, but the above results include pre-means 
as complementaries. The problem of invariance in the class of (symmetric) power 
means was solved in [28]. The problem of reproducing identities for power means, 


Pn (PprPa) = Pr 

was solved in [4]. Only the trivial solution, 
Pim (Pp, Pp) =P», 

and the solutions of the invariance problem, 
Pin (Pos Py) = Pm, 


exist. 
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Remark 10 The problem of invariance of a weighted power mean with respect to 
the set of weighted Gini means was studied in [14]. The following result was proved. 


Theorem 9 We have 
PMNS i, = Suw:v> m x 0, 


if we are in one of the non-trivial cases: (19), (20), (21), (22), 


ENTE Sie a Pig (24) 
and 

TS liad rea a pasa at (25) 

including its special cases 
EO eat mind ge (26) 
re a (27) 
Pe cae Sei (28) 
PS =U, (29) 
BONG = Sean (30) 


Remark 11 Taking into account the warning that “solutions may have been lost” in 
solving some systems of equations using the computer algebra Maple, it is not sure 
that “if” in the enunciation of the previous theorem can be replaced by “if and only 
if”. 


8 Complementariness with Respect to Weighted Lehmer Means 


Denote the C,,.,— complementary of the mean M by ©?) M, or by ©”) M if A = 1/2. 
Using Euler’s formula, the following result was established in [36]. 


Theorem 10 [f the mean M has the series expansion 


[oe 
M(L,1—x)=1+ >  apx", 
n=0 
then the first terms of the series expansion of “? M, for . # 0,1, are 


1—A+Aa, x 
x 2 
1-2 (1 —A) 


COM M(1,1—x)=1 [(p — 1) a, (a4, +2(1—A)) 


+ ay (1—A)] +x [ai (p — 1) (203 p —d? (p+. 2) —4a(p—1)+3p 


d 
211 —ays 
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—2) + az (p — 1) (207 (L— 3p) +4 Bp +2) + 3p — 4) +4} (p— 1) 2ap + p — 2) 


+4ay (p — 1) (1 — A)? + 4ayap (p — 1) (1 — A) +203 (1 — A)? ] $e 


MCMC, 1x) =1—-(+a@-a)-x —a [az (aq a+q-l) 2a; + a2] + x? 


o 194.3924 2 
Tea) Lat Ge Sq —Tag+2+3q + Saq’) 


tay (10w — 15qa* — 10aq + 6a? + 4 — 7g — 12ga + 9q?a* +12q7a + 3q’) 


ba; (2 + 6a + 607 + 0° 3q — llqa 13qa? 5qa t 5q°a t Tq? a" 


+3q?a? +q7) + 2ar(1 + @) (2g —r — 1) + 2ajan(1 +a) (2g —r — 1) 


2a,(1+a)]-x3+---, 


where a = v/(1 — v). 
Using this formula, in [13] is deduced the following results. 


Corollary 3 The first terms of the series expansion of ©?C,.,, are 


1-20+au ACL yp) 
x+ 1—2A+ 
= Gaal?! HK) 


tor O=1) <1. = saps + 


EMC l= sa I 


40-2) 
(l—a)3 


+4pr (Ap? +A — Au —p’) +r (2Au ye 2 pe 2") 
+p (2d7?y? + 1207u — 6p? — 207 — 922 


[p> (203 + 2ry? — 607m —Aw +54? +—SAt+ 1) 


tet nH ye (5a7u Sai 
+4). py? —6hye +) + 202? + 40? = 6272p +20 — 2A) x? +s 
Corollary 4 We have 
C(p; = 
(P PG ip = Cu 


if we are in one of the following non-trivial cases: 


CUME, 2-1 Ce (31) 
COME, 2-1 =Car (32) 
Oey: = Oonimas (33) 
a Go = Ciepst—ps (34) 
MOG = C48 (35) 
CONG inet =e (36) 


CONC) na = Co; (37) 
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CAC 9 =C; 
COMIC 6 =; 


AOC = C, a8 


>I 
CONC) = Co, oy? 
COMIC) 1 = C1; 
C23/NC) = Cy:3/23 


oe Cn a= Cae 


BTID Ca = Corajas 
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(38) 
(39) 
(40) 
(41) 
(42) 
(43) 
(44) 
(45) 


Remark 12 We are not sure that these are the only solutions of the above problem. 
It is easy to verify that the solutions (31), (32), (33), (34), (35), (6), (37), (38), 39), 
(40), (41) are special cases of (20), (20), (25), (17), (25), (18), (18), (19), (19), (18) 


respectively (18). 


Remark 13 The cases involving Cy., = A, and Co.. = H,, have no similar for 


C1/2:,. Instead, the following results: 


PO Grr = ne" Ih = GPG m1 = G,I%G =G 


are valid, but G, is not a weighted Lehmer mean. 


Corollary 5 For symmetric means we have 
Cy(C,,Cy) = Cy 
if and only if we are in the following non-trivial cases: 


i) Co(C,,C_+) = Co; 


ii) Cy/2(C,, Cir) = C123 


iti) C\(C,,C2--) = Cy. 


Remark 14 This problem of invariance was solved in [28]. The problem of 


reproducing identities, 


Cy (C, > C,) = C,, 


was solved in [4]. The solution contains the above cases i)-iii) and the trivial case 


Cr(C,, C,) = C,. 
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Remark 15 The problem of invariance of a weighted Lehmer mean with respect to 


the set of weighted Gini means was studied in [15]. The following result was pro 


Theorem 11 We have 
OS ie = Sutev 


FeO... = Cy» (with q =r —1andt =u-— 1), or 


eal . 
: S31 = Ou 


C(131/5 . 
Cl) S191 = Sis 


COS 9,Bel = Ih; 
NS 4 ay = peri 
COINS = §o1/2:25 
CTT. = S10; 23 
OS ti = 8 pp) 
COS s 1 = Suu 
27 2 
SONS i 64 = Sy us 
OMS 9,2cl = 11; 
BONS hi ay = S721 27943 
eee = So,—1/2:23 
respectively 
CO = Geog is 


ved. 


(46) 
(47) 
(48) 
(49) 
(50) 
(51) 
(52) 
(53) 
(54) 
(55) 
(56) 
(57) 


(58) 


Remark 16 In fact, (46), (47), (48), (49), (50), (51), (52), (53), (54), (55), (56), 
(57), and (58) are special cases of (29), (25), (20), (33), (23), (19), (17), (29), (25), 


(20), (35), (23), respectively (19). 


9 Complementariness with Respect to Weighted Gini Means 


In [2] it was solved the problem of invariance in the family of Gini means: 
Theorem 12 We have 


SPDs. .= 


u,w> 
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if and only if (4), (17), (27), (29) or (30) hold. 

We pass now to the complementariness with respect to the weighted Gini means. 
Denote the S,,4—;:» — complementary of the mean M by $7-4-") M, and by $4-7- M 
ifv = 1/2. 


Theorem 13 /f the mean M has the series expansion 


oe) 
M(1,1—x)=1+4 0 ayx", 


n=1 


then $(4--") M has, forr #0 and v £ 0,1, the series expansion 


[o.e) 
Saas) M(1,1—x) = 14+) d,x", 


n=1 


where 


el 


dy = 1, dq=-—, 
r 


n—-1 
1 
d, =-— kr +) —-2)-& "€n—k, N= 2, 
0 
with 


ey = (a+ 1) 6, —abl,a= 


l-wv’ 


n—-1 n—-1 

en = Bn mad > tk (€n—k - Bn—k) +a U _ Dy > Ck (Bn—k _ 0) ,n=e 2; 
k=1 k=1 

bn, Cn, fn and B, denoting the coefficients of the reduced series expansion of M’, 

Mt", N¢° respectively 5) gry - 


Proof Denoting S(@.q-"”) MI = N, the condition Sq,g—rv(M, N) = Sqq-r:v gives 
N&" (N’ — Si oy) = aM (S!_,, — M’). 


Taking the values a = 1 and b = 1 — x and denoting the coefficients of the reduced 
series expansion of M", M4~", N’, N4" and ore by bn, Cn, ens fn tespectively 
Bn, We get 


: +>) ra bp (en — po =a [ + Sot bp (Bn — boat 
n=1 n=1 


n=1 n=1 


This gives 
e; — Bi =a (Bi — bi), 
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n—-1 n—1 


en — Bn + > Sk (€n—k _— Bn—k) =a Bn 7 Dn + 2 Ck (Bn—k _ bn—-k) > 


k=1 k=l 


forn > 2. Therefore, we have a recurrence relation for e, and using Euler’s formula 
(16) we can deduce the expression of d,. 


Corollary 6 [f the mean M has the series expansion 
[oe 
M(1,1—x)=1+ > ax", 
n=0 


then the first terms of the series expansion of §441-"™ M, for r #0 and v # 0,1, 
are 


S@4-) M(1,1 —x) =1—(1+a-ay)-x 5 fa (2g —r —1) (2+ aa, +.a;) + 2a] 
eo 
6(1 +a) 

+3aq (3r?a — 6ga? — 100g + 2r?a? + 3ra? + Sra +14+2r+20+07? +r 


[3a (ar 3rq — 2aq 4 ar? Sraq —2q+r° 4 3q° tr 5aq’) 


4g — 12gra — 9qra* — 3gr + 9q?a? +1297a + 3g”) +a; (2477 4+ 3r 


5a + 4a? 15qra 21gra? 9qra? bab + 5r72a? + 27703 + Ora” + 3ra 


+4r?a + 9ra — 6ga? — 18qga? — 18aq — 3qr + 15q7a + 21g?a" + 9g70? — 6g +3q°) 


6an(1 + w) (2g —r — 1) + 6ayan(1 +a)? (2g —r — 1) +6a3(1 +a)]-x7---, 


where a = 7. 
As a consequence we obtain: 


Corollary 7 The first terms of the series expansion of the Sy y—g:,;— complementary 
of Sy r—s:y, are 


emer} ees 3 
S007), (1,1 —x) = 1 = 
Ta 

AC — p) 

Ap — 2rura+ sprat+qu—-—2pyu—sut+2ru—2A+14+4prA —2p —2qr 
20 — ay 

AC = 
+g)-x24 a ma 1+ 15pqh +4? —3ppy2q + 3u2p? + 6ga2 + 69222 — 15qa2p 


+3p? — 18p* war? + 18pyqda? — 6pu2qa + 3uqsa — 6ugra — 6qu7rh + 3rsp 


5q7h 6q43 p + 6p wa + 6p a> su —3r7w4 6r? 7 6sp7r + gu + 287? + wr 


3puq 3q7 Ur + guen 2h + 12uprrA — 6upsd 4 12pp7rd — 6ppsr 


13g usd — 3p par — 12pa? — 15p?a + 15p?d? — 12 pry + 6pA7su + gr 


3qh2 su 3qp — 3qrX+ 6pr 3rspr 6s? rr? 6rs Lr + 12sy7ra t 6r? wh 


127770 — 497 WA — s* pdr? — 3r? WA? + 67 W722 4 287 72? + 287 WA + 6g ur 


3qu's +q° ue? + 3p? — 12 pyr + Opus — 2q7 wd + 3qw7A — Oqur? — 20m 
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6pu7a + 12ppr* + 3puqa — Gra + 35a + Grp? — 3su7A + Ora? — 3s? 


—6r? pwr? + 39722). x8 fee 


Remark 17 The next coefficient needs two pages for printing. 
We can study the problem of invariance in the family of weighted Gini means. 


Theorem 14 We have 
ABIEN) S ia _ Sutvs 


if we are in one of the following non-trivial cases: 


PNG sa: = Ons (59) 
50.02) So 03-2, = Su,—u3 (60) 
Sg Sa oe (61) 
S0.02/3)g TT (62) 

,0 
oy Sy + p3L = S r,—r- psi pe? (63) 
OOO pike = S2p—r,p—ril—ys (64) 
S09 Th = Spon (1-23 (65) 
SONS, oa) = Th; (66) 
SORONINS 6:1 = Sy—us (67) 

or 

ae ae — Sy tp: (68) 


Proof Denote m = p—q,k =r-—s,t = u—~w. We have to determine the set of 
nine parameters (p,q,7r,5,Uu,W,A, (4, v) such that 


SPE S 2 aig Ly x) = Suu—ww(, x), for allx > 0. (69) 


We do this in more rounds. In each one we choose a fixed n and solve the system 
of equations obtained by equating the coefficients of x/ in the two members of the 
equality (69), for 7 = 1,...,n. 

I) For n = 1, the equality of the coefficients of x gives 


v=(l+v—-yp)i. 


We have the following cases: 


1) 4 = 0, implying v = 0, thus (6); 
2) v = 0, implying 4 = 0, thus again (6), or w = | giving (5); 
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3) wu = 1, implying v = 0, thus (5), or A = | giving (7); 

4) A = 1 implying w = | thus (7); 

5) 1+v—y=0, implying v = 0 and then pz = 1, thus (5); 
6) w= Oandv =A/(1 —A); 

7) v=landuw=2-1/A; 

8) v=A(L—p)/(—A). 


The first five cases give only trivial solutions. To solve the last three cases, we have 
to go further. The equations being more and more complicated, for the following 
cases we used the computer algebra Maple (see [25]). 

II) For n = 2, we get the special case 6.1) uw = 0,v = 1,A = 1/2 giving (8) and 
the relation 2p = g — s + 2r in the case 7). 

IID) For n = 3, we get the special cases: 

TA)v=1,u=1/2,r. = 2/3, p =0,¢ =s —2r; 

7T2)v=1,4~=2-1/A,p=r=0,q =5, giving (66); 

8DA=M=vV=1/2,2u=4p —2q —2r+s+w; 

8.2)v = 1/2,u~ = BA-—1)/ (2d). 

IV) For n = 6, we get the special cases: 

TA)v=1,u= 1/2, = 2/3, p = 0,q = 0,5 = 2r, thus (62); 

T3.)v=1,4~=2-1/A,p=q=re=s, thus (66); 

73.2)v=1,4~=2-1/\,p=q,r =0,s = —p, thus (66); 

7.3.3)v=1,u~=2-1/aA,p=0,-q =r=s, thus (66); 

8) 1544 — 27A3 + 247 — 114 + 2 = 0, but this equation has no solution. Unfor- 
tunately we get also the warning that solutions may have been lost. That is why we 
have considered some more rounds. 

V) For v = 1 andn = 7, we get only 6.1), 7.1), 7.2), 7.3.1), 7.3.2) and 7.3.3). 
Thus the case 7) is completely solved. 

VI) For v = 1/2 andn = 7, we get: 

6.2.1) w= 0,A = 1/3, p= q = 0,w = 2u, thus (61); 

8.1.DA=u=1/2,¢g =2p,s = 2r,w = 2u, thus (4); 

8.1.2)A=u=1/2, p=0,5 =4,q = —2r,w = 2u, thus (68); 

8.1.3)A =u = 1/2, p=0,5 = —g,3gq = —2r,w = 2u, thus (68); 

8.1.4)A=u= 1/2, p=4q,5 =4,3q = 2r,w = 2u, thus (68); 

8.1.5)A= w= 1/2, p=4q,s = —q,q = 2r,w = 2u, thus (68); 

8.2.1) w= (3A -—1)/QA),p=q =r=s =0,w = 2u, thus (60); 

8.2.2)4 = 1/5,u = —1, p = 0, 2s = —q,s =r,w = 2u, thus (67); 

8.2.3)4 = 1/5, u4=—-1,p=r=0,q = 25,w = 2u, thus (67); 

8.2.4) = 1/5, 4 = —-1,p =q = 25,5 =r, w = 2u, thus (67); 

8.2.5)4 = 1/5, uw = -1, p =q = —25,r = 0,w = 2u, thus (67). 

VID For « = 0 and n = 7, we get again the cases 1), 6.1), 6.2.1), and the new 
cases: 

6.3.1) v =A/(U — A), p = 0, u = w = —4, thus (65); 

6.3.2) v =A/U — A), p = q,u=0, w = —4@, thus (65); 

6.3.3) v = A/U — A), p = u = 0, w = q, thus (65). So the case 6) is also 
completely solved. 
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VII) For A = 1/2 and n = 7, we get the new cases: 

8.1.6) w= v= 1/2, p=0,5 =q =w,u = —r thus (63); 

8.1.7) e=v= 1/2, p=u=r,s =q =w, thus (4); 

8.1.8) 4 =v=1/2, p=s =q =w,u = 2q — r thus (64); 

8.1.9) uw =v =1/2, p=0,5 =q,u = —q —r,w = —q thus (63); 

8.1.10) u=v=1/2, p=r,s=q =-—w,u=r —q thus (4); 

8.1.11) w=v=1/2,p=s=q=-—w,u=q —,r thus (64); 

8.1.12) u=v= 1/2, p=0,s = —q = w,u = —r — 2q thus (64); 

8.1.13) u=v=1/2, p=r+q,s =—q =w,u=r thus (4); 

8.1.14) u =v = 1/2, p = -—s = q = —w,u = —r thus (63); 

8.1.15) w= v= 1/2,¢g =2p,s =w,u=s —r thus (59); 

8.1.16) w= v= 1/2, p =0,5 = —¢q = —w,u = —q — r thus (64); 

8.1.17) u=v=1/2,p=r+qu=qt+r,w=q thus (4); 

8.1.18) w= v= 1/2, p=q =-s =w,u=q —r thus (63); 

8.1.19) w= v = 1/2,2p = q,s = —w,u = —r thus (59); 

83.1I)v=1—-—py,2p=q,s =w,u=s —r thus (59); 

8.3.2) v =1—y,2p = q,s = —w,u = —r thus (59); 

8.3.3) v=1—-—u,p=q=s =w,u = 2s —r thus (64); 

8.3.4)v=1—p,p=q =-—s = —w,u = —r thus (63); 

8.3.5)v=1—-—uU,p=q=s =w,u = 2s —r thus (64); 

8.3.6) v = 1— py, p=0,5 = —g = w,u = 2s — r thus (64); 

8.3.7) v=1—p,p=0,¢g =s =w,u = —r thus (63); 

8.3.8) )=1l-—w,p=q=-s =w,u=-—r —s thus (63); 

83.9)v=1l—p,p=q=s=—w,u=s —r thus (64); 

8.3.10) v=1—p, p=0,¢g =—s =w,u=s —r thus (64); 

8.3.11)v=1—p, p=0,¢g =s = —w,u = —r — s thus (63); 

IX) For p = gq = O we get the results from Proposition 1, Remarks 3 and 5, 
Theorem 6. 

X) For p = q # 0 we get the results from Theorems 8 and 9. 

XI) For g = | we get the results from Theorem 11 and Corollary 4. 


Remark 18 Weare in acase indicated by one of the following items: Proposition 1, 
Remarks 3 and 5, Theorems 6, 8, 9, 11, and 12, or Corollary 4. Taking into account 
the warning that solutions may have been lost in solving the round IV), we cannot 
be sure that “if” in the enunciation of the previous theorem can be replaced by “if 
and only if”. 
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Functional Inequalities and Analysis 
of Contagion in the Financial Networks 


P. Daniele, S. Giuffé, M. Lorino, A. Maugeri and C. Mirabella 


Abstract In very recent papers, using delicate tools of functional analysis, a general 
equilibrium model of financial flows and prices is studied. In particular, without using 
a technical language, but using the universal language of mathematics, some signif- 
icant laws, such as the Deficit formula, the Balance law and the Liability formula 
for the management of the world economy are provided. Further a simple but useful 
economical indicator E(t) is considered. In this paper, considering the Lagrange dual 
formulation of the financial model, the Lagrange variables called “deficit” and “sur- 
plus” variables are considered. By means of these variables, we study the possible 
insolvencies related to the financial instruments and their propagation to the entire 
system, producing a “financial contagion”. 


Keywords Financial networks - Deficit and surplus variables - Shadow market - 
Balance law - Financial contagion 


1 Introduction 


In the papers [4—7], the authors study a general model of financial flows and prices 
related to individual entities called sectors. They are able to provide the equilibrium 
conditions and to express them in terms of a variational inequality. Then, they study 
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the governing variational inequality and provide existence theorems, develop the 
Lagrange duality theory, and introduce an appropriate Evaluation Index E(t). As 
a byproduct of the Lagrange duality, they get a dual formulation of the financial 
equilibrium in which the significance Lagrange functions p(t) and p(t) appear. 
These functions p(t), p(t), j = 1,...,n represent the deficit and the surplus, 
respectively, for the financial instrument j shared by the sectors. Studying the balance 
of all sectors given by 


2 PO= 7) 
j=l j=l 
and the single difference 


pr(t)— pet) j=ly...an 


we are able to study the possible insolvencies related to the financial instruments 
and to understand when they propagate to the entire system, producing a “financial 
contagion”. 


2 The Financial Network and the Equilibrium Flows and Prices 


The first authors to develop a multi-sector, multi-instrument financial equilibrium 
model using the variational inequality theory were Nagurney et al. [34]. These results 
were, subsequently, extended by Nagurney in [30, 31] to include more general 
utility functions and by Nagurney and Siokos in [32, 33] to the international domain 
(see also [24, 36] for related papers). In [18], the authors apply for the first time 
the methodology of projected dynamical systems to develop a multi-sector, multi- 
instrument financial model, whose set of stationary points coincided with the set of 
solutions to the variational inequality model developed in [30], and then to study it 
qualitatively, providing stability analysis results. 

Now, we describe in detail the model we are dealing with. We consider a financial 
economy consisting of m sectors, for example, households, domestic businesses, 
banks and other financial institutions, as well as state and local governments, with 
a typical sector denoted by 7, and of n instruments, for example mortgages, mutual 
funds, saving deposits, money market funds, with a typical financial instrument 
denoted by j, in the time interval [0, 7]. Let s;(t) denote the total financial volume 
held by sector i at time ¢ as assets, and let /;(t) be the total financial volume held by 
sector i at time ¢ as liabilities. Then, unlike previous papers (see [9-13] and [15]), 
we allow markets of assets and liabilities to have different investments s;(t) and 
[;(t), respectively. Since we are working in the presence of uncertainty and of risk 
perspectives, the volumes s;(t) and /;(t) held by each sector cannot be considered 
stable with respect to time and may decrease or increase. For example, depending on 
the crisis periods, a sector may decide not to invest on instruments and to buy goods 
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as gold and silver. At time ¢, we denote the amount of instrument j held as an asset 
in sector i’s portfolio by x;;(¢) and the amount of instrument j held as a liability in 
sector i’s portfolio by y;;(t). The assets and liabilities in all the sectors are grouped 
into the matrices 


x1 (0) X(t)... X(t) we. Xn) 
xQ)= |x) | =] xn) ... xy)... xin(t) 
Xn(t) Xmi(t) wee Xmj(t) tee Xmn(t) 
and 
yi(t) yudt) .-. wig) ee Vint) 
y=] yt) |=] yi) ... yy)... vin) 
yn(t) Ymi(t) see Ynj(t) tae Ymnlt) 


We denote the price of instrument j held as an asset at time ¢ by rj;(t) and the 
price of instrument j held as a liability at time t by (1 + h;(¢))r;(t), where hj; 
is a nonnegative function defined into [0, T] and belonging to L™([0, T]). We in- 
troduce the term h;(t) because the prices of liabilities are generally greater than 
or equal to the prices of assets in order to describe, in a more realistic way, the 
behaviour of the markets for which the liabilities are more expensive than the as- 
sets. In such a way, this paper appears as an improvement in various directions of 
the previous ones ([9—13] and [15]). We group the instrument prices held as as- 
sets into the vector r(t) = [ri(t),ro(t),... .ri(),... .%a(D)" and the instrument 
prices held as liabilities into the vector (1 + A(t))r(@) = [Ud + m@))n@),d + 
ho(t))ro(t),..., + hi(t))ri(t),... , + An())rn(t)]’. In our problem, the prices 
of each instrument appear as unknown variables. Under the assumption of perfect 
competition, each sector will behave as if it has no influence on the instrument prices 
or on the behaviour of the other sectors, whereas the instrument prices depend on 
the total amount of the investments and the liabilities of each sector. In order to 
express the time dependent equilibrium conditions by means of an evolutionary vari- 
ational inequality, we choose as a functional setting the very general Lebesgue space 


L?({0,7],R”) = {f : [0,T] > R?: i. I f@l,at < +oo}. Then, the set of 
feasible assets and liabilities for each sector i = 1,... ,m, becomes 


a |i), yt) € L? (0, TR”): Yo = si), Yo vi) =O) 


j=l j=l 


a.e. in [0,7], x;(t) > 0, y;(t) > 0, a.e. in [0, 7) Vi =1,...,m. 
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In such a way, the set of all feasible assets and liabilities becomes 


P= {@, y(t) € L? (0, T],R”") : Dox) = 510), D> vi) = LO, 


j=l j=l 


Vi=l,...,m, ae. in [0,7], x;(t) > 0, y(t) > 0, Vi=1,...,m, ae. in [0, ‘al 


Now, in order to improve the model of competitive financial equilibrium described 
in [4], which represents a significant but still partial approach to the complex problem 
of financial equilibrium, we consider the possibility of policy interventions in the 
financial equilibrium conditions and incorporate them in the form of taxes and price 
controls and, mainly, we consider a more complete definition of equilibrium prices 
r(t), based on the demand—supply law, imposing that the equilibrium prices vary 
between floor and ceiling prices. 

To this aim, denote the ceiling price associated with instrument j by 7; and the 
nonnegative floor price associated with instrument j by r;, with rj(¢) > rj(t), a.e. in 
(0, T]. The floor price r r (t) is determined on the basis of the official interest rate fixed 
by the central banks, which in turn take into account the consumer price inflation. 
Then, the equilibrium prices re (t) cannot be less than these floor prices. The ceiling 
price r ;(t) derives from the financial need to control the national debt arising from 
the amount of public bonds and of the rise in inflation. It is a sign of the difficulty 
on the recovery of the economy. However, it should be not overestimated because it 
produced an availability of money. 

In detail, the meaning of the lower and upper bounds is that to each investor a 
minimal price r ; for the assets held in the instrument j is guaranteed, whereas each 
investor is requested to pay for the liabilities in any case a minimal price (1 +h i) a 
Analogously each investor cannot obtain for an asset a price greater than r; and as a 
liability the price cannot exceed the maximum price (1 +h ) Tj. 

Denote the given tax rate levied on sector i’s net yield on financial instrument /, 
as t;;. Assume that the tax rates lie in the interval [0, 1) and belong to L™([0, T]). 
Therefore, the government in this model has the flexibility of levying a distinct tax 
rate across both sectors and instruments. 

Let us group the instrument ceiling prices 7; into the column vector r;(t) = 


[F\(t),... ,Fi(t),... ,Fn(t)]", the instrument floor prices r j into the column vector 
r j(t) = [r,(t),... 7; (0)... Ors and the tax rates 1;; into the matrix 
T(t) ... Tj (t) wee Ti (t) 
tH) =| tt) ... tt) ... Tint) 


Tmi(t) tee Tnj(t) cee Tinn(t) 
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The set of feasible instrument prices becomes: 
R= {r €L7((0, 71, R") ; rao<r@<rjQ, j=l,...,n, ae. in [0, T}} ; 


where r and 7 are assumed to belong to L?({0, T], R"). 

In order to determine for each sector 7, the optimal composition of instruments 
held as assets and as liabilities, we consider, as usual, the influence due to risk- 
aversion and the process of optimization of each sector in the financial economy, 
namely, the desire to maximize the value of the asset holdings while minimizing 
the value of liabilities. An example of risk aversion is given by the well-known 
Markowitz quadratic function based on the variance—covariance matrix denoting 
the sector’s assessment of the standard deviation of prices for each instrument 
(see [25, 26]). 

In our case, however, the Markowitz utility or other more general ones are consid- 
ered time-dependent in order to incorporate the adjustment in time which depends 
on the previous equilibrium states. A way in order to obtain the adjustments is to 
introduce a memory term as it happens in other deterministic models (see [1-3, 8, 
20-22, 29]). Then, we introduce the utility function U;(t, x;(t), yi(t), r(t)), for each 
sector i, defined as follows 


Ui(t, x10), VI), FO) = uit, X10), Vi) 


oF Yor Oa — t;(t)) [xij(t) = (1 “F h,(t)) yij(t)| , 


j=l 


where the term —u;(t, x;(t), y;(t)) represents a measure of the risk of the financial 
agent and r;(t) (1 _ tj(t)) [xi(t) _ (1 + h;(t)) yi(t)] represents the value of the dif- 
ference between the asset holdings and the value of liabilities. We suppose that the 
sector’s utility function U;(t, x;(t), y;(t)) is defined on [0,7] x R"” x R”, is mea- 
surable in ¢ and is continuous with respect to x; and y;. Moreover, we assume that 
du;/0x;; and du;/dy;; exist and that they are measurable in ¢ and continuous with 
respect to x; and y;. Further, we require that Vi = 1,...,m,Vj =1,...,n,anda.e. 
in [0, 7] the following growth conditions hold true: 


lus(t,x,y)| < ai(t)|lx|IIlyll, Vx,y eR’, (1) 
and 
duj(t, x, y) duj(t, x, y) 
a ae < Bi MIlyll, eee < vyM|xll, (2) 
Xij Yi 


where a@;, Bij, ¥ij are nonnegative functions of L°([0, T]). Finally, we suppose that 
the function u;(t,x, y) is concave. 

We remind that the Markowitz utility function verifies conditions (1) and (2). 

In order to determine the equilibrium prices, we establish the equilibrium con- 
dition which expresses the equilibration of the total assets, the total liabilities and 
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the portion of financial transactions per unit /’; employed to cover the expenses of 
the financial institutions including possible dividends and manager bonus, as in [4]. 
Hence, the equilibrium condition for the price r; of instrument j is the following: 


; >0 if rt) =r,(t) 
D2 = a) [4O- (14470) HO] +F}O 4 =0 if) < FO <7) 
i=l <0 ifffM=7;C) 


(3) 


where (x*, y*,r*) is the equilibrium solution for the investments as assets and as 
liabilities and for the prices. 

In other words, the prices are determined taking into account the amount of the 
supply, the demand of an instrument and the charges F’;, namely, if there is an actual 
supply excess of an instrument as assets and of the charges F; in the economy, then 
its price must be the floor price. If the price of an instrument is positive, but not at 
the ceiling, then the market of that instrument must clear. Finally, if there is an actual 
demand excess of an instrument as liabilities and of the charges F’; in the economy, 
then the price must be at the ceiling. 

Now, we can give different but equivalent equilibrium conditions, each of which 
is useful to illustrate the particular features of the equilibrium. 


Definition 1 A vector of sector assets, liabilities and instrument prices (x*(t), y*(t), 
r*(t)) € P x FR is an equilibrium of the dynamic financial model if and only if 
Vi=1,...,m,Vj =1,...,n,anda.e. in [0, 7], it satisfies the system of inequalities 


duj(t, x*, y*) 


OXij (1 — ry) FO — WP" = 0, (4) 
guAER SY) * * 
a ae (1 —4,;(t)) (1+ 4;@) He) eo (t) > 0, (5) 


and equalities 


duj(t, x*, y* ne 
0 |-BSE 1 enyo-n"@]=0, © 
ij 
50 mee + (1 ny(0) (1+ hy(o) FF) = uP*O] =O (7) 
ij 


where fia (t), hg *(t) € L?({0, T]) are Lagrange multipliers, and verifies condition 
(3) a.e. in [0, T]. 

Let us explain the meaning of the above conditions. To each financial volumes 
s; and /; held by sector i, we associate the functions ue), pw, related, re- 


spectively, to the assets and to the liabilities, and which represent the “equilibrium 
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disutilities” per unit of the sector i. Then, (4) and (6) mean that the financial vol- 
ume invested in instrument j as assets x;; is greater than or equal to zero if the jth 


Ou; (t, x >y *) (1x 
component 5 (1 — u,(t))r7 ; (t) of the disutility is equal to yu; ““(t), 
Xij 
0 i t * ok 
whee Tij(t)yri(t) > p6*(2), then x# (1) = 0. The same 


occurs for the liabilities and the meaning of (3) is already illustrated. 
The functions w(t) a w*(t) are Lagrange ues associated a.e. in 


[0, T] with the constraints Sy (t) — s;(t) = O and : yij(t) — I(t) = 0, respec- 
j=l j=l 
tively. They are unknown a priori, but this fact has no influence because we will prove 
in the following theorem that Definition | is equivalent to a variational inequality in 
which ie (t) and nee (t) do not appear. 
The following Theorem is proved in [6] (see Theorem 2.1). 


Theorem 1 A vector (es; re) € P x Ris a dynamic financial equilibrium if 
and only if it satisfies the following variational inequality: 
Find (x*, y*,r*)€ PX R: 


m ia 


y du; (t, x*(t), y¥(t)) 


OXjj 


d nytoyrs0n| x [i — x50] 


j=l 


n a F , * . * 
+>| HS ON) 2 cei Oe +1300)| x [y(t) — yf] } at 


il dij 
n T m 
+f L10- sO) [j0-a+heoyyo] + 0] 
j=l i=l 
x [rj(t) — r;(@)]dt = 0, Va,yryePxR. (8) 


We are also able to provide existence theorems for the variational inequality (8). 
To this end, we remind some definitions (see [27, 35]). Let X be areflexive Banach 
space and let K be a subset of X and X* be the dual space of X. 


Definition 2 A mapping A : K — X* is pseudomonotone in the sense of Brezis 
(B-pseudomonotone) iff 


1. For each sequence u,, weakly converging to u (in short u, — u) in K and such 
that lim sup, (Au,,uU, — v) < 0, it results that: 


lim inf (Au,,U, —v) > (Au,u—v), We K. 


2. For each v € K, the function u +> (Au, u — v) is lower bounded on the bounded 
subset of K. 
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Definition 3. A mapping A : K — X™* is hemicontinuous in the sense of Fan (F- 
hemicontinuous) iff for all v € K the function u th (Au,u — v) is weakly lower 
semicontinuous on K. 

Now, we recall the following hemicontinuity definition, which will be used 
together with some kinds of monotonicity assumptions. 


Definition 4 A mapping A : K — X* is lower hemicontinuous along line segments, 
iff the function €  (Aé&,u—v) is lower semicontinuous for all u,v € K on the line 
segments [u, v]. 


Definition 5 The map A : K —> X% is said to be pseudomonotone in the sense of 
Karamardian (K-pseudomonotone) iff for all u,v € K 


(Av,u—v) > 0 => (Au,u—v) > 0. 


Then, the following existence theorems hold (see [27]). The first one does not 
require any kind of monotonicity assumptions. 


Theorem 2 Let K C X be a nonempty closed convex bounded set and let A : 
K Cc E — X* be B-pseudomonotone or F-hemicontinuous. Then, the variational 
inequality 


(Au,v—u)>0 Wek (9) 


admits a solution. 
The next theorem requires the K-pseudomonotonicity assumption. 


Theorem 3 Let K C X be aclosed convex bounded set and let A: K > X* bea 
K-pseudomonotone map which is lower hemicontinuous along line segments. Then, 
variational inequality (9) admits solutions. 

We can apply such theorems to our model, setting: 


v= (Cx) ot, om jeden? (vis) mtn jeden? (ri) ja1,..0) ; 


A: L? ((0,7],R""*") > L? ((0,7],R""*"), 


ao=([ pV 264 ni 


OXij 


OUT? 3, 


d— 7d +h) | : 
dyii j jj 


i=1,...m j=l,....n 


ou — 4) (xij hm) ; 
i=l JH 1 ht 


K=PxR= {ve L?((0,7),R"") xi) = 0, yi) 2 0,2. in [0,7], 
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n 


SHO =s0, + yw OH= tO ae m0) 7), Vi STs an, 


j=l j=l 


r(t) <rj@) <F((t),ae. in (0, T],Vj = 1... vn} 


Hence, evolutionary variational inequality (8) becomes (9) and we can apply 
Theorems 2 and 3, assuming that A is B-pseudomonotone or K-hemicontinuous, or 
assuming that A is K-pseudomonotone, lower hemicontinuous along line segments 
and noting that K is a nonempty closed convex and bounded set. 

Moreover, we recall that condition (2) is sufficient to guarantee that the operator 
A is lower hemicontinuous along line segments (see [19]). 


3 The Lagrange Dual Problem. The Deficit 
and Surplus Variables 


First, let us present the infinite dimensional Lagrange duality, which represents an 
important and very recent achievement (see [14, 16, 17, 28]) and which we will use. 

First, we recall the definition of the tangent cone. If X denote a real normed space 
and C is a subset of X, given an element x € X, the set: 


Tex) = {heX: 


h = lim Ag(X, —x), An €R, An > 0, V2 EN, xy EC WNEN, lim x, =x} 
noo n— Oo 


is called the tangent cone to C at x (see [23]). 

Now, let us present the new duality principles for a convex optimization problem. 
Let X be a real normed space and § a nonempty convex subset of X; let (Y, || - ||) 
be a real normed space partially ordered by a convex cone C, with C* = {A € Y*: 
(A, y) = OVy € C} the dual cone of C, Y* topological dual of Y, and let (Z, || - || z) be 
areal normed space with topological dual Z*. Let us set —-C = {-x € Y: x € Ch. 
Let f : S ~ Rand g: S — Y be two convex functions and let h : S ~ Z be an 
affine-linear function. 

Let us consider the problem 


min f(x) (10) 
xeK 
where K = {x € S: g(x) € —C, h(x) = 67} and the dual problem 


max inf { f(x) + (A, g(x)) + (uw, h(x))}. (1) 
AEC* xeS 
meZ* 
Remember that A and py are the so-called Lagrange multipliers, associated to the 
sign constraints and to equality constraints, respectively. They play a fundamental 
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role to better understand the behaviour of the financial equilibrium. Moreover, as it 
is well known, it always results: 


min f(x) < max inf{ f(x) + (A, g(x) + (u, A(x))}, (12) 
xeK AEC xeS 


and, if problem (10) is solvable, and in (12), the equality holds, we say that the strong 
duality between primal problem (10) and dual problem (11) holds. When we have 
the strong duality, we may consider the so-called “shadow market", namely, the dual 
Lagrange problem associated to the primal problem. 

In order to obtain the strong duality, we need that delicate conditions, called 
“constraint qualification conditions”, hold. In the infinite dimensional settings, the 
next assumption, the so-called Assumption S, results to be a necessary and sufficient 
condition for the strong duality (see [14, 16, 17, 28]). 


Definition of Assumption S We shall say that Assumption S is fulfilled at a point 
xo € K, if it results to be 


Ty (0, Oy,0z)M (] — 00, 0[ x {Ay} x {6z}) = , (13) 
where 
M = {(f(x)— fo) +0, 8(2) + yA): x ES\K, w= 0, ye Ch. 
The following theorem holds (see Theorem 1.1 in [17] for the proof). 


Theorem 4 Under the above assumptions on f, g, h and C, if problem (10) is 
solvable and Assumption S is fulfilled at the extremal solution xy € K, then also 
problem (11) is solvable, the extreme values of both problems are equal, namely, if 
(xo, A*, U*) € IK x C* x Z* is the optimal point of problem (11), 


FGo) = min f(x) = fo) + (A*, g(x0)) + (u*, A@o)) 


= max inf (f(x) + (A, 8(x)) + (Hh) (14) 


and, it results to be: 
(A*, 8(xo)) = 0. 
Let us recall that the following one is the so-called Lagrange functional 
L(x, A, W) = f(x) + (A, g(x) + (u(x), = Vx ES, VA E C*, Vue Z*. (15) 
Using the Lagrange functional, (14) may be rewritten as 
f (xo) = min f(x) = L(x, 0*, uw") = max inf L(x, A, 4). 
peZ* 


By means of Theorem 4, it is possible to show the usual relationship between a 
saddle point of the Lagrange functional and the solution of the constraint optimization 
problem (10) (see Theorem 5 in [16] for the proof). 
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Theorem 5 Let us assume that the assumptions of Theorem 4 are satisfied. Then, 
xo € K is a minimal solution to problem (10) if and only if there exist 1 € C* and 
Zi € Z* such that (xo, d, 7) is a saddle point of the Lagrange functional (15), namely, 


L(x0, A, LW) < Lixo, A*, w*) < LO, A*, uu"), Vx eS, A EC*, we Z* 
and, moreover, it results that 
(A*, g(xo)) = 0. (16) 


Now, we apply the infinite dimensional duality theory to our general model. To 
this end, as usual, let us set 


m n 


T au; , * : * 
fos f (o> uj(t,x*(t), y*(t)) fl eytrrs00| 


Ox: 
i=1 j=l Wy 


x [xi ) — x20] 


duj(t, x*(t), y* 
+> a oe yw) + “(09d + hyOrrs0o) x [ij() — YAO) 
i=l j=l 


+> bp dd — aj) [4470-1 +hjyO)y,O] + ri x [7 — 70) | dt. 


j=l Lisl 
Then, the Lagrange functional is 


m n 


T 
1 
L (x, ee are ae pe, i, ge o>) = f(x, y> r) = > >| a (t)xij() dt 
0 


ij 
i=l j=l 


m 


m on T T i 
=D [ Ap yis(t)dt — D> [ HPO | Yo) — sit) | at 
i=1 j=l 


i=1 j=l 
m T . n n F 

-» / HOO, >> yj) -—i | at t+ > / py (tr (t) — rj(t)) at 
i=1 °9 j=l jal 10 


n T 
+> i. pi (tyrj(t) — Fj) dt, (17) 
j=l 


where (x,y,r) € L?((0,7],R"*"), AP,A@ © L?((0,T],R™), ww € 
12({0, 7), R”), p®, p® € L2({0, T], RY). 

Remember that A, 4%, o™, p® are the Lagrange multipliers associated, a.e. 
in [0, 7], to the sign constraints x;(t) > 0, y(t) = 0, rj(t) — r ;{t) > 0, rj (t) — 
rj(t) = 0, respectively. The functions j4“)(t) and z(t) are the Lagrange multipliers 
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n 
associated, a.e. in [0,7], to the equality constraints > m@) — s;(t) = O and 
j=l 


> yij(t) — 1i(t) = 0, respectively. 
j=l 
The following theorem holds (see [6] Theorem 6.1). 


Theorem 6 Let (x*, y*,r*) € P x R be a solution to variational inequality (8) 
and let us consider the associated Lagrange functional (17). Then, Assumption S is 
satisfied and the strong duality holds and there exist 1, 2@* © L?([0, T], R?”), 
pO*, w* © 12((0, 7],R"), pO, p € L7((0, T], Rt) such that (x*, y*,7*, AO", 
22 WO, wO*, p*, p*) is a saddle point of the Lagrange functional, namely, 
Me SPA ie ae 
SLA yr AOE ROM, WO, wo, pO, pO) (18) 


Vax, y,r) € L?2([0,T],R2"*"), VAM,A@ © L2((0,7], R™), Yu, p® € 
L({0, T], R"), Vo, p® € L({0, T], R") and, ae. in [0,7], 


duj(t,x*(t), y*(t)) 
OXij 


(1 = yO) FO — PO — wy" = 0, 


Vi=1,...,m, Vj =1...,n; 


duj(t, x*(t), y*(t)) 
OYij 


+ (1 = ri) + Aj OO — AY" — uUP*"D = 0, 


3 (1 —ty@) EO -— A +h yZO] + FO + 0*O = oO, 


i=l 


OOH, A Oy OS0, Vom 1m Vj = 122250 20) 


yy *(t) Sixt — at =0, “°° O yO —h0 =0, 


j=l j=l 


Vi=1,...,m (21) 
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p!*(Nr () — 3) = 0, pO*(NOFD—F(D)=0, Vi=L....n. (22) 


Let us now call Balance Law the following one 


m n 


Soi) => si) — YOY oO [46 O-YEO] — D5 I = OA OYEO 
i=1 i=1 j= 


i=1 j=l i=l j=l 
+ 3 F(t) — 3 pea + Yo oP". 
j=l 


The following theorem holds. 


Theorem 7 Let (x*,y*,r*) € P x R be the dynamic equilibrium solution to 
variational inequality (8), then the Balance Law 


m n n 


ya (1) = > si(t)— J2 5 aj [x5 0-yO] - DO 2 (= rh Oy 
i=1 j=1 


i=l j=l 
~ 3 Fi(t) — y py) + > a) (23) 


is verified. 


Remark 1 Let us recall that from the Liability Formula we get the following index 
E(t), called “Evaluation Index”, that is very useful for the rating procedure: 


TG) 
i=1 


EnH)=—; 
25 oF LA 
where we set 
~ 7 _ Sift) ae Fi() 
a 1+i(t)’ FAO = 1+i(t) — A(t) — A(t) 


From the Liability Formula, we obtain 


E(t)=1 


(1 -0@)0 +i) | OEO+ FO 


i=l j=l 
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7 (24) 
-a@ya +i) |S 5O+ VFO 


i=l j=l 


4 Analysis of Financial Contagion 


Let us consider (19), namely, the Deficit Formula for the generic instrument j 


m 


5d = (0) [2 O — + A;OFO] + FO + oP" = p00, 
i=l] 


Vj =1,...,n ae.in [0,7] 
together with the complementary Eq. (22) 
PSOE — FO) = 0, o*OCFO — F/O) = 0, fF" - pP*(H = 0 
Vj =1,...,n ae. in [0,7]. 
Let us note that if rae (t) > 0 
rj(t)=rj(t) 


and hence, p(t) = 0. From (19), we get 


m m 


So = TO)FEO > DOA = TM) + hjyO)y*¥O + F/O, 


i=l i=1 
namely, the amount of the assets exceeds the one of the liabilities and of the expenses 
F(t). Then, all the individual entities i, i = 1,... ,m, have the deficit 


Yi = wO)xEOP"O — D5 - WG) + AFO) Or, O — FOO 
i=1 i=1 
= pi (nr j(t) > 0 


because for the sectors, the quantity 


DI = HAO AFHOPPO 


i=l 


represents the outcome, whereas 


So = a(t + Ayer (t) — FOO 


i=1 


represents the income. 
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Then, when ie (t) is positive, formula (19) represents the deficit, whereas when 


pO > 0, formula (19) represents the surplus. From formula (19), the Balance 
Law is derived as 


m m m n m n 


YosiO-—SLO-Y Yo aj EO — ¥FO]— YY A = yO) AOYFO 
i=! i=1 


i=1 j=l i=l j=l 


+2 FO= > oF "O-— Yop" 
j=l j=l j=l 


and we see that the balance of all the financial entities depends on the difference 


n n 
SoD ame 
j=l j=l 


If 


De > D070. (25) 
j=l j=l 


the balance is negative, the whole deficit exceeds the sum of all the surplus and 
a negative contagion appears and the insolvencies of individual entities propagate 


through the entire system. As we can see, it is sufficient that only one deficit pa (t) 


is large to obtain, even if the other c (t) are lightly positive, a negative balance for 


all the system. Moreover, we can obtain p;(t) > 0 even if for only a sector has a big 
insolvency. 


Remark 2 When condition (25) is verified, we get E(t) < 1 and, hence, also E(t) 
is a significant indicator that the financial contagion happens. 


5 The “Shadow Financial Market” 


We remark that the financial problem can be considered from two different perspec- 
tives: one from the Point of View of the Sectors which try to maximize the utility 
and a second point of view, that we can call System Point of View, which regards the 
whole equilibrium, namely, the respect of the previous laws. For example, from the 
point of view of the sectors, /;(t), fori = 1,...,m, are liabilities, whereas for the 
economic system they are investments and, hence, the Liability Formula, from the 
system point of view, can be called Investments Formula. The system point of view 
coincides with the dual Lagrange problem (the so-called “shadow market") in which 
p(t) and a (t) are the dual multipliers, representing the deficit and the surplus 
per unit arising from instrument j. Formally, the dual problem is given as follows. 
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Find (p*, p®*) € L*({0, T], R3") such that 


: 7 1 1 . /e@ 2 
a [ (0; (t) - pt *() (r,@—re)at+ i, (0 Wn p' *() 
j=l j=l 


(r#() — Fj) dt <0, ¥(o%, p®) € L? ((0, T], RY’) . (26) 


In fact, taking into account the inequality in the left hand side of (18), we get 


m n 


=e i (APO 7 A*()) xj()dt— \~ 3 (A? * A) yi()dt 


i=l j=l i=l j=l 


m T n 
-> [ (12) = WO) | Vox) — 5: | at 
, a 


T n 
=u i (uO) — WP") | Pov; — 4 |} ae 
) *. 
no aT 
+f (oO =o") €0—FO) a 
j=l 


n T 
+> i: (00) = pP"*@) (FO — FO) dt <0 
j=l 


VAM, A? € L? ([0, 7], BR"), uw, w € L?((0, T],R”), p™, p® € L?((0, T], R’,). 
Choosing A = AM*, A = 1 WO = pO*, uO = p*, we obtain the dual 
problem (26). 
Note that, from the System Point of View, also the expenses of the institutions 
F(t) are supported by the liabilities of the sectors. 
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Comparisons of Means and Related Functional 
Inequalities 


Wiodzimierz Fechner 


Abstract We provide a survey of several results on functional inequalities stemming 
from inequalities between classical means. Further, we recall a few problems in this 
field which according to the best of author’s knowledge remain open. Last section 
of this paper is devoted to a new, more general functional inequality and a joint 
generalization of several earlier results is obtained. 


Keywords Functional inequality - Mean - Quasi-arithmetic mean - Inequalities 
between means - Recurrence equation - Schur stability 


1 Preliminaries 


Throughout the paper it is assumed that the symbol C stands for the complex plane, 
R denotes the set of real numbers, Q is the set of rationals, N stands for the set 
of nonnegative integers, and Nt = N \ {0}. Further, we will denote the set of 
positive reals by Rt and the set of nonnegative reals by R}. Moreover, for a,b € 
R U {—o00, +00} or for a,b € R open and closed intervals with endpoints a and b 
are denoted by (a, b) and [a, b], respectively. 

Now, let us denote the arithmetic, geometric, and logarithmic mean of two 
numbers by the respective letters A, G, and L: 


s+t 
A(s,t) = . 
(s,t) 5 
G(s,th=~vs-t, 
t-— 
eps ——— “fers LF nd TS 
logt — logs 


for s,t € R for the arithmetic mean and for s,t € Ro for the geometric and the 
logarithmic means. 
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Next section of the paper contains a brief review of several inequalities involving 
the three above-mentioned means. In Sect. 3, we deal with functional inequalities 
stemming from estimates presented in Sect. 2 and we overview known results about 
these functional inequalities. Also, we recall some unsolved problems connected 
with them. In the last section of this paper, we introduce a more general functional 
inequality. We will state and prove a result which yields a joint generalization to a 
number of earlier results mentioned in Sect. 3. In the last corollary of this paper, 
we establish a connection between a special case of this inequality and Schur stable 
polynomials. In particular, we show that the Routh—Hurwitz stability criterion can 
be applied to deal with this functional inequality. 


2 Inequalities Between Means 


The following inequality between the arithmetic, geometric, and logarithmic means 
is well known: 


G(s,t) < L(s,t) < A(s,f), (1) 


for all s,t > O (see e.g., Burk [4]). Moreover, the following refinement of (1) holds 
true: 


2 2 1 
Gi(s,t)- AX(s,t) < L(s,t) < ZO.) + 346.9 (2) 
for all s,t > 0. Clearly, (1) follows immediately from (2) if we have the estimate 
G(s,t) < A(s,t) 


for all s,t > 0, which is elementary. Moreover, the constants z and : are best 
possible for both sides of (2). 

The first inequality of (2) was proved in 1983 by Leach and Sholander [27], 
whereas the second inequality of (2) was obtained in 1972 by Carlson [5] (see also 
Burk [4]), and earlier also by Pélya and Szegé [44]. Finally, let us note that some 
further refinements of both estimates are due to Chu and Long [6, 28], Leach and 
Sholander [25, 26], Matejitéka [34], Qian and Zheng [45], Sandor [46, 47], and 
references therein, among others. 

Now, fix arbitrary x,y € R such that x # y, put s := e* andt := e” and 
substitute s and ¢ in (1) and (2). We conclude that the exponential function satisfies 
the following estimates: 


xty  e% —e* ert +e? 
z < < 


° y-x 2 3) 
and 
1 
2 x+y . y ]|3 y — @* x+y 
bes" § = eee BASE eee! (4) 
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for each x,y € R such that x # y. Therefore, inequalities between means have 
been equivalently transformed into respective inequalities involving the exponential 
function. In the next section, we will discuss functional inequalities stemming from 
estimates (3) and (4). We replace the exponential function in (3) and (4) by an 
unknown mapping f and in this manner we obtain functional inequalities which will 
be of our interest in the present paper. Our aim is to provide a characterization of all 
solutions of these functional inequalities. 


3 Functional Inequalities 


A well-known characterization of the exponential function by means of the functional 
equations and inequalities is due to Kuczma [22]; see also Kuczma, Choczewski and 
Ger [24, Chap. 10.2B]. He proved that without any additional regularity assumptions 
the map g = expis the only real-to-real solution of the following system of functional 
equations and inequalities of a single variable: 


g(x) > 0, 
g(x) >1+x, 


y(2x) = [p(x)P, 
9 — x) =[g@), 


postulated for all x € R. An earlier result of Kuczma [21] (see also M. Kuczma [23, 
Chap. VI, § 12]) states that all the solutions of a related functional equation of a single 
variable, which satisfy some additional smoothness, are of the form g = c- exp with 
some real c. 
In 1988, Poonen answering a problem proposed by Shelupsky [44] proved that 
the general solution f : R — R of the double inequality: 
f(y) = F@) 
y-x 


min{ f(x), f(y} < <max{f(x), ff} @#yY) (5) 


is of the form f = c- exp, where c > 0 is an arbitrary constant. 

Note that if we insert f = exp into (5), then we obtain an estimate which is 
essentially weaker than (3) and thus also weaker than (4). Therefore, in subsequent 
studies, we need to focus on single functional inequalities rather than on systems. 

The above mentioned result of Shelupsky and Poonen was an inspiration for 
the research of Alsina and Garcia Roig published in [2] in 1990. They studied the 
following two functional inequalities which are motivated by the second part of the 
estimate (3): 


f= FO) _ FO) + FO) 
y-x ~ 2 


(x # y), (6) 
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and 


9 < M-f@) _ f@)+ fO) 
= y-x ~ 2 


(x # y). (7) 


Among others, they have proved the following two theorems. 


Theorem 1 [2, Theorem 1] A function f : R > R satisfies (6) if and only if there 
exists a nonincreasing function d : R — R such that f(x) = d(x)e* for all x € R. 


Theorem 2 [2, Theorem 2] A function f : RR > R satisfies (7) if and only if there 
exists a continuous nonincreasing function d : R + R such that f(x) = d(x)e* for 
x € Rand d(x +t) => e‘d(x) for allx € Randt > 0. 


Remark 1 At the beginning of the proof of Theorem 1, the authors observed that 
the inequality (6) can be rewritten equivalently in the following form: 


2+h 
2-—h° 


fath)< f(x) (forallx ¢ Randh e€ (0,2)). (8) 

It should be clear that (8) is a particular case of a more general functional inequality 
(23), which will be studied in Sect. 4. 

Moreover, an inspection of the original proofs of the two foregoing theorems 
shows that as the domain of mapping f one can take an arbitrary nonempty open 
interval instead of the whole real line. 

The following functional inequality, which corresponds to the first part of the 
estimate (3): 


(*)< f(y) = F@) 


; = (x #y) (9) 


was considered by Alsina and Ger [3] and later by Fechner [14]. It turns out that 
the two functional inequalities (6) and (9) do not behave in a fully symmetric way. 
Namely, (9) is more difficult to deal with. However, under some additional assump- 
tions a result analogous to Theorem | holds true. We should expect that all solutions 
of (9) on an open interval 7, which enjoy some regularity properties, are of the form 
f(x) = i(x)e* for all x € 7 with a nondecreasing map i. The following theorem, 
which generalizes some earlier results of Alsina and Ger from [3], is published in 
[14]. 


Theorem 3 [14, Theorem 1] Assume that I is an open nonvoid interval, f : I > R 
satisfies (9), and 


lim sup f(x +h) > f(x) (forall x € I). (10) 
h>0+ 


Then, there exists a nondecreasing map i : I — R such that f(x) = i(x)e* for all 
xel, 
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Remark 2. In the proof of Theorem 3, it is observed that the inequality (9) can be 
rewritten equivalently in the following form: 


fat2h) > 2hf(x +h)+ f(x), (11) 


with x € J andh > O such that x + 2h € I (see [14, formula (11)]). Therefore, 
similarly, like in the case of (8), we conclude that (11) is a particular case of the 
functional inequality (23), which will be discussed in Sect. 4 (one needs to replace 
f by —f to obtain the converse inequality to (11), which is precisely a special case 
of (23)). 

Let us recall the following two open problems connected with Theorem 3. 


Problem 1 [16, Problem 1] The converse of Theorem 3 is not true (see [14, 
Remark 1]). For example, take J = R and define f : R > Ras follows: 
f(x) =—-e* (forall x € R). 
It is clear that f is of the form 
F(X) = i(x)e* (12) 


with i(x) = —1 for all x € R. Moreover, f as a continuous mapping satisfies 
condition (10). However, one can see that inequality (9) fails to hold. 

Find and prove an additional condition upon mapping i from Theorem 3 to obtain 
the “if and only if” result, i.e., to get that each function which is of the form (12) 
solves functional inequality (9). 


Problem 2 [16, Problem 2] Is it possible to drop or weaken the assumption (10) in 
Theorem 3? Compare this also with assumption (26) which appears in Theorem 8. 

One more result from [14] shows that solutions of (9) satisfy some functional- 
integral inequality. 


Theorem 4 [14, Theorem 2] /f f : J — Ris a Riemann-integrable solution of (9), 
then it satisfies the following functional-integral inequality: 


i i £Q) = £9) 
sax | fod s 


There is also an analogue of this theorem for functional inequality (6). 


(for all x,y € I such that x < y). (13) 


Theorem 5 [14, Theorem 4] /f f : 1 > R is a Riemann-integrable solution of (6) 

then f satisfies the following functional-integral inequality: 
PO) = SO) 
yrx 


1 y 
/ f(t)dt (forall x,y € I such that x < y). (14) 
YX dx 


A more general result in this spirit for continuous solutions of some more general 
functional inequality was proved in [15]. 
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Theorem 6 [15, Theorem 1] Assume that I C R is a nonempty open interval and 

mappings M,, Mz: 1 x I > Rand N:R x R-— Rare arbitrary means, i.e.: 
min{x, y} < M;(x, y) < max{x,y} (forall x,y € I andi = 1,2), 
min{x, y} < N(x, y) < max{x, y} (forall x,y € R). 


Further, assume that f : I — R is arbitrary, g : I > R is continuous and the 
following functional inequality 
f(y) — F@) 
y-x 
is fulfilled. Then 


< N(g(Mi(x, y)), g(Ma(x,y)) (forallx,y eI), (15) 


y 


fo) - f@) < / g(t)dt (forallx,y € I such that x < y). (16) 


Finally, we will quote a result which describes solutions of the following 
functional inequality: 
p= Ie) ay 
y-x 2 
(for all x, y € J such that x # y), 


<47(*)+ peo +s0 (17) 


which is motivated by the second part of estimate (4). 


Theorem 7 [15, Theorem 2] Assume that I C R is a nonempty open interval and 
f : 1 > Risa solution of (17) which satisfies 


lim inf f(@ + h) = f(x) (forallx € 1). (18) 
h—>0+ 

Then, there exists a nonincreasing map d : I > R such that f(x) = d(x)e* for all 
xel. 


Remark 3 The assertion of the foregoing theorem and of Theorem | of Alsina and 
Garcia Roig can be rewritten equivalently in the form of the following inequality: 


fOyze™*f) Gy). (19) 
Moreover, assertion of Theorem 3 is equivalent to the converse inequality to (19). 


Remark 4 In the proof of Theorem 7, it is observed that the inequality (17) can be 
rewritten equivalently in the following form: 


fat 2h) > ah) f(x +h) + BAYS), (20) 
for all x € J andh > Osuch that x +2h € I, where functions @ and 6 are given by 
4h 3+h 
h) = —— h) = ——. 
a(h)=3—, Bh) = 5 


(see [15, formula (15)]). Therefore, similar to functional inequalities (8) and (11), we 
see that, after replacing f by —f, (20) is a particular case of the general functional 
inequality (23). 
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One can ask about a functional inequality motivated by the first part of estimate 
(4). We do not know affirmative results in this direction which can be viewed as a 
counterpart to Theorem 7. Therefore, let us formulate the following open problem. 


Problem 3 Assume that / C R is a nonempty open interval and assume that f : 
I —> Risa solution of the following functional inequality: 


€ + a) fx)+ fO) [eo - fo) 
f < 
, 2 a y-x 


which is postulated to hold for all x, y € 7 such that x # y. Is it true that (under 
some regularity conditions) there exists a nondecreasing map i : J > R such that f 
is of the form (12) for all x € J? 

Now, let us mention a possible application of the foregoing results in the theory 
of Hyers—Ulam stability of functional equations. 


(21) 


Remark 5 Using the abovementioned results, it is possible to obtain Hyers—Ulam 
stability results for some functional equations related to Riedel—Sahoo functional 
equations, for details see [17]. Moreover, in [17], the stability of the functional- 
differential equation f = f’ isinvestigated for mapping f having values ina reflexive 
normed linear space. 

Next, we will discuss the relation of the abovementioned theorems with other 
known results concerning comparisons of quasi-arithmetic means. We begin with 
the definition of a quasi-arithmetic mean. 


Definition 1 Assume that f : J — R is a continuous and strictly increasing 
mapping. Then, the following formula defines a mean on J x /: 


f(s) + fe 
2 


M(s,t)= f ( (for all s,t € J). 

Mean M of the above form is called a quasi-arithmetic mean. 

For a detailed discussion of the topic of quasi-arithmetic means, the reader is 
referred to the monograph of Aczél and Dhombres [1, Chaps. 15 and 17]. In particular, 
it is known that the only two quasi-arithmetic means which are homogeneous (with 
respect to each variable) are the geometric mean G and the power means M, given 
by 


M,(s,t) =(s? +”)? (forall s,t € R*) 


with a real parameter p. On the other hand, the logarithmic mean L is homogeneous. 
Therefore, we conclude that L is not a quasi-arithmetic mean. A much deeper result in 
this direction is due to Ger and Kochanek [19]. They studied the following functional 
equation: 


(M(x, y)) = NF), FO), (22) 


where M and N are abstract means, and one of them is quasi-arithmetic and one is 
not. They showed that every solution of the Eq. (22) is equal to a constant function 
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(with no regularity assumptions). Therefore, applying the result of Ger and Kochanek 
for M = L and L = A, we deduce that L cannot be a quasi-arithmetic mean. 

To conclude the section, let us mention some papers which are devoted to various 
functional inequalities and related problems which are motivated by comparisons of 
means. Daréczy in [11] dealt with a general inequality for means defined with the aid 
of deviations. Further results in this direction were obtained by Daréczy and Pales 
in [12, 13, 36, 42], among others. Minkowski-type and Hélder-type inequalities for 
means were studied by Losonczi, Pales, and Czinder in [7—-10, 29-33, 35, 37-41] 
among others. A one more related result in this field is due to Pales [43]. 


4 A General Functional Inequality 


Let J be a nonvoid open interval, k € N and let c € Rt U {+00} be arbitrarily 
fixed and denote U = (0,c). Further, assume that we are given some mappings 
0,Q1,...,a:U > Rg and f : J > Ris an unknown function. We are interested 
in the following functional inequality: 


k 


fe +(k+ Dh) < Yo aj(h) f(x + ih), (23) 


i=0 


which is assumed to be satisfied for all x € J andh € U suchthatx+(k+ Dh eI. 
As we have already noticed in Sect. 3, previously discussed functional inequalities 
(6), (9), and (17) are special cases of (23) with given constants c and k and with 
specified mappings a;. 
Let us introduce an auxiliary double sequence of mappings ;,, : U — IR, where 
j €{0,1,...,k} andn €N. For j,n € {0,1,... ,k} and for h € U, we put 


Ej n(h) = Sj. (24) 
where 4;,, denotes the Kronecker delta (equals to | if 7 = n and equals to 0 
otherwise). Further, we define 
k 
Ejntk+i(h) = Yo @i(A)Ejnsi(h) (25) 
i=0 


for j € {0,1,...,k},n € N and forh € U. 

It is clear that foreach j = 0,1,... ,k, the sequence (&;,, : n € N) is well defined 
recursively. Moreover, we can see that €;,(h) > 0 and aj(h) = &}%41(h) for each 
h € U and forall j € {0,1,... ,k} andalln EN. 

Our main result concerning (23) reads as follows. 


Theorem 8 Assume that f : I > R satisfies functional inequality (23) jointly with 


lim sup f(x +h) < f(x) (forall x € 1). (26) 


h->0+ 
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If for every h € U, there exists a strictly increasing sequence of positive integers 
(N, :n € N*) such that the following limit exists: 


k 
. h 
AGi) = im, Sia (na): i 
then the following inequality holds true: 
f(x +h) < AM) F(x) (28) 


forallx € Tandh €U such thatx +h eI. 


Proof We will verify inductively the following auxiliary inequality: 


k 
fa+tatkyjh) < a Eintk(h) f(x + th). (29) 
i=0 
We claim that (29) is valid for alln €¢ Nt,x € J,andh € U suchthatx+(n+k)h € 
TI. It is clear that for n = 1, inequality (29) is identical with (23). Next, assume that 
n € Nis arbitrary and the estimate (29) is valid for all positive integers not greater 
than n and for all x € J andh € U such thatx + (n+k)h € I. Fix x € J arbitrarily 
andh € U such thatx + (n+k+ 1h € I. Using inequality (23) and in the second 
line inequality (29), we obtain: 


fatant+k+Dh)= fx +nh+ (kt Ih) 
k 


< Do ai(h) f(x + (n+ ih) 


i=0 
k k 
< Do aji(h) D> Ej ns) f(x + jh) 
i=0 j=0 
k k 
= ai (Ej ni(h) f(x + jh) 
j=0 i=0 


Einteri(h) f(x + ja). 
j=0 


Next step is to replace h by (n + k)~‘h in inequality (29) to derive the following 
estimation: 


fx +h) < 5 inte (43) f (: + —t") . (30) 
a n+k n+k 


Observe that inequality (30) is valid for every n ¢ N* and forall x € J andh € U 
such thatx +h eI. 
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Now, fix fora moment x € J and fh ¢€ U in such a way thatx +h e€ I. 
Condition (26) says that for arbitrarily fixed « € Rt we can find a sufficiently large 
N € N such that for every n > WN and for every i € {0,1,...,k}, we have the 
following estimate 


f(x+— a8) < f(x) +e. 


Therefore, we obtain 


h 
f(xth)< ) Einse (=) (f(x) + €) 
dX = n+k 


for n > N. From this, we deduce that 


: h 
fx +h) < lim | » Bi Mth (7) (f(x) +8) = AMF) +8), 
where M,, = N, — k for n € Nt and the sequence (N, : n € N*) is postulated in 
assumption (27). This eventually leads to estimation (28). 

Observe that if for a fixed h € U, the numbers a;(h) fori = 0,1,...,k are 
explicitly known, then it may be possible to calculate the exact formula of the limit 
A(h). To visualize this, observe that (25) is homogeneous linear recurrence with 
constant coefficients (in a sense that the coefficients do not depend upon n, but 
they can be dependent upon /). Let us consider the characteristic equation of this 
recurrence: 


k 
w(z) = 241 — SY ai(h)z! = 0. (31) 
i=0 


Note that all the roots of this characteristic equation are in fact functions of the 
variable h € U. 

It is well known that if some A € C is a root of the (complex) polynomial w of 
order d € {1,2,... ,k + 1}, then every following sequence: 


(":neéEN), (nd":neN), ..., (nt a": neN) 


provides a solution of the recurrence (25) and moreover every solution of (25) is a 
linear combination of the foregoing sequences for all complex roots of (31) (see e.g., 
the book of Greene and Knuth [20]). Next, using the initial conditions (24), one is able 
to derive the exact formula of the sequences (&),,(h) :n € N) for j = 0,1,...,k. 
The final step is to employ these formulas to calculate the limit (27). 

In what follows, we will exhibit a special case of the foregoing discussion. Namely, 
we will consider the situation when the coefficients a; do not depend upon h € U 
and we provide an easy to verify condition which implies that the limit (27) is equal 
to zero (and thus, due to Theorem 8, every solution of (23) is nonpositive on /). 
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Therefore, let us assume that we are given constants a, @1,... ,Q@k € Rt and we 
want to solve the following functional inequality: 


k 
fe t+ Dh) < Yo a; f(x +i), (32) 


i=0 


with unknown mapping f : J — R, which is assumed to be satisfied for all x € J 
and h € U such that x + (k + 1)h € J. Note that for every j € {0,1,...,k}, the 
sequences (&;,, : 2 € N) defined by (24) and (25) do not depend upon h. Therefore, 
the limit (27), if it exists, does not depend upon / as well. 

The following notions and facts regarding the stability of polynomials can be 
conferred with the monograph of Gantmacher [18]. A complex polynomial is called 
Hurwitz stable if all its roots lie in the open left halfplane. Moreover, a complex 
polynomial is called Schur stable if all its roots lie in the open unit ball. The two 
notions are related by the fact that the Mobius transform 


1 
Gey ec 
z—l 


maps the left halfplane into the unit ball. Therefore, polynomial w of degree d « N* 
is Schur stable if and only if the polynomial p (of the same degree) given by 


p(z) = (z— Dw (5) (for all z € C) (33) 


is Hurwitz stable. Further, a necessary condition for a polynomial to be Hurwitz 
stable is that all its coefficients are of the same sign. Moreover, a sufficient condition 
for this fact is that the coefficients are positive and they form a strictly increasing 
sequence. A more elaborated result is the Routh—Hurwitz stability criterion, which 
provides a necessary and sufficient condition for the Hurwitz stability. Assume that 
for some n € N* we are given a polynomial 


P(Z) =ag tayzt...+ay2z" 


with a, #~ 0 and dp > 0. Moreover, agree that a,, = 0 whenever m > n. The 
Routh—Hurwitz criterion says that p is Hurwitz stable if and only if every principal 
minor of the following n x n matrix: 


aj ao 0 0 


a3 0) ay do 0 
as a4 a a2 rn 0) (34) 
Q42n—-1  42n—-2  42n-3.  42n-4 «++ An 


is positive. 
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Our last observation that if the characteristic polynomial (31) of the recur- 
rence (25) is Schur stable, then regardless of the initial conditions for every 
j €{0,1,... ,k}, the sequence (&;,, : n € N)isalinear combination of the sequences 
of the form 


(n4it;” :néN) 
with |t;| < 1 and with some d; € N*. Consequently, 


lim &, =0 


n—->+0oo 


for every j = 0,1,...k. This easily implies that the limit in (27) exists and is equal 
to 0. Therefore, we have proved the following corollary from Theorem 8, which is a 
criterion for the nonpositivity of all solutions of the functional inequality (32). 


Corollary 1 Assume that ao,a,... , a € R¢ and f : I > R satisfies functional 
inequality (32) jointly with (26). If the polynomial w : C > C given by 


k 
w(z) = th Si a;z' (forall z€ C) 
i=o 


is Schur stable, then f is nonpositive on I. 
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Constructions and Extensions of Free 
and Controlled Additive Relations 


Tamas Glavosits and Arpad Szaz 


Abstract By using several auxiliary results on relations and their intersection con- 
volutions, we give some necessary and sufficient conditions in order that a certain 
additive partial selection relation ® of a relation F of one group X to another Y 
could be extended to a total, additive selection relation W of the relation F + ®(0). 

The results obtained extend some Hahn—Banach type extension theorems of B. 
Rodriguez-Salinas, L. Bou, Z. Gajda, A. Smajdor, W. Smajdor, and the second author. 
Moreover, they can be used to prove some alternate forms of the Hyers—Ulam type 
selection theorems of Z. Gajda, R. Ger, R. Badora, Zs. Pales, and the second author. 


Keywords Additive and homogeneous relations - Intersection convolutions of 
relations - Extensions of additive partial selection relations 


1 Introduction 


The origin of the following generalization of the classical Hahn—Banach extension 
theorem goes back to Kaufman [28]. It is a particular case of [13, Corollary 1.3] by 
Fuchssteiner. (For some more readable treatments, see also Fuchssteiner and Lusky 
[15, Theorem 1.3.2] and Szaz [64, Theorem 3.3].) 


Theorem 1 /f p is a subadditive function of a commutative semigroup X to R and 
gy is an additive function of a subsemigroup V of X to R such that: 


(1) gv) < pW) forall ve V, 
(2) gput+yv) < pu)+ 0) forall ue X and vEV with u+-ve V, 
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then g can be extended to an additive function of X to R such that w(x) < p(x) 
forall x € X. 


Remark 1 To see that condition (2) is also necessary, note that if w is as above, 
then for any u € X andv € V withu+ve€ V we have giu+v) = Wut+y) = 
yu) + WY) < plu) + gv). 


Moreover, it is also worth noticing that, by using the infimal convolution 
(f * g\(x) = inf { fu) + gv): x=ut+v, ue Dy, vE D,} 


of functions f and g studied mainly by Moreau [34], Str6mberg [51], and the present 
authors [21, 64], condition (2) can be briefly expressed by writing that g(x) < 
(p * g)(x) for all x € V. 

In [20], to have a close analogue of Theorem 1, we have proved the following 
simple generalization of the classical Hyers—Ulam stability theorem [25]. (For a 
predecessor and some direct generalizations, see Polya and Szegé6 [42, Aufgabe 99], 
Ratz [44], Székelyhidi [73], Forti [12], Hyers et al. [26], and Szaz [59].) 


Theorem 2. /f f is an &-approximately additive function of a commutative 
semigroup X to a Banach space Y, for some € = 0, in the sense that 


If@ty— fa&)— fOr se 


forall x,y € X, and ¢ is a 2-homogeneous function of a subsemigroup V of X to Y 
which is 5-near to f, for some 6 = 0, in the sense that 


If) — eM <6 


for all v € V, then @ can be extended to an additive function of X to Y that is 
e-near to f. 


Remark 2. To see that this theorem is somewhat more general than that of Hyers 
and Ulam, note that if in particular X has a zero element 0, then || f(O)|| < ¢. Thus, 
gy = {(0,0)} is an additive function of the subgroup {0} of X to Y such that ¢ is 
é-near to f. Therefore, by the above theorem, there exists an additive function y of 
X to Y which is ¢-near to f. 

The extensive references of a recent semisurvey paper [70] of the second author 
show that the Hahn—Banach and the Hyers—Ulam theorems have been generalized 
by a great number of authors in an enormous variety of directions. However, among 
these generalizations, we are only interested here in the set-valued ones. 

For this, we can note that if p and @ are as in Theorem 1, then by defining a 
relation F of X to R such that 


F(x) = ]— 0, p(x)] 


for all x € X, we have g(v) € F(v) forallv € V. 
While, if f and ¢ are as in Theorem 2, then by defining a relation F of X to Y 
such that 


F(x) = f(x) + B30), with = BO)={tyeY: llyll <4}, 
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for all x € X, we again have g(v) € F(v) forallv € V. 

Therefore, the essence of Theorems | and 2 is nothing else but the statement that 
an additive partial selection function g of a certain relation F of X to R and Y, 
respectively, can be extended to a total, additive selection function of y of F. 

The corresponding fact in connection with the classical Hahn—Banach extension 
theorem was already recognized by Rodriguez-Salinas and Bou [46]. (For some 
further developments, see Ioffe [27], Gajda et al. [18], Smajdor and Szczawinska 
[50], and Szaz [53].) 

Moreover, Smajdor [49] and Gajda and Ger [17] observed that the essence of 
the classical Hyers—Ulam stability theorem is the existence of an additive selection 
function of acertain relation. (For some further developments, see Gajda [16], Badora 
[2], Popa [43], Badora et al. [4], Nikodem and Popa [38], Piao [41], Lu and Park 
[32], and Szaz [57, 61].) 

The importance of the above set-valued considerations was soon recognized by 
Fuchssteiner and Horvath [14], Rassias [45], and Czerwik [8]. Moreover, the second 
author has been motivated to continue his early investigations on additive and linear 
relations. (See [72] and [53, 57, 61].) In [53], by introducing a particular case the 
intersection convolution 


(F « G(x) ={ ] {F(u)+GWv): x=u+v, we Dr, ve Do} 


of relations F and G, the second author has proved the following generalization of 
[46, Theorem 1] of Rodriguez-Salinas and Bou. 


Theorem 3 /f F is a sublinear relation of one vector space X to another Y over 
K such that F(x) € B for all x € X, for some translation-invariant Nachbin system 
B of subsets of Y, and ® is a superlinear relation of a subspace V of X to Y such 
that ® C F, then ® can be extended to a linear relation Y of X to Y such that 
YW CF+ (0). 

Remark 3 Here the sublinearity of F means only that F(Ax) C AF (x) and F(x + 
y) C F(x) + F(y) for all A € Ko and x,y € X, where Ko = K \ {0}. This is a 
natural weakening of the linearity studied by Cross [7] and his predecessors. 

Moreover, a family G of sets is called here a Nachbin system if for every subfamily 
C of B, having the binary intersection property in the sense that UN V 4 9 for all 
U,V €C, wealso have ()C 4%. 

The primary example for such a Nachbin system is the family of all closed, 
bounded intervals in R, or more generally the family of all closed balls in the 
supremum-normed space of all bounded functions of a nonvoid set U to R. 

Now, by improving the arguments of [53], we shall prove the following 
generalization of [18, Theorem 1] of Gajda et al. 


Theorem 4 /f F is a subodd, N-subhomogeneous, subadditive relation of a com- 
mutative group X to a vector space Y over Q such that F(x) € B forall x € X, 
for some admissible Nachbin system B of subsets of Y, and ® is a superodd, N- 
subhomogeneous, superadditive relation of a subgroup V of X toY suchthat® C F, 
then ® can be extended to a Zo-homogeneous, additive relation YW of X to Y such 
that YW C F + ®(0). 
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Remark 4 Here, in accordance with Remark 3, the superoddness, N- 
subhomogeneity, and superadditivity of ® mean only that —®(v) C @P( — v), 
@(nv) C n@(v), and O(u) + O(v) Cc S(u+ v) for all n € N and u,v € V, 
respectively. 

Moreover, the Nachbin system B is called admissible if in addition to its translation 
invariance, we also have n~'B € B for alln € N and B € B. That is, in addition to 
that y + B = B forall y € Y, we also have n~'B C B forall n € N, or equivalently 
B CnB foralln €N. 

To simplify Theorem 4, one may assume that B is effective in the sense that every 
B-valued, odd subadditive relation 2 of a group U to Y is N-subhomogeneous. 
However, our only example for such B is the family of all subsets B of Y which are 
N~!-convex in the sense that n~'B + (1—n7') BC B foralln EN. 

Unfortunately, by using the convolutional method of the second author, we have 
not been able to extend Theorem 3 to commutative semigroups. However, the several 
auxiliary results leading to Theorem 4 are much more general than those used for 
the proof Theorem 3. They are mostly formulated in terms of semigroups. 

In the next preparatory sections, to keep the paper self-contained, we shall list 
several basic facts on semigroups, relations, and intersection convolutions which are 
certainly unfamiliar to the reader. These only slightly improve some earlier obser- 
vations [70, 63] of the second author. Therefore, the proofs are usually omitted. 


2 A Few Basic Facts on Relations and Groupoids 


A subset F of a product set X x Y is called a relation on X to Y. If in particular 
F c X*, with X* = X x X, then we may simply say that F is a relation on X. In 
particular, Ay = {(x,x): x € X} is called the identity relation of X. 

If F is arelation on X to Y, then for any x € X and A C X, the sets F(x) = 
{ye Y: (x,y) € F} and F[AJ=U F(a) are called the images of x and A 
under F,, respectively. 

Moreover, the sets Dr = {x € X : F(x) 4 @} and Rr = F[D,f] are called the 
domain and range of F’, respectively. If in particular Dr = X, then we say that F is 
arelation of X to Y, or that F is a total relation on X to Y. 

If F is arelation on X to Y, then F = I ee x F(x). Therefore, the values 
F(x), where x € X, uniquely determine F. Thus, the inverse relation F~! can be 
naturally defined such that F-'(y)={x EX: y € F(x)} forally €Y. 

Moreover, if in addition, G is a relation on Y to Z, then the composition relation 
G o F can be naturally defined such that (G o F)(x) = G[F(x)] forall x € X. 
Thus, we also have (Go F)[A] = G[F[A]] forall A Cc X. 

Now, arelation F on X may, for instance, be naturally called reflexive, transitive, 
symmetric, and antisymmetric if Ay C F, FoF C F, F~'=F,and FOF"! C 
Ax, respectively. 

As is customary, a transitive (symmetric) reflexive relation is called a preorder 
(tolerance) relation. Moreover, a symmetric (antisymmetric) preorder relation is 
called an equivalence (partial order) relation. 


acA 
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In particular, a relation f on X to Y is called a function if for each x € Dy there 
exists y € Y such that f(x) = {y}. In this case, by identifying singletons with their 
elements, we may simply write f(x) = y in place of f(x) = {y}. 

If F is arelation on X to Y and A; C X for alli € J, then in general we only 
have F (= Ai] = Ue, F[Ai]. However, if in particular f is a function, then all 
set-theoretic operations are preserved under the relation f~'. 

If F is a relation on X to Y, then a subset @ of F is called a partial selection 
relation of F’. Thus, we also have Dp C Dr. Therefore, a partial selection relation 
@ of F may be called total if De = Dr. 

The total selection relations of a relation F will usually be simply called the 
selection relations of F. Thus, the axiom of choice can be briefly expressed by 
saying that every relation F has a selection function. 

If F is arelation on X to Y and U C Dr, then the relation F|\U = FN(UXxY) 
is called the restriction of F to U. Moreover, if F and G are relations on X to Y such 
that Dr C Dg and F = G|Dr, then G is called an extension of F. 

In particular, a function « of a set X to itself is called an unary operation in X. 
While, a function « of X? to X is called a binary operation in X. And, for any 
x,y € X, we write x* and x * y instead of «(x) and «((x, y)), respectively. 

An ordered pair X(+ ) = (X,+), consisting of a set X and a binary operation + 
in X, is called a groupoid. Instead of groupoids, it is usually sufficient to consider 
only semigroups (associative groupoids), or even monoids (semigroups with zero). 

However, several definitions on semigroups can be naturally extended to 
groupoids. For instance, if X is a groupoid, then for any n € N and x € X we 
may naturally define nx = x ifn = 1 and nx = (n — 1)x +x ifn ¥ 1. Thus, by 
induction, we can easily prove the following. 


Theorem 5 /f X is a semigroup, then for any x € X andn,m € N we have 


(1) 2+m)x =nx +mx, (2) (nm)x = n(mx). 
Moreover, if in addition y € X such that x + y = y+ x, then we also have 
(3) nx +my = my +nx, (4) n(x + y) =nx +ny. 


Hint Note that (2) is a consequence of (1). Moreover, (3) and (4) are consequences 
of the m = 1 particular case of (3). 

If in particular X is a groupoid with zero, then for any x € X, we may also 
naturally define Ox = 0. Moreover, if more specially X is a group, then for any 
n € N andx € X, we may also naturally define (— n)x = n( — x). 

Now, by using —x + x = 0 = x + (— x) and Theorem 5, we can at once see 
that n(— x) +nx =n(—x +x) =n0 = 0, and thus (—n)x = n(— x) = —(nx). 
Moreover, we can also easily prove the following. 


Theorem 6 /f X is a group, then for any x € X andk,l € Z we have 

C) (kK+)Dx = kx + Ix, (2) (kl)x = k([x). 

Moreover, if in addition y € X such that x + y = y + x, then we also have 
(3) kx +ly =ly+ kx, (4) kx +y)=kx+ky. 
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Remark 5 Thus, in particular, a commutative group X is already a module over the 
ring Z of all integers. Therefore, instead of commutative groups, we should rather 
work with modules in the sequel. 

If X is a groupoid, then for any n € N and U,V C X, we may also naturally 
define nU = {nu: ue U} and U+V= {ut+v: ueU, ve V}. Thus, for 
instance, 2U can be easily confused with the possibly larger set U + U. 

If in particular, X has a zero, or more specially X is a group, then we may also 
quite similarly define OU and kU for all k € Z, respectively. Moreover, if X is a 
group, then we may also naturally write -U =(— 1)U and U —-V=U+(-V). 

Thus, by using Theorem 6, we can easily establish several useful properties of the 
corresponding operations in the family P(X) of all subsets of a group X. However, 
in general, P(X) is only a monoid and (k + 1/)U C kU +1U. 

A subset U of a groupoid X is called left-translation invariant if x + U = U for 
all x € X. Note that if in particular X is a group and either x + U C U forallx € X 
or U Cx+U forall x € X, then U is already left-translation invariant. 

Moreover, a subset U of a groupoid X is called normal if x + U = U + x for 
all x € X. Note that if in particular X is a group and either x + U C U + x for all 
xeXorU+xcx+U forall x € X, then U is already normal. 

Furthermore, a subset U of groupoid X is called subadditive (superadditive) if 
UcU+U (U+U CU). Thus, U is a subgruopoid of X if and only if it is a 
superadditive subset of X. 

Moreover, a subset U of a groupoid X is called n-subhomogeneous (n-super- 
homogeneous), for some n € N, if U C nU (nU C U). And U is called A- 
subhomogeneous, for some A CN, if it is n-subhomogeneous for all n € A. 

In particular, a subset U of a group X is called symmetric if -U = U. Note that 
if either -U C U or U C -U, then U is already symmetric. Moreover, U is a 
subgroup of X if and only if it is a nonvoid, symmetric, superadditive subset of X. 

In the sequel, for a subset U of a groupoid X with zero, we shall briefly write 
Up = U \ {0} if0 e U and Up = U U {0} if O ¢ U. Moreover, as is customary, 
we shall use the common notation K for the number fields Q, R, and C. 


3 Divisible and Cancellable Subsets of Groupoids 


Definition 1 For somen € N, a subset U of gruopoid X is called 


(1) n-divisible if U is n-subhomogeneous, 
(2) n-cancellable if nu = nv implies u =v forallu,v € U. 


Now, U may be naturally called A-divisible (A-cancellable), for some A CN, 
if it is n-divisible (n-cancellable) for all n € A. 


Remark 6 Note that if (1) holds, then U C nU. Therefore, for each u € U, there 
exists v € U such that u = nv. 
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While, if both (1) and (2) hold, then U is uniquely n-divisible in the sense that 
for each u € U, there exists a unique v € U such that u = nv. Therefore, n—'ucan 
be defined by this v. 

By using Theorem 6 and an obvious analogue of Definition |, we can easily prove 


the following two theorems. 


Theorem 7 /fU is ak-cancellable subset of a group X, for some k € Z, then U is 
also —k-cancellable. Therefore, if U is N-cancellable, then U is also Zo-cancellable. 


Theorem 8 /f U is ak-divisible, symmetric subset of a group X, for some k € Z, 
then U is also —k-divisible. Therefore, if U is N-divisible, then U is also Zo-divisible. 


Proof \fx ¢€ U, then by the k-divisibility of U, there exists y € U such that x = ky. 
Hence, by Theorem 6 and the corresponding definitions, we can see that 


x=ky=((—k)- Dy =(-)C- Dy) =(—- )0(— y) = (— k— y). 
Therefore, since now —y € —U = U also holds, the required assertion is also true. 


Remark 7 If U is an n-cancellable subset of a groupoid X with zero, for some 
n €N, such that 0 € U, and u € U such that nu = 0, then we also have nu = nO, 
and hence u = 0. 

In this respect, it is also worth noticing that the following theorem is also true. 


Theorem 9 /f X is a commutative group, then for each k € Z, the following 
assertions are equivalent: 
(1) X is k-cancellable; (2) kx =0 implies x =0 forallx € X. 
Therefore, ifnx = 0 implies x = 0 for alln € N andx € X, then X is already 
Zo-cancellable. 

Moreover, in addition to this theorem, we can also easily prove the following. 


Theorem 10 /f X is an N-cancellable group, then kx = |x implies k = 1 for all 
k,l € Zand x € Xo. Thus, kx = 0 implies k = 0 for allk € Zand x € Xo. 


Remark 8 It can be shown that if X is a uniquely N-divisible, commutative group, 
then by defining (m/n)x = m(n~'x) for alln € N, m € Zand x € X the module X 
can be turned into a vector space over Q. 


Remark 9 Note that if in particular X is a vector space over K, then every subset 
U is Ko-cancellable. 

Moreover, a subset U of X is A-divisible (uniquely A-divisible), for some A € Ko, 
if and only if A7!'U CU. 


Remark 10 If X is only a groupoid, then having in mind the case of vector spaces, 
we may also naturally define n~'x ={y¢ X: x =ny}andn'U=(),.y n'u 
forallne N,xe XandUCX. 

Thus, we can easily prove several remarkable characterizations of divisible and 
cancellable sets. However, in this more general setting, several useful rules of com- 
putation with sets in vector spaces are no longer true. For instance, in general we 
only have n(n“'U) CU Cn7!(nU) foralln eNandU Cc X. 
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4 The Most Important Additivity and Homogeneity Properties 
of Relations 


Definition 2 Let F be a relation on one groupoid X to another Y, and let 2 be a 
relation on X. Then, F is called 


(1) 2-subadditive if F(x + y) C F(x) + F(y) forall (x,y) € Q, 
(2) §2-superadditive if F(x)+ F(y) Cc F(x + y) forall (x,y) € Q. 


Remark 11 Now, the relation F' may, for instance, be naturally called superadditive 
if it is X-superadditive. 

Note that thus F is superadditive if and only if F + F Cc F. That is, F isa 
subgroupoid of the groupoid X x Y. 


Remark 12 Moreover, itis also worth mentioning that if in particular F is areflexive, 
superadditive relation of X to itself, then F is already a translation relation [54, 55] 
in the sense that x + F(y) C F(x + y) forall x,y € X. 


Remark 13 Note also that if F is only D7,-superadditive, then F is already 
superadditive. 

However, the corresponding assertion is not true even for Dr x X-subadditivity. 
Therefore, we shall need the following weakenings of global subadditivity. 


Definition 3 A relation F on one groupoid X to another Y is called 


(1) semisubadditive if it is D7,-subadditive; 
(2) left-quasisubadditive if itis Dr x X-subadditive. 


Remark 14 Now, the relation F may be naturally called quasisubadditive if it both 
left-quasisubadditive and right-quasisubadditive. (The latter is defined by the relation 
XxD F .) 

Moreover, F may be naturally called quasiadditive if it is both quasisubaddi- 
tive and superadditive. Later, we shall see that quasiadditivity is a quite important 
additivity property. 

In the sequel, by considering some more special ground sets, we shall need some 
further weakenings of global additivities. 


Definition 4 A relation F ona groupoid X with zero to an arbitrary groupoid Y is 
called 


(1) left-zero-subadditive if itis {0} x X-subadditive; 
(2) left-zero-superadditive if itis {0} x X-superadditive. 


Remark 15 Note thatif F is only {0}xD-subadditive ({0}xD r-superadditive), then 
F is already left-zero-subadditive (left-zero-superadditive). Therefore, in contrast to 
Definition 3, even zero-semisubadditivity need not be defined. Concerning zero- 
additivities, we can easily establish the following. 
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Theorem 11 A relation F on one groupoid X with zero to another Y, then 
(1) F is zero-subadditive if 0 € F(0), 
(2) F is zero-superadditive if F(O) C {0}. 


Remark 16 To feel the importance of zero-additivity, note that if for instance F 
is right-zero-additive, then F(x) = F(x) + F(O) for all x € X. Therefore, F is a 
left-representing selection relation for F. 

Analogously to Definition 4, we may also naturally introduce the following. 


Definition 5 A relation F ona group X to a groupoid Y is called 


(1) inversion-subadditive if itis {(x,-—x): x € X}-subadditive, 
(2) inversion-superadditive if itis {(x,-—x): x € X}-superadditive. 


Remark 17 Note that if F is only {(x,—x): x © Dr}-superadditive, then F is 
already inversion-superadditive. 

However, the corresponding assertion is not true for inversion subadditivity. 
Therefore, analogously to Definition 3, F may be naturally called inversion-semi- 
subadditive if it is {((x, -—x): x € Dr}-subadditive. 


Remark 18 Note that if F is inversion-semi-subadditive, then for any x € Dr, we 
have F(O) C F(x) + F(— x). Hence, if 0 € Dr, i.e., F(O) 4 B, we can infer that 
F(—x) 4 9,i.e., —x € Dy. Therefore, we also have F(0) C F(— x) + F(x). 


Definition 6 Forsomen € N, arelation F' on one groupoid X to another Y is called 


(1) n-subhomogeneous if F(nx) C nF (x) forall x € X, 
(2) n-superhomogeneous if nF (x) C F(nx) forall x € X. 


Remark 19 Note that if we only have nF(x) C F(nx) for all x € Dr, then F is 
already n-superhomogeneous. 

However, the corresponding assertion is not true for n-subhomogeneity. There- 
fore, in accordance with Definition 3, F may be naturally called n-semi- 
subhomogeneous if F(nx) C nF (x) for all x € Dr. 


Remark 20 Now, F may, for instance, be naturally called n-semihomogeneous if 
it is both n-semi-subhomogeneous and n-superhomogeneous. 

Moreover, for some A CN, the relation F may, for instance, be naturally called 
A-semihomogeneous if it is n-semihomogeneous for all n € A. 

By induction, we can easily prove the following. 


Theorem 12 [f F is a superadditive relation on one groupoid X to another Y, then 
Dr is a subgroupoid of X and F is N-superhomogeneous. 


Remark 21 Note that if F is a relation on one groupoid X with zero to another Y 
such that 0 € F(O), then we have OF (x) c {0} C F(O) = F(Ox) for all x € X. 
Therefore, F is 0-superhomogeneous. 

Now, we can also easily prove the following. 
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Theorem 13 /f f is a superadditive function on one groupoid X to another Y, then 
Dy is a subgroupoid of X and f is semiadditive and N-semihomogeneous. 


Proof Ifn €N, then by Theorem 12 we have nf(x) C f(nx) for all x € X. Hence, 
since f(x) is a singleton for all x € Dy, we can infer that nf(x) = f(nx) for all 
x € Dy. Therefore, f is n-semihomogeneous. 

On the other hand, by the superadditivity of f, we have f(x) + f(y) Cc f(x+y) 
for all x, y € X. Hence, since f(x) is a singleton for all x € D,, we can infer that 
F(x) + fQ) = f(& + y) for all x, y € Dy. Therefore, f is semiadditive. 


Remark 22 Note that if f is, for instance, a right-zero-superadditive function on 
a groupoid X with zero to a groupoid Y such that 0 € Dy, then f is actually 
right-zero-additive. 

Moreover, we have f(0) + f(0) = f(0), and thus f(0) = 0 if in particular Y 
is a group. Therefore, we also have f(Ox) = Of (x) for all x € Dy, and thus f is 
zero-semihomogeneous. 

Now, in addition to Theorems 12, we can also easily prove the following 


Theorem 14 /f F is a N~‘convex-valued, subadditive (right-quasisubadditive) 
relation on a groupoid X to a vector space Y over K, then F is N-subhomogeneous 
( N-semi-subhomogeneous). 


Proof Note that ifn € N such that F(nx) C nF(x) for all x € Dr, then by the 
right-quasisubadditivity of F and the n~!-convexity of F(x) we also have 


F(m4+ Dx) = F(nx+x)C F(nx)+ F(x) = F(x) +nF(x) 
=(n+1)((n+1)'F@®) + -(@tD')FQ)) C (n+ DF) 


for all x € Dry. Therefore, in the right-quasisubadditive case, F' is N-semi- 
subhomogeneous. 


Remark 23 Note that if F is a relation on one groupoid X with zero to another Y 
such that either 0 ¢ Dr, or Dr = X and F(0) C {0}, then F(Ox) = F(O) C OF (x) 
for all x € X. Therefore, F is zero-subhomogeneous. While, if only F(O) C {0} is 
assumed, then we can only state that F is zero-semi-subhomogeneous. 

Moreover, in addition to Theorem 13, we can also easily establish the following. 


Theorem 15 [/f f is a subadditive (right-quasisubadditive) function of one groupoid 
X to another Y, then f is N-subhomogeneous (N-semi-subhomogeneous). 


Remark 24 Note that if f is, for instance, a right-zero-subadditive function on a 
groupoid X with zero to a groupoid Y such that 0 € Dy, then f is actually right- 
zero-additive. Therefore, if in particular Y is a group, then by Remark 22, we can 
see that f is zero-semihomogeneous. 
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5 Some Further Important Homogeneity Properties 
of Relations 


Definition 7 A relation F ona group X to aset Y is called even if F( —x) = F(x) 
for all x € X. 

While, arelation F on one group X to another Y is called odd if F(—x) = — F(x) 
for all x € X. 


Remark 25 Note that if the above equalities are required to hold only for all x € Dr, 
then D-y is already symmetric, and thus they also hold for all x ¢ X. Therefore, 
semieven and semiodd relations need not be introduced. 

However, by using the notations of [70], or rather [68], the above definition and 
the following obvious theorem can be more briefly formulated. 


Theorem 16 /f F isa relation on on group X to a set (group) Y, then the following 
assertions are equivalent: 


(1) F is even (odd), 
(2) F(—x) Cc F(x) (F(-—x) C —F(x)) forall x € X, 
(3) F(x) C F(—x) (—F(x) C F(—x)) forall x € Dr. 


Remark 26 Note that in assertion (3) we can write X in place of D-, but in assertion 
(2) we cannot write Dr in place of X. 

Therefore, the relation F may be naturally called semi-subeven (semi-subodd) if 
F(—x) C F(x) (F(— x) C —F(x)) for all x € Dr. 


Remark 27 In addition to Theorem 16, it is also worth noticing that the relation F 
is odd if and only if —F C F, and thus —F = F. That is, F is a symmetric subset 
of the group X x Y. 

Hence, by using that —(F-!) = (— F)"!, we can at once see that F~! is odd 
if and only if F is odd. However, the corresponding assertion is not true for even 
relations. Namely, we have the following 


Theorem 17 [f F is a relation on a group X to a groupoid Y, then the following 
assertions are equivalent: 

(1) F7! is even; 

(2) F is symmetric-valued. 


Proof If x € X and y € —F(x), then —y € F(x), and thus x € F7'(— y). 
Hence, if (1) holds, we can infer that x € F—'(y), and thus y € F(x). Therefore, 
—F(x) C F(x), and thus — F(x) = F(x). Therefore, (2) also holds. 


Corollary 1 An even relation F on one group X to another Y is odd if and only if 
its inverse F~' is even. 


Remark 28 Note that if a function f on one group X to another Y is both even and 
odd, then we have f(x) = — f(x), and hence 2 f(x) = 0 for all x € Dy. Therefore, 
if in particular Y is 2-cancellable, then f(x) = 0 for all x € Dy. 
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The next obvious theorems, together with the above remark, will show that odd 
relations are much more important than the even ones. 


Theorem 18 /f f is an inversion-semi-subadditive function on one group X to 
another Y such that 0 € Dy, then Dy is symmetric, f(O0) = 0, and f is odd and 
inversion-semiadditive. 


Corollary 2 /f f is a nonvoid, inversion-superadditive function on one group X 
to another Y with a symmetric domain, then f (0) = 0 and f is odd and inversion- 
semiadditive. 


Remark 29 Note that if F is an inversion-semi-subadditive relation on a group to a 
groupoid Y such that 0 € Dr, then Dy is symmetric. Moreover, if in particular F is 
inversion-subadditive, then Dr = X. Thus, F is total. 

By using some obvious analogues of Definition 6 and Remark 19, we can also 
easily prove the following: 


Theorem 19 /f F is an odd, k-superhomogeneous (k-subhomogeneous, resp. k- 
semi-subhomogeneous) relation on one group X to another Y, for some k € 
Z, then F is also —k-superhomogeneous (—k-subhomogeneous, resp. —k-semi- 
subhomogeneous). 


Corollary 3. If F is an odd, N-superhomogeneous ( N-subhomogeneous, resp. 
N-semi-subhomogeneous) relation on one group X to another Y, then F is Zo- 
superhomogeneous ( Z-subhomogeneous, resp. Zo-semi-subhomogeneous). 

Now, in addition to Theorem 12 and Corollary 3, we can also easily prove 


Theorem 20 /f F is a nonvoid odd, superadditive relation on one group X to 
another Y, then Dr is a subgroup of X, 0 € F(Q), and F is quasiadditive and 
Z-superhomogeneous. 


Proof Because of F 4 ¥, we have Dr 4 J. Moreover, since F is odd and superad- 
ditive, —Dr C Dr and Dr + Dr C Dr. Therefore, Dr is a subgroup of X. Now, 
by taking x € Dr, we can see that 0 € F(x) — F(x) = F(x) + F(—x) C F(O). 

Moreover, if x € X and y € Dr, then by using that O € F(— y) + F(y) we 
can see that F(x + y) = F(x + y)+ {0} C F@+y)+ FC- y)+ FO) C 
F(x) + F()). Therefore, F is right-quasisubadditive. The left-quasisubadditivity of 
F can be proved even more easily. 

Moreover, as an immediate consequence of this theorem and Corollary 2, we can 
also state 


Theorem 21 /f f is anonvoid, superadditive function on one group X to another 
Y, with a symmetric domain, then Dy is a subgroup of X and f(O) = 0, and f is 
odd, quasiadditive and Z-semihomogeneous. 

On the other hand, as an immediate consequence of Theorem 14 and Corollary 3, 
we can also state 


Theorem 22 Jf F is an odd, N~'-convex-valued, subadditive (left or right- 
quasisubadditive) relation on a group X to a vector space Y over K, then F is 
Zo-subhomogeneous ( Zo-semi-subhomogeneous). 
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Moreover, as an immediate consequence of Theorems 15 and 18 and Corollary 
3, we can also state 


Theorem 23 [/f f is a subadditive (left or right-quasisubadditive) function on one 
group X to another Y such that 0 € Dy, then f is Zo-subhomogeneous ( Z-semi- 
subhomogeneous). 


Remark 30 From our former results on additive and homogeneous relations on one 
groupoid X to another Y, one can easily derive some results on a subset U of X by 
using the relation F = U*UG, with G =, G = Aye, G = (U')*, G= Ux U, 
or G=U*°x X, for instance. 

In the theory of generalized uniform spaces, it is quite usual to associate the 
Davis—Pervin relation Fy = U* UU% x X with the set U C X, and more generally 
the Csdsz4r—Hunsaker—Lindgren relation Fyy,y) = Ux V UU* x Y with the sets 
UcXandV C Y. (See [52, 58].) 

The latter relations seem to be the most natural totalizations of the box relations 
T(u,v) = U x V studied by the second author in [65-67]. In a later paper [69], the 
same natural totalization has also been applied to a particular subadditive relation of 
Zs. Pales published first in Gajda and Ger [17]. 


6 The Importance of Quasi-odd Relations and Odd-like 
Selections 


Definition 8 A relation F ona group X toa groupoid Y with zero is called quasi-odd 
if0 € F(x) + F(—x) forall x € Dr 


Remark 31 Thus, an odd relation is, in particular, quasi-odd. Moreover, each 
semireflexive relation on X, with a symmetric domain, is quasi-odd. 
Furthermore, we can also note that if 0 € F(O) and F is inversion-semi- 
subadditive, then F is quasi-odd. Thus, quasi-oddness a rather weak property. 
Now, analogously to Theorem 20, we can also easily prove the following 


Theorem 24 /f F is a nonvoid, quasi-odd, superadditive relation on a group X to 
a monoid Y, then Dr is a subgroup of X, 0 € F(0), and F is quasiadditive and 
N-superhomogeneous. 

Moreover, as some useful reformulations of a particular case of Definition 8, we 
can also easily establish the following theorem which can again be more briefly 
formulated by using the notations of [70], or rather [68]. 


Theorem 25 A relation F on one group X to another Y, then the following 
assertions are equivalent: 


(1) F is quasi-odd, 


(2) —F(x)N F(—x) #96 forall x € Dr, 
(3) F(x)N (—F(—x)) #@ forall x € Dr. 
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Definition 9 A partial selection relation ® of arelation F on one group X to another 
Y is called odd-like if —®(x) C F(— x) forall x € X. 


Remark 32 Note that if ® is an odd partial selection relation of F’, then —®(x) = 
@(—x) C F(—x) forall x € X. Therefore, ® is odd-like. 

Moreover, if ® is a partial selection relation of F and F is odd, then —®(x) C 
—F(x) = F(—-x) forall x € X. Therefore, ® is again odd-like. Now, by using 
Theorem 25 and the axiom of choice, we can also easily establish 


Theorem 26 [f F is a relation on one group X to another Y, then the following 
assertions are equivalent: 

(1) F is quasi-odd; 

(2) F has an odd-like selection function. 


Remark 33 In[19], by using Zorn’s lemma, we have proved that a relation F on one 
group X to another Y has an odd selection function ¢ if and only if F is quasi-odd 
and for any x € Dr, with 2x = 0, there exists a y € F(x) such that 2y = 0. 


Definition 10 A relation @ on a groupoid X with zero to an arbitrary groupoid Y 
is called a left representing for a relation F on X to Y if F(x) = ®(x)+ F (0) for all 
xeXx. 


Remark 34 Note that if in particular F(0) is a normal subset of Y, then we also 
have F(x) = F(O) + ®(x) for all x € X. Therefore, @ is also a right representing, 
and thus a representing relation for F’. 

The importance of odd-like selections is also quite obvious from the following 


Theorem 27 [/f F is a right-zero-superadditive, inversion-superadditive relation 
on one group X to another Y and ® is an odd-like selection relation of F, then ® is 
a left-representing selection relation of F. 


Proof For any x € X, we have ®(x)+ F(O) C F(x) + F(O) C F(x) and 
F(x) = {0O}+- F(x) C O(x)—@(x)+ F(X) C @O(4)4+ F(—x)+ F(x) C @(4)+ F(0). 


Therefore, F(x) = ®(x) + F(O), and thus the required assertion is also true. 


Remark 35 If is a selection function of a left-zero-superadditive relation F on 
a groupoid X to a group Y such that F(x) C g(x) + F(O) for all x € Dp and 
—g[Dr] C ¢[Dr], then it can be shown that ¢ is already a representing selection 
function of F. 

However, it is now more important to note that, as an immediate consequence of 
Theorems 26 and 27, we can also state 


Corollary 4 [f F is a quasi-odd, inversion-superadditive relation on one group X 
to another Y such that F(O) C {0}, then F is already a function. 


Remark 36 Some deeper sufficient conditions, in order that a relation should be a 
function, have been given by Nikodem and Popa [37]. 
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Remark 37 Because of Corollary 2 and Theorem 27, it seems an important problem 
to find an additive selection function f of a superadditive relation F. 

However, the set-valued generalizations of the classical Hyers—Ulam and Hahn-— 
Banach theorems, mentioned in the Introduction, revealed that the same problem is 
even more important for subadditive relations. 

Actually, they have shown that one has to find some sufficient conditions in order 
that an additive partial selection function ¢ of a certain subadditive relation F could 
be extended to an additive total selection function f of F. 


7 Direct Sum Decompositions of Groupoids 


Definition 11 If U, V, and W are subsets of a groupoid X such that for every 
x € W there exists a unique pair (u,,v,) € U x V such that x = u, + v,, then we 
say that W is the direct sum of U and V, and we write W =U ®@ V. 


Remark 38 Thus, in particular we have W = U + V. Hence, if in addition X has a 
zero such that 0 € V, we can infer that U C W. 

Moreover, in this particular case for any x € U we have x = x + 0. Hence, by 
using the unicity of u, and v,, we can infer that u, = x and v, = 0. 


Remark 39 Therefore, if W = U @ V, and in particular X has a zero such that 
0 € UNV, then in addition to W = U + V, we can also state that U UV C W and 
UNV = {0}. 

Namely, by Remark 38 and its dual, we have U C W and V C W, and thus 
UUVC W. Moreover, if x € UN V,1.e.,x € U and x € V, then we have v, = 0 
and u, = 0, and thus x = u,+ v, = 0. 

In this respect, we can also easily prove the following 


Theorem 28 /f U and V are subgroups ofamonoid X, then the following assertions 
are equivalent: 


(1) X=U®V, 
(2) X =U+V and UNV = {0}. 


Hint If x € X suchthat x =u, + Vv, andx =u.+ V2 for some u,,u2 € U and 
Vj,¥2 € V, then uy + vy = uo + v2, and thus —u2 + uy = v2 — vj. Moreover, we 
also have —u2 + u, € U and v2 — y, € V. Hence, if the second part of (2) holds, 
we can infer that —u2 + uj = 0 and v2 — v; = O. Therefore, uy = u2, and vy = v2 
also hold. 


Remark 40 Note thatif U and V are subgroups of a monoid X such that X = U+V, 
then for any x € X there exist u € U and v € V such that x = u + v. Hence, by 
taking y = —v — u, we can see that x + y = 0 and y+ x = 0. Therefore, —x = y, 
and thus X is also a group. 

Now, as a useful consequence of Theorem 28, we can also state 
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Corollary 5 [f V is an N-divisible subgroup of an N-cancellable group X and 
a € X \ V such that, under the notation U = Za = {ka :_ k € Z}, we have 
X =U +YV, then we actually have X =U @ V. 


Proof To show that UNV C {0}, note that if x € U, then there exists k € Z such 
that x = ka. Moreover, if x 4 0, then k # 0. Therefore, if x € V also holds, then 
by Theorem 8 there exists v € V such that x = kv. Thus, we have ka = kv. Hence, 
by Theorem 7, it follows that a = v, and thus a € V, which is a contradiction. 
Moreover, to clarify the origin of the notion of direct sums, we can also state 


Example 1 If G is a group, then the Descartes product X = G? = GxG, with 
the coordinatewise addition, is also a group. Moreover, U = {(x,0): x € G} and 
V = {(0, y): y € G} aresubgroups of X such that X = U+-V andUNV = {(0,0)}. 
Therefore, by Theorem 28, we have X =U @V. 

Moreover, it is also worth noticing that U and V are now elementwise commuting 
in the sense thatu-+v=v-+uforallue U andve V. 

The importance of elementwise commuting sets is already apparent from the 
following two theorems. 


Theorem 29 /fU and V are elementwise commuting subgroupoids of a semigroup 
X such that X = U @ V, then the mappings x +> uy and x +> vx, where x € X, 
are additive. Thus, in particular, they are N-homogeneous. 


Remark 41 Note that if in particular X has a zero such that 0 € V, then by Remark 
38 the mapping x +> u,, where x € X, is idempotent. Moreover, if 0 € U also 
holds, then up = 0. Thus, the above mapping is also zero-homogeneous. 


Remark 42 While, if in particular X, U, and V are groups, then the mappings 
considered in Theorem 29 are odd. Therefore, by Theorem 29 and Corollary 3 and 
Remark 41, they are Z-homogeneous. 


Theorem 30 /[fU and V are subsets of a semigroup X such that X = U + V, then 
the following assertions are equivalent: 


(1) X is commutative; 
(2) U and V are commutative and elementwise commuting. 


Concerning elementwise commuting sets, we can also easily prove the following 


Theorem 31 /fU and V are subsets of a groupoid X such that X = U @ V, then 
the following assertions are equivalent: 


(1) U and V are elementwise commuting, 
(2) u+V=V+u and v+U=U-+4-v forall ue U andve V, 
(3) u+V CV+u and v+U CU4-v forall ue U andve V. 


Remark 43 Note that if U is a subgroup of a monoid X, then for any V C X, the 
following assertions are also equivalent: 


) u+V=V+4u forall weU, 
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Remark 44 It is well known that if U is a subspace of a vector space X, then there 
exists a subspace V of X such that X = U @ V. (This, in contrast to [74, p. 43], can 
be proved more easily by using Zorn’s lemma, than Hamel bases.) 

From this decomposition theorem, by using Remark 8, we can immediately infer 
that if U is an N-divisible subgroup of a uniquely N-divisible, commutative group 
X, then there exists an N-divisible subgroup V of X such thatX =U @V. 

To see the necessity of the N-divisibility of the subgroup U in the above statement, 
note, for instance, that Z is a subgroup of the vector space Q such that for any 
N-superhomogeneous subset V of Q with ZN V = {0}, we have V = {0}. 


Remark 45 Much more generally, Baer [5] proved that if U is an N-divisible sub- 
group of a commutative group X, then there exists a subgroup V of X such that 
X=U®V. 

Moreover, Kertész [30] proved that if X is a commutative group such that the 
order of each element of X is a square-free number, then for every subgroup U of 
X, there exists a subgroup V of X such thatK =U @ V. 

Surprisingly, the above two results were already considered to be well known by 
R. Baer in 1936 and 1946, respectively. Moreover, it is also worth mentioning that 
Hall [23], analogously to A. Kertész, also proved an “if and only if result.” 


8 Constructions of Additive Relations on Cyclic Sets 


Theorem 32 Let X andY be monoids. Suppose thata € Xo, b€ YandBAC CY 
such that 


(1) C=C+C and b+C=C+b, 
(2) na=ma implies nh+C=mb+C forall n,m € No. 


Then, there exists a unique additive relation F of the monoid U = Noa to Y such 
that F(O) = C and F(a) = b+ C. Moreover, we have F(na) = nb+ C for all 
ne No. 


Proof To prove the existence of F’, note that by (2), we may unambiguously define 
arelation F of U to Y such that F(na) = nb+C for alln € No. Thus, we evidently 
have F(0) = C and F(a) =b+C. 

Moreover, from (1) by induction, we can see thatnb+C = C+nb foralln € No. 
Hence, by Theorem 5, it is clear that 


F(na+ma)= F(n+m)a) =(n+m)b+C 
=nb+mb+C+C=nb+C+mb+C = F(na)+ F(ma) 


for all n,m € No. Therefore, F is additive. 
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Remark 46 If in particular C is n-divisible for some n € N, then in addition to 
nC C C, we also have C C nC, and thus C = nC. 

Moreover, if in particular b commutes with the elements of C, then by using 
Theorem 5, we can see that n(mb) + nC = n(mb + C) for all m € No. 

Therefore, if the above assumptions also hold, then we have F(n(ma)) = 
F((am)a) = (nm)b + C = n(mb) + nC = n(mb + C) = nF(ma) for all m € No. 
Thus, F is also n-homogeneous. 

Analogously to the above theorem, we can also prove the following 


Theorem 33 Let X and Y be groups. Suppose thata € Xo, b € Y, andC isa 
subgroup of Y such that 


(1) b+C=C+8, 
(2) na =0 implies nbéC forall néeN. 


Then, there exists a unique odd, additive relation F of the group U = Za to Y such 
that F(O) = C and F(a) = b+ C. Moreover, we have F(ka) = kb + C for all 
keZ. 


Proof If F is as above, then by the proof of Theorem 32, we have F(na) = nb+C 
for all n € No. Moreover, we can also note that 


F((—n)a) = F(—na) = —F(na) 
= —(nb+ C) = —(C +nb) = —nb-—C=(-n)b+C 


for all n € N. Therefore, the unicity of F is true. 

Quite similarly, we can also note that ifn ¢ N such that (— n)a = 0, then we 
also have —na = 0, and thus na = 0. Hence, by (2), it follows that nb € C. Thus, 
(— n)b = —nb C = C also holds. Moreover, we can note that Ob = 0 € C is 
also true. Therefore, ka = 0 implies kb € C for all k € Z. 

Now, to prove the existence of F’, we can note that if k,/ € Z such that ka = la, 
then 


(-l+ka=(—Da+ka=-—-la+ka=0. 
Hence, by the above mentioned extension of (2), we can infer that 
—lb+kb=(-)Db+kb=(-I14+kKbeEC. 
Now, since C is a group, we can also easily see that 
-lb+kb+C=C, and thus kb+C=I1b4+C. 


Therefore, we may unambiguously define a relation F of U to Y such that F(ka) = 
kb +C for all k € Z. Thus, we evidently have F(0) = C and F(a) = b+C. 

Moreover, in addition to our observation on b and C in the proof of Theorem 32, 
we can see that 


(-—n)b+C = —-—nb-—C=-—-(C+nb)= -—(nb+ C)=—-C -—nb=C+(—n)yb 
for alln € N. Therefore, kb + C = C+kb holds for all k € Z. Hence, it is clear that 
F(— ka) = F(—k)a) =(—kK)b+C 
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=C+(—bb =—C — kb = —(kb + C) = —F (ka) 


for all k € Z. Therefore, F is odd. Moreover, quite similarly as in the proof of 
Theorem 32, we can see that F(ka+la) = F(ka)+ F (la) for allk,/ € Z. Therefore, 
F is also additive. 


Remark 47 If in particular C is n-divisible, for some n € N, and b commutes 
with the elements of C, then analogously to Remark 46 we can see that F is n- 
homogeneous. Hence, by Theorem 19, we can also state that F is —n-homogeneous. 


9 Constructions of Additive Relations on Sum Sets 


Definition 12 Two relations F and G of some subsets U and V of a set X toa 
groupoid Y, respectively, are called pointwise commuting (pointwise—elementwise 
commuting) if the sets F(u) and G(v) are commuting (elementwise-commuting) for 
all ue U andve V. 


Remark 48 Note that, in contrast to the above definition, two relations F and G are 
usually called commuting if Fo G=GoF. 
Now, in addition to Theorems 32, we can also prove the following 


Theorem 34 Suppose that U and V are elementwise commuting submonoids of a 
monoid of X such thatX =U ® V. 

Moreover, assume that F and G are pointwise commuting, additive relations of 
U and V to a semigroup Y, respectively, such that F(O) = G(0). 

Then, there exists a unique additive relation H of X to Y that extends both F and 
G. Moreover, we have H(u+ v) = F(u) + G(v) for allu € U andveé V. 


Proof To prove the existence of H, define a relation H of X to Y such that H(x) = 
F (ux) + G(v,) for all x € X. Then, by Theorem 29 and Remark 38 and its dual, for 
any s € U andt € V we have 


HA(s +t) = F(s41) + GVs41) 
= Flus + ur) + G(s + vr) = Fs +0) + FO +t) = Fs) + GO). 


Hence, it is clear that H(s) = H(s +0) = F(s)+ G(O) = F(s) + F(O) = F(s) and 
A(t) = HO+t) = F(O)+ G(t) = GO) + Git) = Git). Therefore, H extends 
both F and G. 

Moreover, by taking w € U and w € V, we can also easily see that 


A((s+t)+(@+w)) = H((s+o@)+(t+w)) 
= F(s+@)4+ Git +w) = (F(s) + F(o)) + (Gt) + GWw)) 
= (, F(s) + G(t)) + (F(o) + GW)) 
= H(s+t)+ H(w+w). 
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Therefore, H is also additive. 


Remark 49 If in particular F and G are n-subhomogeneous for some n € N, then 
by Theorem 12 they are actually n-homogeneous. 

Therefore, if in addition F and G are pointwise—elementwise commuting, then 
we have H(n(s + t)) = AH(ns + nt) = F(ns) + G(nt) = nF(s)+ nG(t) = 
n(F(s) + G(t)) = nH(s + ft) for all s € U andt e€ V. Therefore, H is also 
n-homogeneous. 

However, it is now more interesting that in addition to Theorem 33, we can also 
easily prove the following 


Theorem 35 Suppose that U and V are elementwise commuting subgroups of a 
group X such thatX =U+V. 
Moreover, assume that F and G are pointwise commuting, additive relations of 
U and V toa semigroup Y, respectively, such that F(x) = G(x) forallx eUNV. 
Then, there exists a unique additive relation H of X to Y that extends both F and 
G. Moreover, we have H(u+ v) = F(u)+ G(v) for allu € U andve V. 


Proof To prove the existence of H, note that if u;,u2 € U and vj, v2 € V such that 
uy + Vy = u2+ V2, 


then —u + u; = v2 — vy. Hence, it is clear that, in addition to —u2 + u, € U and 
v2 — vy € V, we also have —u2 + u; € V and vz — vy; € U. Thus, in particular by 
the hypothesis F(v2 — vj) = G(— uz + u;) also holds. Now, by observing that 


F(u) = Fu. + v2 — v1) = F(z) + FQv2 — v1) = F(u2) + GC — v2 + 4), 


Gy) = G(— uy +2 +2) = G(—(— un +) + V2) = G(—(— un + Uy )) + G02), 


we can already see that 


F(u;) + GQ) 
= F(u2)+ GC — uw +1) + G(-(— u2 + 1)) + G02) = F(u2) + GO) + G02) 
= F(u) + G(v9). 


Therefore, we may unambiguously define a relation H of X = U+ V to Y such that 
Htu+v) = F(u) + G(v) for all u € U and v € V. Now, quite similarly as in the 
proof of Theorem 34, we can see that H extends both F and G. Moreover, H is also 
additive. 


Remark 50 If in particular Y is also a group, and F and G are odd, then we have 
A(-u+v)) = A(-v+u)) = A(-u+(-yv)) = F(-u+G(-vy = 
G(—v)+ F(-—u) = —GQv) 4+ (—F(v)) = —(F() + G0) = —A(tu + v) for all 
uéU andveé V. Therefore, H is also odd. 

While, if in particular F and G are n-subhomogeneous, for some n € N, and F 
and G are pointwise—elementwise commuting, then analogously to Remark 49, we 
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can see that H is n-homogeneous. Hence, if in addition, Y is also a group, and F 
and G are odd, then by Theorem 19 we can also state that H is —n-homogeneous. 
From Theorem 35, by taking F = U x G(0), we can immediately derive 


Corollary 6 Suppose that U and V are elementwise commuting subgroups of a 
group X such that X = U + V. Moreover, assume that G is an additive relation of 
V toa semigroup Y such that G(x) = G(O) forallx eUNV. 

Then, G can be uniquely extended to an additive relation H of X to Y such that 
A (u) = G(0) for all u € U. Moreover, we have H(u+ v) = G(v) for all u € U and 
Ve. 


Remark 51 If in particular G is odd, then we can easily see that F = U x G(0) is 
also odd. Thus, by Remark 50, H is also odd. 

While, if in particular G is n-subhomogeneous, for some n € N, then we can 
easily see that H is also n-homogeneous. Hence, if in particular G is odd, then by 
Theorem 19 we can see that H is also —n-homogeneous. 


10 One-step Extensions of Additive Relations 


Now, by using Theorems 32 and 34, we can easily prove the following 


Theorem 36 Let X and Y be monoids. Suppose that G is an additive relation of a 
submonoid V of X to Y. Moreover, assume that a € X \ V andb € Y such that 


(1) X=U®V holds with U =Noa, 
(2) a+v=v+a and b+G(v) =G(v)+5) forallve V, 
(3) na =ma implies nb+ GO) =mb+ G(0) forall n,m € No. 


Then, there exists a unique additive relation H of X to Y extending G such that 
H(a) = b+ G(0). Moreover, we have H(na + v) = nb + G(v) for alln € No and 
veV. 


Proof To prove the existence of H, note that in particular, we havea 4 0, G(0) 4 UJ, 
G(0O) = G(0) + G(O), and b + G(O) = G(O) + b. Thus, by Theorem 32, there exists 
an additive relation F of U to Y such that F(O) = G(O) and F(a) = b+ G(0). 
Moreover, we have F (na) = nb + G(0) for alln € No. 

On the other hand, from (2) by induction, we can see that na + v = v+ na and 
nb + G(v) = G(v) + nb also hold for all n € No and v € V. Therefore, U and V are 
elementwise commuting. Moreover, we can see that 


F(na) + G(v) = nb + G(O) + Gv) = nb + G(v) 
= nb+ G(v) + G(O) = G(v) + nb + G(O) = G(v) + F(na) 


for alln € No and v € V. Therefore, F and G are pointwise commuting. 
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Now, by Theorem 34, we can state that there exists an additive relation H of 
X to Y that extends both F and G. Moreover, since a € U, we can also note 
H(a) = F(a) =b+G(0). 


Remark 52 If in particular G is n-subhomogeneous for some n € N, then by 
Theorem 12 we can state that G is actually n-homogeneous. 

Moreover, if in addition, b commutes with the elements of G(v) for all v € V, 
then by using Theorem 5, we can see that that H(n(ma + v)) = H(nma + nv) = 
nmb + G(nv) = nmb + nG(v) = n(mb + G(v))= nH(ma + v) for all m € No. 
Therefore, H is also n-homogeneous. 

Now, by using Theorems 33 and 34, we can also easily prove the following 


Theorem 37 Let X and Y be groups. Suppose that G is an odd, superadditive 
relation of a subgroup V of X to Y. Moreover, assume thata € X \ V andb € Y 
such that 


(1) X =U®V holds with U = Za, 
(2) na =O implies nb € G(O) forall n EN, 
(3) at+v=v+a and b+G(v)=G(Q)+5) forall ve V. 


Then, there exists a unique odd, additive relation H of X to Y extending G such that 
H(a) = b+ G(0). Moreover, we have H(ka + v) = kb + G(v) for all k € Z and 
veV. 


Proof To prove the existence of H, note that we now have a 4 0, G(O) 4 GJ, and 
G(0) — G(O) = G(O) + G(O) Cc G(O). Thus, G(0) is a subgroup of Y. Moreover, 
by (3), we have b + G(O) = G(0) + b. Therefore, by Theorem 33, there exists an 
odd, additive relation F of U to Y such that F(O) = G(O) and F(a) = b+ G(0). 
Moreover, we have F (ka) = kb + G(0) for all k € Z. 

On the other hand, from Theorem 20, we can see that G is now actually additive. 
Moreover, in addition to our observations on a and v and b and G(v) made in the 
proof of Theorem 36, we can now see that 


(—nja+v=-na+v=-—(—v+na)=—(na—-v)=v—na=v+(—n)a 
and 


(—n)b + G(v) = —nb + GQ”) = —(—G(v) + nb) 
= —(G(—v)+nb) = —(nb+ G(— v)) = —G(-—v)-—nb = G(v) + (— n)b 


also hold for all n € N. Therefore, we now have ka + v = v+ka and kb + 
G(v) = G(v) + kb for all k € Z and v e€ V. Thus, U and V are elementwise 
commuting. Moreover, quite similarly to the proof of Theorem 36, we can see that 
F (ka) + G(v) = G(v) + F(ka) for all k € Z and v € V. Therefore, F and G are 
pointwise commuting. 

Now, by Theorem 34, we can state that there exists an additive relation H of X 
to Y that extends both F and G. Moreover, from Remark 50, we can see that H is 
also odd. 
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Remark 53 If in particular X is N-cancellable, then by Remark 7, we have na 4 0 
for all n € N. Therefore, (2) automatically holds. 

Moreover, if in addition V is N-divisible, then by Corollary 5, the equality X = 
U + V already implies that X = U @ V. Therefore, instead of (1) it is enough to 
assume only that X¥ =U+V. 


Remark 54 While, if in particular G is n-subhomogeneous, for some n € N, and b 
commutes with the elements of G(v) for all v € V, then analogously to Remark 52, 
we can see that H is n-homogeneous. Hence, by Theorem 19, we can also state that 
H is —n-homogeneous. 

However, it is now more interesting that, by using Theorems 33 and 35, we can 
also prove the following 


Theorem 38 Let X and Y be groups. Suppose that G is an odd, N-sub- 
homogeneous, superadditive relation of a subgroup V of X to Y. Moreover, assume 
that ae X\ V andb €Y such that 


(1) X =U+4+V holds with U = Za, 
(2) a+v=v+a and b+G(v) =G()+5 forall ve V, 
(3) nb € G(na) and Y is n-cancellable for some n €N. 


Then, there exists a unique odd, additive relation H of X to Y extending G such that 
H(a) = b+ G(O). Moreover, we have H(ka + v) = kb + G(v) for all k € Z and 
veV. 


Proof To prove the existence of H, define 
L={keZ: kaeV}. 


Then, by using Theorem 6, it can be easily seen that L is an ideal in Z. Moreover, if 
n is as in (3), then we can note that na € V, and thusn € L. 

On the other hand, from Theorem 20, we can see that G is now actually Zo- 
homogeneous. Thus, we have 


n(kb) = k(nb) € kG(na) = G(k(na)) = G(n(ka)) = nG(ka) 


for allk € Lo. Hence, by using the n-cancellabilty of Y, we can infer that kb € G(ka) 
for all k € Lo. Moreover, from Theorem 20, we can see that 0 € G(O), and thus 
0b = 0 € G(O) = G(Oa) also holds. Therefore, we actually have kb € G(ka) for all 
k € L. Hence, by Remark 32 and Theorem 27, it is clear that G(ka) = kb + G(O) 
for allk € L. 

Moreover, we can note that if m € Z such that ma = 0, then m € L. Therefore, 
mb € G(ma) = G(0). Now, by using Theorem 33, and the corresponding properties 
of G(O), we can see that there exists an odd, additive relation F of U to Y such that 
F(0) = G(O) and F(a) = b+ G(O). Moreover, we have F (ka) = kb + G(0O) for all 
keZ. 

Thus, in particular F(ka) = kb + G(O) = G(ka) for all k € L. Hence, by the 
definition of L, we can infer that F(x) = G(x) for all x € UNM V. Moreover, from 
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Theorem 20, we know that G is also additive. And, from the proofs of Theorems 
36 and 37, we can see that U and V are elementwise commuting, and F and G are 
pointwise commuting. 

Thus, by Theorem 35 and Remark 50, there exists an odd additive relation H of 
X to Y that extends both F and G. 


Remark 55 If in particular b commutes with the elements of G(v) for all v € V, 
then analogously to Remark 52, we can see that H is also Zop-homogeneous. 


11 The Intersection Convolution of Relations 


Definition 13 If X is a groupoid, then we define a relation I on X to X? such that 


T(x) = {(u,v) € X27: x=ut+v} forall xe X. 


Remark 56 ‘Thus, it can be easily seen that I" is just the inverse relation of the 
operation + in X. Therefore, several properties of T can be immediately derived 
from those of + by some inversion—invariance theorems. 


Definition 14 If X is a groupoid, then for any x € X and U,V C X, we define 


Ta, U, V) = T(x) a) Tu,v), where Tw,v) =Ux’V. 


Remark 57 Thus, the properties of the relation (x, U, V) can be easily derived 
from those of I and Tv,v). 

However, in the sequel, we shall rather use that, for any u,v € X, we have 
(uyv) € T(x,U,V) = ueU, veV, x=u4+v. 


Definition 15 If F and G are relations on one groupoid X to another Y, then we 
define a relation F * G on X to Y such that 


(F x G)(x) = () {F(u)+ Giv): (u,v) € T(x, Dr, Dg)} 


forall x € X.Therelation Ff * G is called the intersection convolution of the relations 
F andG. 


Remark 58 This definition has been introduced in [63] to extend the results of [53]. 
For some closely related notions, see also the infimal convolutions of [34, 51, 62, 
64]. 

The intersection convolution of relations is closely related not only to the infimal 
convolution of functions [11], but also to the global sum, and the composition and 
box products of relations [60]. 

The treatment of [53] has also been closely followed and substantially genera- 
lized by Beg [6]. He did not refer to [53], but in a letter he informed the second 
author that this was not intentional. 
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In particular, in [63], the second author has proved the following 
Theorem 39 /f F and G are relations ona group X to a groupoid Y, then for any 
x € X we have 
(F * G)(x) = ( ){F@ -v)+ G0): veée(—Dr+x)N Doc} = 
= () {F@)+ G(—utx): ue Dr N(x — De)}. 


Hence, by using that —X + x = X and x — X = X, we can immediately derive 


Corollary 7 If F and G are relations on a group X to a groupoid Y, then for any 
x € X we have 

(1) (F x G)(x) = Wetts (F(x — v)+ G(v)) whenever F is total, 

(2) (F * G)(x) = Juco, (FW) + GC— u+ x)) whenever G is total. 


Remark 59 The multiplicative form of the Dg = X particular case of (1) closely 
resembles to the definition of the ordinary convolution of integrable functions. 

By using the corresponding definitions, we can also easily prove the following 
two theorems. 


Theorem 40 [f F and G are pointwise commuting relations on one groupoid X to 
another Y such that their domains Dr and Dg are elementwise commuting, then 
FxeG=GxF. 


Remark 60 To prove the above theorem, one can also note that '(x,V,U) = 
I'(x,U,V)~! for all x € X and elementwise commuting subsets U and V of X. 


Theorem 41 /f F and G are odd relations on one group X to another Y, then for 
any x € X we have 
(F * G)(— x) = —(G * F)(x). 


Proof If x € X and(v,u) € (x, De, Dr), then v € Dg and u € Dr such that 
x = v-+u. Hence, by using the symmetry of Dy and Dg, we can infer that —v € Dg 
and —u € Dr. Moreover, we can also note that —x = —u + (-— v). Therefore, 
(—u,—v) € ['(—x, Dr, Dg). Hence, by using the oddness of F and G, we can 
infer that 


(F *G)(-—x)=( ){F()+ Gn): (8,1) € P(-x, Dr, Da)} 
Cc F(-—u)+ G(-—v) = —FW) + (—GQ)) = —(G() + Fl). 
Hence, since the mapping y +> —y, where y € Y, is injective, we can also see that 
(F *G)(—x) C{ ){-(G0) + FW): (,u) € PQ, De, Dp)} 


=— () {Giv)+ Flu): (,u)€ I(x, De, Dr)} = —(G * F)(x). 
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Now, by using writing G in place of F, F in place of G, and —x in place of x, we 
can see that the converse inclusion is also true. 


Remark 61 Toprove the above theorem, one can also note that '(—x, -U,-—V) = 
—I'(x,V,U)! for all x € X and U,V Cc X. Thus, in particular 7(— x,U,V) = 
—I°(x,V,U)~! whenever U and V are symmetric. 

Now, as an immediate consequence of Theorems 40 and 41, we can also state the 
following generalization of [53, Theorem 4.3]. 


Corollary 8 [f F and G are odd, pointwise commuting relations on one group X 
to another Y such that Dr and Dg are elementwise commuting, then F x G is also 


odd. 


12 Additivity and Homogeneity Properties 
of the Intersection Convolution 


Now, as an extension of [53, Theorem 4.1], we can also prove the following 


Theorem 42 [f F is an arbitrary and G is a superadditive relation on a monoid X 
to a semigroup Y such that Dg is a subgroup of X, then for any x,y € X we have 


(F x G)\(x)+ GQ) C (F * G)(x4+ y). 


Proof If (u,v) € (x+y, Dr, Dg), thenu € Dr andy € Dg suchthatx+y = u+yv. 
Hence, if in particular G(y) 4 G, i.e., y € Dg, we can infer that x = u+ v— y and 
v—y € Dg. Therefore, (u,v — y) € I(x, Dr, Dg). Hence, it is clear that 


(F * G)(x) = () {F(s) + Gi): (s,t)€ (x, Dr, Dg)} C Fu)+ GW — y). 


Therefore, (F * G)(x)+ G(y) C F(u) + Gv — y) + G(Qy) C F(u) + Gv). Hence, 
it is clear that 


(F * G)(x) + Gy) 
C(}{FW+G0O): wv) el + y, Dr, De)} = (F * G(x + y).- 
Simple applications of the above theorem give the following 


Corollary 9 If F is an arbitrary and G is a superadditive relation on one monoid 
X to another Y such that Dg is a subgroup of X and G is quasi-odd, then for any 
x € X and y € Dg we have 


(F * G)(x + y) = (F * G)x)+ GQ). 


Proof Now, because of 0 € G(— y) + G(y) and Theorem 42, we also have 


(F x G)\(x+y) C (F * G)x + y)+ G(- y)+ Gy) C (F * G)(x) + G(y). 
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Remark 62 Note that if F and G are as above, then in particular we have 
(F * G)(x) = (F * G)(x)+ G(O) for all x € X, and (F * G)(y) = (F * G)(0)+ G(y) 
and (F * G)(0) = (F * G)( — y) + G(y) for all y € Dg. 

Moreover, if in particular 0 € (F * G)(0), then from the second equality, we can 
infer that G C F « G. However, in general, F * G need not be an extension of G. 
Namely, because of the third equality, we usually have (F « G)(O) € {0}. 


Remark 63 The above theorem and its corollary show that, analogously to continuity 
properties of pairs of relations studied in [71], additivity and homogeneity properties 
of pairs of relations should have also been investigated in Sects. 4—6. 

Analogously to [53, Theorem 4.4], we can also easily prove the following two 
theorems. 


Theorem 43 /f F and G are n-superhomogeneous relations on an n-cancellable 
semigroup X to an arbitrary semigroup Y, for some n € N, such that 


(1) F and G are pointwise-elementwise commuting, 
(2) Dr and Dg are n-divisible and elementwise commuting, then F * G is also 
n-superhomogeneous. 


Theorem 44 /f F and G are n-semi-subhomogeneous relations on an arbitrary 
semigroup X to ann-cancellable semigroup Y, for some n € N, such that 


(1) F and G are pointwise—-elementwise commuting, 
(2) Dr and Dg are n-superhomogeneous and elementwise commuting, then F *« G 
is n-subhomogeneous. 


Proof If x € X and (u,v) € I(x, Dr, Dg), then u € Dr and v € Dg such 
that x = u+v. Hence, by using (2) and Theorem 5, we can infer that nu € Dr, 
nv € Dg, andnx = nu + nv. Therefore, (nu,nv) € (nx, Dr, Dg). Now, by using 
the n-semi-subhomogeneity of F and G, and condition (1) and Theorem 5, we can 
see that 


(F x G)(nx) = () {F(w)+ G(w): (@,w) € (nx, Dr, De)} 
C F(nu) + G(nv) C nF(w) + nG(v) = n(F(u) + GO). 
Hence, we can already infer that 
(F x G)(nx) C (| (n(F@) + GQ): Wv) € P(x, Dr, De)} 
=n ){F@+G): Wyv) € P(x, Dp, Dg)} = nF * G(x). 


Namely, by the n-cancellability of Y, the mapping y +> ny, where y € Y, is injective. 
Now, as an immediate consequence of Theorems 43 and 44, we can state 
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Corollary 10 If F and G are _ pointwise-elementwise commuting, n- 
semihomogeneous relations on one n-cancellable semigroup X to another Y, for 
somen €N, such that Dr and Dg are n-divisible and elementwise commuting, then 
F * G is n-homogeneous. 

Moreover, from Theorems 43 and 44 by using Corollary 8 and Theorem 19, we 
can also immediately get the following two theorems. 


Theorem 45 /f F and G are odd, N-superhomogeneous relations on an N- 
cancellable group X to an arbitrary group Y such that 

(1) F and G are pointwise-elementwise commuting, 

(2) Dp and Dg are N-divisible and elementwise commuting, 


then F * G is Zo-superhomogeneous. 


Theorem 46 If F and G are odd, N-semi-subhomogeneous relations on an 
arbitrary group X to an N-cancellable group Y such that 


(1) F and G are pointwise—-elementwise commuting, 
(2) Dr and Dg are N-superhomogeneous and elementwise commuting, 


then F * G is Zo-subhomogeneous. 
Hence, it is clear that in particular we also have 


Corollary 11 Jf F and G are pointwise—elementwise commuting, odd N- 
semihomogeneous relations on one N-cancellable group X to another Y such that Dr 
and Dg are N-divisible and elementwise commuting, then F « G is Zo-homogeneous. 


Remark 64 To guarantee the 0-superhomogeneity of F * G, note by Theorem 39 
we have 0 € (F « G)(0) if and only if 0 € F(x) + G(— x) for all x € Dr N(— De). 
Thus, in particular the relation F is quasi-odd if and only if Dr is symmetric and 
0 € (F * F)(0). 


13 Selection and Inclusion Properties of the Intersection 
Convolution 


In the sequel, we shall also need some consequences of the corresponding results of 
[9]. A few direct proofs are included here for the reader’s convenience. 


Theorem 47 [/f F is a relation on a monoid X to a groupoid Y, and ©@ is a semi- 
subadditive partial selection relation of F such that D@ is a subgroup of X, then 
PCF. 


Proof If x € X andu € Dr andv € Dg such that x = u + v, then since v has 
an additive inverse —v in Dg, we also have u = x — v. Moreover, if in particular 
P(x) # U,ie., x € Dg, we can see that u € Dg. Hence, it is clear that 


@(x) = O(u+ v) C P(u) + P(v) C F(u) + GB). 
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Therefore, 


P(x) Cc () {F(u)+ H(v): (u,v) € P(x, Dr, Do)} = (F * &)(x). 


Remark 65 By [10, Example 6.1], a semiadditive partial selection relation ® of 
a relation F of one group X to another Y can only be, in general, extended to an 
additive, total selection relation of the relation F + &(0). 

Therefore, it is also necessary to prove the following 


Theorem 48 /f F is a relation on a groupoid X with zero to an arbitrary groupoid 
Y and ® is a right-zero-subadditive partial selection relation of F, then ® is also a 
partial selection relation of F + ®(0). 


Proof ®(x) Cc ®(x)+ &(C0) Cc F(x) + (0) = (F + &(0))(x) for all x € X. 
Now, by Theorem 11, we can also state 


Corollary 12 /f F is a relation on one groupoid X with zero to another Y and ® is 
a partial selection relation of F such that0 € ®(0), then @ is also a partial selection 
relation of F + ®(0). 

However, it is now more important to note that in addition to Theorem 47, we can 
also prove the following 


Theorem 49 /f F is a relation on a groupoid X with zero to a semigroup Y, and 
moreover ® is a left-zero-superadditive relation on X to Y and W isa Dr X Doe- 
subadditive partial selection relation of F + ®(O) such that Y(v) C ®(v) for all 
vé€ Do, thnY CF x*®@. 


Proof Ifx € X andu € Dr andv € Dg such that x = u++v, then by the hypotheses 


W(x) = Wut+yv) Cc Wu) + Y(v) 
C (F + &(0))u) + @(v) = Fw) + (0) + (0) C F(u)+ P00). 


Therefore, 
W(x) C () {F@u)+ @(v): (u,v) € (x, Dr, Do)} = (F * @)(x). 


From this theorem, we can immediately derive the following 


Corollary 13 /f F is atotal and @ is aleft-zero-superadditive relation on a groupoid 
X with zero to a semigroup Y such that ®(0) # GY and there exists an X x De- 
subadditive total selection relation VW of F + ®(O) such that Y(v) C ®(v) for all 
v € Dg, then F x @ is also a total relation on X to Y. 


Remark 66 This corollary gives an important necessary condition in order that a 
left-zero-additive partial selection relation @ of an arbitrary relation F of a groupoid 
X with zero to a semigroup Y could be extended to an X x Dg-subadditive total 
selection relation YW of F + &(0). 

In addition to Theorem 48, we can also prove the following 
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Theorem 50 /f F and G are relations on one groupoid X with zero to another Y, 
then 

) FC F+G(0) if 0 € G(O), 

(2) F+G(0) Cc F if F is right-zero-superadditive and G(O) C F(0). 


Proof If the conditions of (2) hold, then we have (F + G(O))(x) = F(x) + G(O) C 
F(x) + F(O) C F(x) for all x € X. Therefore, the conclusion of (2) also holds. 
Now, as an immediate consequence of this theorem, we can also state 


Corollary 14 [f F is a right-zero-superadditive and G is an arbitrary relation on 
one groupoid X with zero to another Y such that0O € G(O) C F(O), then F = 
F + G(0). 

Moreover, in addition to Theorem 47, we can also prove the following 


Theorem 51 /f F is a total and G is an arbitrary relation on a groupoid X with 
zero to an arbitrary groupoid Y such that G(O) 4 Y, then F * G C F + G(O). 


Proof \f x € X, then because of the assumptions Dr = X and 0 € Dg we have 
(x,0) € I(x, Dr, Dg). Therefore, 
(F x G)(x) = al {Flu)+ Gv): (u,v) € P(x, Dr, De)} 
C F(x) + GO) = (F + G(O))(). 


Now, combining Theorems 47 and 51, we can also state 


Corollary 15 [f F is a relation of a monoid X to a groupoid Y, and @ is a semi- 
subadditive partial selection relation of F such that Do is a subgroup of X, then 
@®CFxOCF+AH(0). 

Moreover, in addition to Theorem 51, we can also prove 


Theorem 52 /[f F is asuperadditive relation ona group X toa semigroup Y and ® is 
an inversion-semi-subadditive partial selection relation of F, then F+®(O) C Fx®@. 


Proof If x € X, then by Remark 18 we have 


(F + &(0))(x) = F(x) + G(0) 
C F(x) + ®(—v)+ ®(v) C F(x) + F(— v) + ®() C F(x — v) + ®(v) 


for all v € Dg. Therefore, by Theorem 39, we also have 
(F + &(0))(x) C () {F(x —v)+ ®(v): ve(—Dr+x)N Do} =(F *« ®)\(x). 


Now, as a consequence of Theorems 51 and 52, we can also state 


Corollary 16 /f F is a superadditive relation of a group X toa semigroup Y and ® 
is an inversion-semi-subadditive partial selection relation of F such that ®(O) 4 Y, 
then Fx ®@ = F + @®(0). 

Finally, we note that the following theorem is also true. 
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Theorem 53 /f F and G are relations on a groupoid X with zero to a semigroup 

Y, then 

(1) FxGCc(F+4+G(0))*G if G is left-zero-subadditive, 

(2) (F+ G(0))*G C FxG if Gis left-zero-superadditive and G(0) 4 9. 
Hence, it is clear that in particular we also have 


Corollary 17 [f F and G are relations on a groupoid X with zero to a semigroup 
Y such that G is left-zero-additive and G(O) # @, then F * G = (F + G(O)) * G. 


14 One-step Extensions of Additive Partial Selection Relations 


In this section, by using the intersection convolution, we shall prove some partial 
generalizations of Theorems 36-38. 


Theorem 54 Let F be a relation of one monoid X to another Y. Suppose that @ is 
an additive relation of a subgroup V of X to Y such that ® C F. Moreover, assume 
that ae X\ V andb €Y such that 


(1) X =U®V holds with U = Noa, 

(2) nb € (F * ®)(na) forall n —EN, 

(3) a+v=v+a and b+ ®(v) = @(v) + Bb forall ve V, 

(4) na =ma implies nb+ ®(0)=mb+ G(0) forall n,m € No. 


Then, there exists a unique additive selection relation YW of F + ®(0) extending ® 
such that Y(a) = b + ®(0). Moreover, we have W(na + v) = nb + @®(v) for all 
néNoandve V. 


Proof Now, by Theorem 36, there exists a unique additive relation W of X to Y 
extending ® such that W(a) = b+ ®(0). Moreover, we have W(na+v) = nb+ ®(v) 
for alln € No andve V. 

Thus, we need only to show that ¥ Cc F + &(0) also holds. For this, note that by 
(2) and Theorems 42 and 51, we have 


W(na+v)=nb+ ®(v) C (F « &)(na) + @(v) 
C(F x &)(nat+v) Cc (F + &(0))(na + v) 
for all € N and v € V. Moreover, by Theorems 47 and 51, we also have 
W(0a + v) = 0b + ®(v—) = ®() C (F * &)(v) 
C (F + &(0))(v) C (F + &(0))(a + v). 
Therefore, we have W(na + v) C (F + ®(0))(na + v) for alln € No andve V. 


Remark 67 Note that now @ is superadditive as a relation on X to Y. Thus, by 
Theorem 12, ® is N-superhomogeneous. 

Therefore, if in particular X is N-cancellable, X and V are N-divisible, V is 
commutative, F is N-superhomogeneous, and F and © are pointwise—elementwise 
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commuting, then by Theorem 43, F * @ is also N-superhomogeneous. Thus, we 
have nb € n(F * ®)(a) C (F * ®)(na) for alln € N and b € (F « @)(a). 
Now, by using Theorem 37 instead of Theorem 36, we can quite similarly prove 


Theorem 55 Let F be an odd relation of one group X to another Y. Suppose that 
@ is an odd, superadditive relation of a commutative subgroup V of X to Y such that 
@® C F, and moreover F and ® are pointwise commuting. Furthermore, assume 
that ae X\ V andb €Y such that 


(1) X =U ®V holds with U = Za, 

(2) nb € (F * ®)(na) forall n EN, 

(3) na =0 implies nb € ®(O) forall n EN, 

(4) a+v=v+a and b+ ®(v) = @(v) + BD forall ve V. 


Then, there exists a unique odd, additive selection relation VW of F + ®(0) extending 
®@ such that V(a) = b + ®(0). Moreover, we have W(ka + v) = kb + ®(v) for all 
keZandve V. 


Proof Now, by Theorem 37, there exists a unique odd, additive relation W of X to Y 
extending ® such that Y(a) = b+ ®(0). Moreover, we have W(ka+v) = kb+ @(v) 
forallk € Zandve V. 

On the other hand, from (1), the commutativity of V, and the first part of (4), it 
is clear that now X and V are elementwise commuting. Hence, by Corollary 8, we 
can see that F * G is also odd. Thus, by (2), we also have 


(—n)b = —nb (F * ®)(na) = (F x &)(— na) = (F * ®)(( — n)a) 


for alln € N. Moreover, since 0 € —F(v)+ ®(v) = F(0—v)+ ®(y) forall v € V, 
by Corollary 7 we can also see that 


0b=0€ (\(FO —yv)+ ®(v)) = (F « ®)(0) = (F * &)(Oa). 
veV 


Therefore, now we actually have kb € (F x ®)(ka) for all k € Z. 
Now, quite similarly as in the proof of Theorem 54, we can see that 


W(ka + v) C (F + &(0))(ka + v) 


forallk € Zandve V. 
Remark 68 Note that if (2) holds, then by Theorem 51 we have 


nb € (F * ®)(na) C (F + ®(0))(na) = F(na) + &(0) 


for all n € N. Thus, if in particular n € N such that na = O, and moreover 
F(O) = @(0), then we also have nb € F(O)+ (0) = (0) + (0) Cc (0). 
Therefore, in this particular case, (2) implies (3). 

Now, by using Theorem 38 instead of Theorem 37, we can also easily prove 
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Theorem 56 Let F be an n-subhomogeneous relation of an arbitrary group X 
to an n-cancellable group Y for some n € N. Suppose that ® is an odd, N- 
subhomogeneous, superadditive relation of a subgroup V of X toY suchthat® C F. 
Moreover, assume that a € X \ V andb € Y such that 


(1) nb € ®(na), 
(2) X =U+V holds with U = Za, 
(3) a+v=v+a and b+w=w+tb forall ve Vandwe ®(). 


Then, there exists a unique Zo-homogeneous, additive selection relation V of F 
extending ® such that (a) = b+ ®(0). Moreover, we have W(ka+v) = kb+ ®(v) 
forallk € Zandveé V. 


Proof Now, by Theorem 38 and Remark 55, there exists a unique Zo-homogeneous 
additive relation W of X to Y extending ® such that W(a) = b + (0). Moreover, 
we have W(ka + v) = kb+ @(v) forallk € Zandve V. 

Now, since kb also commutes with the elements of ®(v) for allk € Zandv € V, 
and @ is also Zg-homogeneous and additive, we can already see that 


nW (ka + v) = n(kb + @®(v)) = n(kb) + n@(v) = k(nb) + P(nv) 
C k®(na) + @®(nv) = H(k(na)) + @(nv) = @(k(na) + nv) 
C F(k(na) + nv) = F(n(ka) + nv) = F(n(ka + v)) C nF(ka + v) 


for all k € Z and v € V. Hence, by using the n-cancellability of Y, we can infer 
that 
Wika +v)C F(ka+v) 


for all kK € Zp) and v € V. Moreover, we can also note that 
W(0a + v) = W(v) = @(v) C FY) = F(Oa+ v) 


for all v € V. Therefore, we have W(ka + v) C F(ka + v) for allk € Zandve V. 


Remark 69 Note that if in particular X # U @ V, then by Theorem 28, we have 
UNV & {0}. Thus, there exists n € N such that na € V. Therefore, there exists 
y € Y such that y € ®(na). 

Now, if in addition, Y is n-divisible, then we can state that there exists b € Y such 
that y = nb. Hence, we can see thatnb = y € ®(na). Therefore, in this particular 
case, condition (1) automatically holds. 

However, note that if in particular V is N-divisible and X is N-cancellable, then 
by Corollary 5, X = U + V implies that X = U © V. Therefore, in this particular 
case, the above remark and Theorem 56 cannot be applied. 
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15 Admissible Partial Selection Relations and Functions 


Because of the two possibilities occurring in Theorems 55 and 56, it seems necessary 
to introduce the following 


Definition 16 Let F be a relation of one group X to another Y, and suppose that 
@ is an odd, N-semi-subhomogeneous, superadditive partial selection relation of F’. 
Moreover, denote by F, the family of all odd, Zo-semihomogeneous, quasiaddi- 
tive partial selection relations W of F + ®(0) that extend @. 
Then, the above partial selection relation ® of F will be called admissible if every 
maximal member W of F has the following two properties: 


(1) foreach a € X \ Dy, with NaN Dy # @, there exist b € Y and n € N such 
that nb € W(na), 

(2) for each a € X \ Dy, with NaN Dy = Y, there exists b € Y such that 
nb €(F *«W)(na) forall ne N. 


Remark 70 Note that if W is only a nonvoid odd, superadditive relation on X to Y, 
then by Theorem 20, Dy is a subgroup of X, 0 € W(0), and W is quasiadditive and 
Z-superhomogeneous. 


Remark 71 Therefore, if W is an odd, N-semi-subhomogeneous, superadditive 
partial selection relation of F + ®(0) extending ®, then we already have W ¢€ F. 

Also by Theorem 20, we have 0 € @(0). Therefore, by Corollary 12, ® is alsoa 
partial selection relation of F + ®(0). Thus, in particular we have @ € F. 


Remark 72 Note that if W is a relation on X to Y, then for every a € X, with 
Nan Dy # 9G, there exists n € N such that na € Dy. Therefore, W(na) 4 @, and 
thus there exists y € Y such that y € W(na). 

Moreover, if in particular, Y is N-divisible, then there exists b € Y such that 
y = nb, and thus nb € W(na). Therefore, in this particular case, condition (1) 
automatically holds. However, the N-divisibility of Y is a too strong restriction. 


Remark 73 While, if in particular W € F, then by using Theorem 47 and Corollary 
17, we can see that 


WC(F+6(0))*«¥=(F+WVO)/)*+Va Fey, 
Hence, by using the Z-superhomogeneity of WY, we can already infer that 
ky €kW(x) C Wkx) C (F * W)(kx) 


forall ke Z, x € Dy andy € W(x). 


Remark 74 Therefore, if Y € F such that condition (2) holds, then for each x € X 
there exists y € Y such that ny € (F « W)(nx) for alln € N. 

Moreover, if F is odd and X and Y are commutative, then by Corollary 8, F * W 
is also odd. Therefore, we also have ky € (F * W)(kx) for all k € Zo. 

In addition to Remark 71, we can also easily prove the following 


Constructions and Extensions of Free and Controlled Additive Relations 195 


Theorem 57 [fG is a nonvoid chain in the family F considered in Definition 16, 
then JG € F. 


Proof Define ¥ = |JG. Then, since G C F + ®(0) for all G € G, it is clear that 
W Cc F+ (0). Thus, W is also a partial selection relation of F + ®(0). 
Moreover, we can also note that 


W(x) = (LJ G)(x) = Cl G(x) 


GEG GEG 


for all x € X. Thus, in particular we also have Dy = Usceg Dg. 
Furthermore, since each member of G is an extension of ® and G #4 W, we can 
also see that 


W(v) = U G(v) = U &(v) = Dv) 


GeG GEG 


for all v € Do. Therefore, W is also an extension of @. 
On the other hand, since relations preserve unions, we can also see that 


W(—x)= LJ @-x)= LJ -G@) =- LU G@) = -¥x) 


GEG GEG GEG 


for all x € X. Therefore, W is also odd. 

Moreover, if x, y € X and z € W(x) and w € W(y), then by the definition of VW, 
there exist G;, G2 € G such that z € G;(x) and w € Go(y). Moreover, since G is a 
chain, we have either G; C G2 or G2 C Gy. Hence, it is clear that either 


ztwe€ G(x) + Go(y) C Go(x) + Go(y) C Gotx + y) C W(x +y) 
or 
z+weé Gi(x)4+ Go(y) C Gi(x4) + Gy) C Gia + y) C Wx 4+ y) 


holds. Therefore, we have W(x)+W(y) C W(x+y), and thus, W is also superadditive. 

Furthermore, if x € Dw, n € Nand y € W(nx), then by the definition W there 
exist G1, G2 € G such that x € Dg, and y € G2(nx). Moreover, since G is a chain, 
we have either G; C G2 or G2 C G;. If Gi; C Gz holds, then x € Dg, implies 
x € Dg). Therefore, we have 


y € Go(nx) CnGo(x) C nW(x). 
While, if G2 C G;, holds, then by using that x € Dg, we can see that 
y € Go(nx) C Gi(nx) C nGi (x) C nW (x). 


Therefore, we have W(nx) C nW(x). Thus, W is also N-semi-subhomogeneous. 
Hence, by Remark 71, we can infer that W € F. 
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Remark 75 Note that if in particular the members of F were supposed to be N- 
homogeneous, then we could more easily prove that the relation WY defined in the 
above proof is also N-homogeneous. 

However, in contrast to the N-semi-subhomogeneity, the assumption of the N- 
subhomogeneity of the partial selection function ® is a very strong restriction. 
Namely, in this case, we have nx € X \ Do foralln € N and x € X \ Do. 


Remark 76 On the other hand, it is also worth noticing that if W € F, then by 
Remark 32 and Theorem 27 we have W(x) = w(x) + W(O) = w(x) + &(0) for any 
x € X and selection function y of W. 


Remark 77 Note that if in particular ® is a function, then because of 0 € ®(0), we 
have (0) = {O}. 

Therefore, by Remark 76 and the equality F + ®(0) = F, every member W of 
F is a partial selection function F’. 


Remark 78 Now, we can also note that if g is only a nonvoid, superadditive function 
on X to Y, with a symmetric domain, then by Theorem 21 Dy is a subgroup of X, 
(0) = 0, and ¢ is odd, quasiadditive and Z-semihomogeneous. 

Therefore, by Definition 16, we can speak of the admissibility of g as well. 
Moreover, we also have F + g(0) = F. 

From the latter remarks, it is clear that in particular we also have the following 


Theorem 58 Let F be a relation of one group X to another Y, and suppose that 
is anonvoid, superadditive partial selection function of F with a symmetric domain. 
Moreover, denote by F the family of all odd, Z-semihomogeneous, quasiadditive 
partial selection functions w of F that extend 9. 
Then, the above 9 is admissible, in the sense of Definition 16, if and only if every 
maximal member wy of F has the following two properties: 


(1) for each a € X \ Dy, with NaN Dy # Y, there exist be Y and n€N such 
that nb = w(na); 

(2) for each a € X \ Dy, with NaN Dy = Y, there exists b € Y such that 
nb € (F * y)(na) forall n EN. 


Remark 79 Note that, because of Corollary 4, we do not need the widely used fact 
that chained unions of functions are also functions. 


16 The Main Extension Theorems of Additive Partial 
Selection Relations 


Now, by using Theorems 55 and 56, we can easily prove the following 


Theorem 59 Suppose that F is an odd, N-subhomogeneous relation of a commu- 
tative group X to an N-cancellable, commutative group Y. 

Then, every admissible, nonvoid odd, N-semi-subhomogeneous, superadditive 
partial selection relation ® of F can be extended to a total, Zo-homogeneous, 
additive selection relation VW of F + ®(0). 
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Proof Let F be as in Definition 16. Then, by Remark 71, we have ® € F and thus 
F 4M. Moreover, by Theorem 57, we have (JG € F for any nonvoid chain G in F. 

Therefore, by a particular case of Zorn lemma [29, p. 33], there exists a maximal 
element W of ¥. Thus, in particular W is an odd, Zo-semihomogeneous, quasiadditive 
partial selection relation of F + ®(0) extending ® such that Dy is a subgroup of X 
and 0 € W(0). 

Therefore, to complete the proof, we need only to show that Dy = X. For 
this, assume on the contrary that there exists a € X such that a ¢ Dy, and define 
Z=U+ Dy with U = Za. 

Then, since U and Dy are subgroups of X and X is commutative, it is clear that 
Z is a subgroup of X. Moreover, we can also note thata € Z and Dy C Z. Thus, in 
particular Dy ~ Z sincea ¢ Dy. 

Furthermore, by using the oddness and N-semi-subhomogeneity of F and ®, and 
the commutativity of Y, we can also easily see that 


(F + &(0))(— x) = F(— x) + ®() = F(— x) + &(- 0) 
C —F(@) — (0) = —(F(x) + (0) = —(F + &(0))@) 


and 


(F + }(0))(nx) = F(nx) + &(0) = F(nx) + &(n0) 
CnF(x) +n®(0) = n(F(x) + O(0)) = nF + &(0))(x) 


for all n € N and x € X. Therefore, F + &(0) is also odd and N-subhomogeneous. 

Now, if NaN Dy 4 @, then by (1) in Definition 16, we can state that there exist 
b € Y andn € N such that nb € W(na). Hence, by using Theorem 56 and the 
commutativity of X and Y, we can see that there exists a Zy-homogeneous, additive 
relation (2 of Z to Y extending W such that 2 C F + @(0). 

While, if NaN Dy = G, then by using the symmetry of Dy, we can note that 
UM Dy = {0}. Therefore, by Theorem 28, now we actually have Z = U @ Dy. 
Moreover, by (2) in Definition 16, we can state that there exists b € Y such that 
nb € (F x W)(na) for alln € N. Hence, by using Remark 73, we can infer that 


nb € ((F + ®(0)) * W) (na) 


also holds for all n € N. Moreover, now we can also note that na 4 0 for alln EN. 
Thus, by Theorem 55 and the commutativity of X and Y, we can state that there 
exists an odd, additive relation §2 of Z to Y extending W such that 


Qcr+0(0)+V¥0)= F+ 6(0)+ 60) = F+ (0). 


Moreover, by Theorem 55, we also have 2(ka + v) = kb + W(v) for all k € Z and 
v € Dy. Hence, by using the Zo-semihomogeneity of W and the commutativity of 
X and Y, we can easily see that 


2 (ka + v)) = Q(lka + lv) = lkb + W(lv) 
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=Ilkb+1W(v) =l(ka + W(v)) = 12(ka + v) 


for all v € Dy andk,! € Z with! 4 0. Therefore, §2 is also Zp-homogeneous as a 
relation of Z to Y. 

Thus, in both cases, §2 is a Zp-homogeneous, additive relation of Z to Y extending 
W such that 2 C F + @(0). Hence, since Z is a subgroup of X, we can easily see 
that {2 is an odd, Zo-semihomogeneous and quasiadditive as a relation on X to Y. 
Thus, since §2 is an extension of ® too, we can see that 2 € F. Hence, by the 
maximality of W in F, we can infer that 2 = W, and thus Z = Dg = Dy. This 
contradiction proves that Dy = X. 

Now, from the above theorem, by using Remarks 77 and 78, we can easily get 


Corollary 18 If F is as in Theorem 59, then every admissible, nonvoid, superad- 
ditive partial selection function » of F, with a symmetric domain, can be extended 
to a total, Z-homogeneous, additive selection function of F. 

Moreover, by using Theorem 59, we can also easily prove the following 
counterpart of [56, Theorem 9.1]. 


Theorem 60 Suppose that F is an odd, N-subhomogeneous, superadditive relation 
of a commutative group X to an N-cancellable, commutative group Y. 

Then, every nonvoid odd, N-semi-subhomogeneous, superadditive partial selec- 
tion relation ® of F can be extended to a total, Zo-homogeneous, additive selection 
relation W of F. 


Proof Now, by Theorem 20 and the assumption ® C F, we have 0 € (0) c F(0). 
Therefore, by Corollary 14, we have F = F + @(0). Thus, by Theorem 59, we need 
only to show that @ is admissible in the sense of Definition 16. 

For this, assume that if © is an odd, Zo-semihomogeneous, quasiadditive partial 
selection relation of F + (0) that extends ®. Then, since F = F + ®(0), @ is also 
such a partial selection relation of F. Moreover, since 0 € (0) = (0), we also 
have ©(0) ¥ YJ. Thus, by Corollary 16, 


FxO=F+0(0)=F+0(0)=F. 


Moreover, by Theorem 12, we can see that F is, in particular, N-superhomogeneous. 
Therefore, 
ny €nF(x) C F(nx) = (F * O)(nx) 


for alln € N, x € X and y € F(x). Thus, the conditions (1) and (2) of Definition 
16, with © in place of W, are substantially satisfied. Therefore, ® is admissible. 
From the above theorem, by taking ® = {0} x ®(0), we can easily derive 


Corollary 19 Suppose that F is as in Theorem 60, and Z is an N-divisible subgroup 
of Y such that Z C F(0). 

Then, there exists a Zo-homogeneous, additive selection relation W of F such that 
W(0) = Z. 

From this corollary, by taking Z = {0}, we can immediately get 


Constructions and Extensions of Free and Controlled Additive Relations 199 


Corollary 20 [f F is as in Theorem 60, then there exists aZ-homogeneous, additive 
selection function w of F. 


17. Some Further Theorems on the Extensions of Additive 
Partial Selection Relations 


Now, by using Corollaries 18 and 20, we can also prove the following 


Theorem 61 Suppose that F is an odd, N-subhomogeneous relation of a commu- 
tative group X to an N-cancellable, commutative group Y. 

Moreover, assume that each nonvoid odd, Z-semihomogeneous, quasiadditive 
partial selection function » of F is admissible. 

Then, each nonvoid odd, N-semi-subhomogeneous, superadditive partial selec- 
tion relation ® of F can be extended to a total, Zo-homogeneous, additive selection 
relation V of F + ®(0). 


Proof If @ is as above, then by Theorem 20 and Corollary 3, we can see that De 
is a subgroup of X, 0 € ®(0), and @ is a Zo-homogeneous, additive relation of De 
to Y. Thus, in particular, by Corollary 20, there exists a Z-homogeneous, additive 
selection function g of ®. 

Note that now ¢ is a nonvoid odd, Z-semihomogeneous, quasiadditive partial 
selection function of F. Namely, the semioddness of g implies the oddness of g by 
Remark 25. And the semiadditivity of g implies the quasiadditivity of g by Remark 
13 and Theorem 20. 

Therefore, by the assumption of the theorem, ¢g is admissible. Thus, in particular, 
by Corollary 18, gy can be extended to a total, Z-homogeneous, additive selection 
function wy of F. 

Define YW = yw + &(0). Then, since 


W(x) = (W + BO))@) = W(x) + GO) 


for all x € X, and S(O) $ G, it is clear that W is a relation of X to Y. 
Moreover, by using the corresponding homogeneity and additivity properties of 
w and @, and the commutativity of Y, we can also easily see that 


W (kx) = W(kx) + ®(0) = wkx) + &(k0) 
= k(x) +k®(O) = k(W(x) + (0)) = kW(x) 
and 
VWaty=vaty)+ 60) =Wva+y)+ &0+0) 


= w(x) + wy) + PC) + OO) 
= W(x) + G0) + wy) + CO) = V(x) + YO) 
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for all k € Zo and x, y € X. Therefore, W is also Zop-homogeneous and additive. 
On the other hand, since y is a selection function of F, it is clear that 


W(x) = W(x) + CO) C F(x) + GO) = (F + G(O))() 


for all x € X, and thus W is a selection relation of F + S(O). 
Moreover, by using the corresponding properties of g, and Remark 32 and 
Theorem 27, we can also easily see that 


W(x) = w(x) + BO) = g(x) + OC) = P(x) 


for all x € Dg. Therefore, W is an extension of @. 
Moreover, as a certain converse to Theorem 61, we can also prove 


Theorem 62 Suppose that F is a relation of one group X to another Y such that 
every nonvoid odd, Zo-semihomogeneous, quasiadditive partial selection relation © 
of F can be extended to a total, N-superhomogeneous, subadditive selection relation 
2 of F + O(0). 

Then, every nonvoid odd, N-semi-subhomogeneous, superadditive partial selec- 
tion relation ® of F, with F + ®(O) = F, is admissible. 


Proof Suppose that ® is as above, and W is an odd, Zo-semihomogeneous, 
quasiadditive partial selection relation F + (0) extending ®. 

Then, because of F + ¥(0) = F + ®(0) = F and the assumption of the theorem, 
W can be extended to a total, N-superhomogeneous, subadditive selection relation 
2 of F. 

Now, by taking x € X and y € §2(x), we can see that 


ny €nQQ(x) C 2Q(nx) = V(nx) 


for alln € N with nx € Dy. 
Moreover, by using Theorem 47 and Corollary 7, we can also see that 22 C 
F * 22.C F * W. Hence, by taking x € X and y € (2(x), we can see that 


ny €nQ(x) C Q(nx) C (F * W)\(nx) 


for all n € N. Thus, the conditions (1) and (2) of Definition 16 are substantially 
satisfied. Therefore, ® is admissible. 


Remark 80 Note that if in particular ® is a function, then because of ®(0) = {0}, 
we have F + ®(0) = F. 

While, if in particular F' is right-zero-superadditive, then because of 0 € (0) C 
F (0) and Corollary 14, we also have F + ®(0) = F. 

Now, as an immediate consequence of Theorems 61 and 62, we can also state 


Corollary 21 [f F is as in Theorem 61, then the following are equivalent: 


(1) eachnonvoid odd, Z-semihomogeneous, quasiadditive partial selection function 
gy of F is admissible; 

(2) each nonvoid odd, N-semi-subhomogeneous, superadditive partial selection re- 
lation ® of F can be extended to a total, Zo-homogeneous, additive selection 
relation V of F + ®(0). 
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18 A Strong Totality Property of the Intersection Convolution 


Definition 17 A family B of sets is said to have the binary intersection property if 
UNV #£@foralU,V EB. 


Remark 81 This terminology differs from that of Nachbin [35] and his close fol- 
lowers. But, it is in accordance with the usual definition of the finite intersection 
property [29, p. 135]. Now, by extending an argument of Gajda et al. [18], we can 
prove the following counterpart of an improvement [53, Theorem 5.4] of the second 
author. 


Theorem 63 Suppose that F and G are relations on a group X to a vector space 
Y over KK such that: 


(1) Fa)NG(x) 4 @ forall x € DpN De; 
(2) F and G are odd, semi-subadditive, and N-semi-subhomogeneous; 
(3) Dr and Dg are closed under addition and elementwise commuting with X. 


Then, for any x € X, the family 
{n7~'(F(nx — v) + Gv) : neN, v €(— Dr +nx)M Do} 
has the binary intersection property. 


Proof Suppose that n,m € N, and 
vé€(—Dr+nx)N Dg and t€(— Dr +mx)N Deg. 


Then, v € —Dr +nx andt € —Dr +mx, and v,t € Dg. Hence, since Dg is 
symmetric and closed under addition, it is clear that 


nt —mv €nDg—mDg C De — Dg = DGgt De C De. 


Moreover, since Dy is symmetric, closed under addition, and elementwise commutes 
with X, by using Theorem 6 and the corresponding definitions, we can also see that 


nt —mv €n(—Dr +mx) — m(—Dr + nx) 
= —nDr +nmx +mDp —mnx = —-—nDr +mDpr +nmx — nmx 


= —nDr+mDr Cc —-Dr+Dr = Dr+Dr Cc Dr. 
Therefore, nt — mv € Dr MN Dg. Hence, by using (1), we can infer that 


F(nt —mv)QNG(at—mv) #4, andthus 0O€ F(nt — mv) — G(nt — my). 


On the other hand, we can also note that 


nx —venx —(— Dr +nx)=nx —nx+ Dr = De 
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and 
mx —t €mx —(— Dr +mx)=mx —mx+ Dr= Dr. 


Now, since Dg is symmetric, closed under addition, and elementwise commutes 
with X, by using Theorem 6, condition (2) and Theorem 19, we can see that 


F(nt — mv) = F(—mv-+nt) = F(mnx — nmx — mv +nt) 
= F(mnx — mv — nmx + nt) = F(m(nx — v) — n(mx — f)) 
C F(m(nx — v)) + F(—n(mx — t)) C mF (nx — v) — nF (mx — t) 


and 
G(nt — mv) C G(nt) + GC — mv) C nG(t) — mGQ). 
Hence, by the commutativity of Y, it is clear that 
F(nt — mv) — G(nt — mv) C mF (nx — v) — nF (mx — t) —nG(t) +mG(v) 
= mF(nx — v) +mG(v) — nF (mx — t) —nG(t) 
= m(F(nx — v) + G(v)) — n(F(mx — t) — G(t)) 


Now, by using that 0 € F(nt — mv) — G(nt — mv), we can also see that 
0 =(nm)~!0 € (nm)~!(F(nt — mv) — G(nt — mv)) 
C (nm)! (m(F(nx — v) + G(v)) — n(F(mx — t) — nG(t))) 
=n !(F(nx — v) + G(v)) — m7! (F(mx — t) + G(t)). 
Therefore, 
n-!(F(nx — v) + G(v)) Vm" (F(x — t) + GO) #Y, 


and thus the required assertion is also true. 
The following plausible terminology was first introduced in [53]. 


Definition 18 A family 6 of subsets of a set Y is called a Nachbin system in Y if for 
every subfamily C of B, having the binary intersection property, we have ()C 4 &. 


Remark 82 Quite similarly, a family of subsets of a set may be called a Riesz 
system if every subfamily of it having the finite intersection property has a nonvoid 
intersection. 

Moreover, a family of subsets of a uniform space may be called a Cantor system if 
every subfamily of it containing small sets and having the finite intersection property 
has a nonvoid intersection. 

Namely, according to Kelley [29, pp. 136, 193], this terminology allows us to 
briefly state that a topological (uniform) space is compact (complete) if and only if 
the family of its closed subsets forms a Riesz (Cantor) system. 


Example 2 Itcanbe easily seen that the family B of all closed balls in R is a Nachbin 
system. (This generalization of Cantor’s nested interval property was already used 
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by E. Helly in 1912.) Unfortunately, the same assertion is no longer true in R?. (The 
appropriate generalization to convex subsets of R” was found in 1913 by E. Helly 
who could not publish it until 1923.) 

However, as a straightforward, but less important generalization of Example 2, 
one can easily establish the following example. (The results of E. Helly and some 
more delicate examples for Nachbin systems can be found in the expository paper 
[14] of Fuchssteiner and Horvath.) 


Example 3 If S is a nonvoid set, then the family 6 of all closed balls in the 
supremum-normed space 8(X, R) of all bounded functions of S to R is also Nachbin 
system. 


Remark 83 In this respect, it is also worth noticing that the family 6 of all closed 
balls in a normed space Y over K is invariant under translation by x € X and 
multiplication by A € Ko. 

Now, as a useful consequence of Theorems 63 and 39, we can also state 


Corollary 22 If F and G are as in Theorem 63, and there exists a Nachbin system 

Bin Y such that 

(4) n-!(F(nx —v)+G(v)) € B forall n€ N, x € X andv € (— Dr +nx)NDeg, 
CO 


then we have () n \(F *G)(nx) 4% forall x € X. 
n=1 
Proof Now, by Theorems 39 and 63, it is clear that 


(oe) 


() n'(F « G)(nx) 


n=1 


=") n'( \{F(nx — v) + G0): ve(=Dp4-nx) A De} 


n=1 
= al () {n“'(F(nx —v)+ Gv): ve€(— Dr tnx) De} 
n=1 


=) {n-'(F(nx - v) + GO): neN, ve(—Drt+nx)N De} #9. 


Remark 84 By using the notation F* = (°°, F, of [70], with F,(x) =~! F(nx), 


n=1 
the assertion the above theorem can be briefly expressed by saying that (F « G)* is 
a total relation on X to Y. 


19 A General Hahn—Banach Type Extension Theorem 


Because of Remark 83, we may naturally introduce the following 


Definition 19 A family B of subsets of a vector space Y over K will be called 
admissible if 
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(1) n-'B €B forall ne N and BeB; 
(2) y+ BeB forall ye Y and BeB. 


Remark 85 By using our former conventions, the above properties can be briefly 
expressed by writing that: 


(1) n-'B CB foralln € N, or equivalently 6 CnB for alln € N; 
(2) y+ BCB forall y € Y, or equivalently y+ 6B=6 forallyeY. 


Therefore, (1) and (2) are certain N-divisibility and translation—invariance properties 
of the family 6 in the space P(Y) of all subsets of Y. 

By using the above terminology, we can now briefly formulate the next useful 
consequence of Corollary 22. 


Theorem 64 Suppose that F is a relation and g is a function on a group X toa 
vector space Y over K, and B is an admissible Nachbin system in Y such that: 


(1) F(x) €B forall x € Dr, 
(2) g(x) € F(x) forall x € Dr N Dg, 
(3) Dp and Dg are subgroups of X and elementwise commuting with X, 
(4) F is odd, semi-subadditive and N-semi-subhomogeneous, and g is semi- 
subadditive. 
oe) 
Then, we have () n\(F * g)(nx) £M forall x € X. 
n=1 
Proof \fn € N and v € (— Dr + nx) Dg, then v € —Dpr + nx and v € Dg. 
Hence, we can see that nx — v € Dr. Thus, F(nx — v) € B and g(v) € Y. 
Hence, since B is admissible, we can already see that 


n\(F(nx — v) + g(v)) =n! F(nx —v)+n7'g(v) € B. 


Thus, Corollary 22 can be applied to get the required assertion. 

Namely, now we have not only g(x + y) C g(x) + g(y), but also g(x + y) = 
g(x) + g(y) for all x, y € Dg, since Dg is closed under addition. Thus, by Remark 
13, g is superadditive. Moreover, by Theorem 21, g is odd and Z-semihomogeneous, 
since D, is now also symmetric. 

From the above theorem, it is clear that in particular we also have 


Corollary 23 Suppose that F is an odd, N-subhomogeneous, subadditive relation 
of a commutative group X to a vector space Y over K, and there exists an admissible 
Nachbin system B in Y such that F(x) € B forall x € X. 


Then, we have 
CO 


() oF x gynx) #0 


n=1 


for any x € X and semi-subadditive partial selection function g of F such that Dg 
is a subgroup of X. 
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Now, as an important consequence of Theorems 61, we can also easily establish the 
following straightforward generalization [18, Theorem 1] of Z. Gajda, A. Smajdor, 
and W. Smajdor. 


Theorem 65 Suppose that F is an odd, N-subhomogeneous, subadditive relation 
of a commutative group X to a vector space Y over K, and there exists an admissible 
Nachbin system B in Y such that F(x) € B forall x € X. 

Then, each nonvoid odd, N-semi-subhomogeneous, superadditive partial selec- 
tion relation ® of F can be extended to a total, Zo-homogeneous, additive selection 
relation V of F + ®(0). 


Proof By Theorem 61, it is enough to show only that each nonvoid odd, Z- 
semihomogeneous, quasiadditive partial selection function g of F' is admissible 
in the sense of Definition 16. 

For this, by Theorem 58, we may assume that y is an odd, Z-semihomogeneous, 
quasiadditive partial selection function of F that extends g. Then, by Theorem 20, 
Dy, is a subgroup of X. 

Hence, by Corollary 23, we can see that i n'(F x w)(nx) ¢ MO forallx € X. 
Thus, for each x € X, there exists y € Y such that y € n7'(F * W)(nx), and thus 
ny € (F * w)(nx) for all n € N. Therefore, the condition (2) of Theorem 58 is 
satisfied. 

Moreover, we can also note that if x € X such thatnx € Dy for some n € N, 
then there exists z € Y such that z = (nx). Hence, by taking y = n~'z, we can see 
that y = n7!z = n7!wW(nx), and thus ny = y(nx). Therefore, the condition (1) of 
Theorem 58 is also satisfied. 

Now, from this theorem, by using Remarks 77 and 78, we can derive 


Corollary 24 [/f F is as in Theorem 65, then every nonvoid, superadditive selection 
function ¢ of F with a symmetric domain can be extended to a total, Z-homogeneous, 
additive selection function of F. 

Moreover, by using Theorem 65, we can also easily prove the following 


Corollary 25 Suppose that F is as in Theorem 65. Moreover, assume that Z is a 
subspace of Y such that Z Cc F (0). 

Then, there exists a Zo-homogeneous, additive selection relation VW of F + Z such 
that V(0) = Z. 

Hence, it is clear that in particular we also have 


Corollary 26 If F is as in Theorem 65 and 0 € F(0), then there exists a Z- 
homogeneous, additive selection function of F. 


Concluding Remarks We note that certain converses of our former results on con- 
structions and extensions of additive relations are also true. Moreover, by using the 
arguments applied in Kuczma [31, Chap. 8], some of our extension theorems can 
certainly be subtantially improved. 

The existence of additive selections and Hahn—Banach type extension theorems 
for set-valued functions have formerly been investigated not only by the authors 
mentioned in the introduction, but also by Godini [22], Nikodem [36], A. Smajdor 
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[48], Sablik [47]; and Abreu and Etcheberry [1], Meng [33], Peng et al. [40], and 
Zalinescu [75], respectively. 

To prove Hyers—Ulam type stability theorems, in contrast to the direct methods, 
the techniques of invariant means and fixed point theorems, Hahn—Banach type 
extension and separation theorems seem to have been used only by Gajda et al. [18], 
Pales [39], Badora [3], and Huang and Li [24]. Therefore, it would be of some interest 
to prove some alternate forms of the Hyers—Ulam type stability theorems with the 
help of Theorem 65. 
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Extremal Problems in Polynomials and Entire 
Functions 
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Abstract The subject of extremal problems for polynomials and related classes of 
functions plays an important and crucial role in obtaining inverse theorems in approx- 
imation theory. Frequently, the further progress in inverse theorems has depended 
upon first obtaining the corresponding analogue or generalization of Markov’s and 
Bernstein’s inequalities, and these inequalities have been the starting point of a 
considerable literature in Mathematics. 

In this chapter, we begin with the earliest results in the subject (Markov’s and 
Bernstein’s inequalities), and present some of their generalizations and refinements. 
In the process, some of the problems that are still open have also been mentioned. 
Since there are many results in this subject, we have concentrated here mainly on 
results concerning Bernstein’s inequality. 

The chapter contains four sections, with Sect. | dealing with introduction to 
Bernstein’s and Markov’s inequalities along with some of their generalizations. In 
Sect. 2, we discuss some constrained Bernstein type inequalities, that is Bernstein 
type inequalities for some classes of polynomials, while in Sect. 3 the extension 
to entire functions of exponential type for some of the results of Sect. 2 has been 
discussed. Finally, Sect. 4 contains some of the open problems, discussed in the text 
of this chapter, that could be of interest to some of the readers. 


Keywords Functions of exponential type- Bernstein’s inequality - Polynomials - 
Inequalities in the complex domain 


N. K. Govil (2) 
Department of Mathematics and Statistics, Auburn University, 
Auburn, AL 36849-5108, USA 

e-mail: govilnk @auburn.edu 


Q. M. Tariq 

Department of Mathematics and Computer Science, Virginia State University, 
Petersburg, VA 23806 USA 

e-mail: tqazi@vsu.edu 


© Springer Science+Business Media, LLC 2014 209 
T. M. Rassias (ed.), Handbook of Functional Equations, 
Springer Optimization and Its Applications 95, DOI 10.1007/978-1-4939-1246-9_10 


210 N. K. Govil and Q. M. Tariq 


1 Introduction 


Boas [15] in his paper describes the chemical problem that Mendeleev, the inventor 
of the periodic table of the elements, was interested in and how he arrived at the 
question about the upper bound for the first derivative of an algebraic polynomial. 
In mathematical term, Mendeleev was interested in knowing how large | f’(x)| can 
be on the interval [— 1,1], where f(x) = ax? + bx +c is a quadratic polynomial 
such that | f(x)| < 1 for —1 < x < 1. Even though he was a chemist, he was able to 
prove that | f’(x)| < 4 and even managed to show that the estimate is best possible 
in a sense that there is a quadratic polynomial f(x) = 1 — 2x? for which | f(x)| < 1 
on [— 1, 1] but | f’(+ 1)| = 4. Mendeleev shared his result with his contemporary 
mathematician A. A. Markov who investigated the more general case of polynomial 
of degree n, which later came to be known as Markov’s Theorem [62]. Markov’s 
result was published in Russian language. The English translation of the paper is 
prepared by Carl de Boor and Olga Holtz [70]. It is stated below. 


Theorem 1 Let f(x) = )~"_, ax” be an algebraic polynomial of degree n such 
that | f (x)| < 1 for-—1 <x <1. Then 


| f')| <n? (LS = 1), (1) 


The inequality is sharp. Equality holds only if f(x) = yT,(x), where y is a 
complex number such that |y| = 1 and 


T, (x) = cos (n cos! x) = eames 8 Geen {x — cos ((» - 5) n/n) (2) 


is the nth degree Tchebycheff polynomial of the first kind. It can be easily verified 
that |T,(x)| < 1 for-l1 <x <1and|T/(1)| = n?. 

Once a sharp inequality for the derivative of a polynomial is known, it is quite 
natural to ask: What will be the corresponding inequality for the kth order derivative 
where k <n, the degree of the polynomial? Since the derivative of an nth degree 
polynomial is a polynomial of degree n — 1, Morkov’s theorem can be successively 
applied to f, f’--- to obtain the following estimate for the polynomials considered 
in Theorem |. 


[f@)| <n? -1P...2-—k +1). 


This approach however, does not produce the sharp estimate for | f“(x)| on the 
interval [ — 1,1]. V. Markov (half brother of A. Markov) in his paper entitled On 
functions deviating least from zero in a given interval proved the extension of The- 
orem | for the higher order derivatives. His original paper was in Russian language 
but later on it was translated into German, with a short foreword by Bernstein [63]. 


Theorem 2 Let f(x) = )7)_» ax” be an algebraic polynomial of degree n such 
that | f (x)| < 1 for—-1 <x <1. Then 
(n? — 1*)(n? — 27). — (K — 1°) 


FOO Ss aT (=lse21).. @) 
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The inequality is sharp. Equality holds only if f(x) = yT,(x) with 
lv| = 1. It can be easily verified that IT d)| = (n* — Pn? —- 
2?)- ++ (n? —(k 1)?) /1.3---(Qk — 1). 

Let f(x) = x” + °"7) a,x” be a monic polynomial of degree n. Tchebycheff 
proved that 


1 
UF ll = Wx" + ay_ax™ | +--+ aol| = Qn-1 (4) 


where || f || = max_j<,<1| f(x)| represents the uniform norm of f on the interval 
[— 1,1]. 

It is worth mentioning that a special case of Theorem 2 is contained in the above 
result on monic polynomials which Tchebycheff proved some 38 years [18] before 
the proof of Theorem 2 was published. Since || f“|| = n!, inequality (4) may be 
written as 


IFO s 2° 


which is nothing but the special case (k = n) of Theorem 2. 

It was S. Bernstein who recognized the significance of the works of A. Markov and 
V. Markov when he started his studies in the theory of approximation of functions by 
polynomials in order to answer the following question posed by de la Vallee Poussin. 
Ts it possible to approximate every polygonal line by polynomials of degree n with 
an error of o(A/n)? 

In that connection, he proved and made considerable use of the following 
inequality in answering the question raised by de la Vallee Poussin in the negative. 


Theorem 3 Let f(x) = )~"_» yx” be an algebraic polynomial of degree n such 
that | f (x)| < 1 for-—1 <x <1. Then 


[f’Go)| <n — x?) 1? (-1<x <1). (5) 


The equality is attained at the points x = x, = cos(2v — 1)m/2n, |< v < nif 
and only if f (x) = yT,(x) where y is a complex number such that |y| = 1. 

Note that the above theorem provides a point-wise estimate of the derivative on the 
interval (— 1, 1). A. Markov’s inequality given in Theorem | gives a global estimate 
that is valid on the interval [— 1, 1]. However, as is easy to see in the neighborhood 
of origin Theorem 3 gives a sharper bound than the one obtainable from Theorem 1. 

Let f be as given in Theorem 3 and ¢(9) = f(cos@) = }~"_,a, cos’ @ bea 
trigonometric cosine polynomial. Applying Theorem 3 on f(@), we get 


\t'(@)| <n (-w<8<0o). (6) 


If f is as given in Theorem 1, then 19) = f(sin@) = )°’_)ay,sin’@ isa 
trigonometric sine polynomial. Bernstein proved that (6) holds true for sine polyno- 
mials also. However, he did not prove the inequality (6) for the general trigonometric 
polynomials. 
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Recall that a trigonometric polynomial t(@) of degree n is an expression of the 
form 


1(0) = ) a, cos v6 + by sin vd, (7) 


v=0 


where a,, b, (0 < v < n) are complex numbers. Using Euler’s formula, the 
trigonometric polynomial (7) can be written as 


n 


= > ne (8) 


v=—-n 


also, where a, —n < v <n are complex numbers. 
It was M. Reisz [82] who proved the extension of Theorem 3 for the general 
trigonometric polynomials. He proved that 


Theorem 4 /ft(@) = >~"__, aye'"® is a trigonometric polynomial of degree n, then 


v=—n “Vv 


Pe @)| < n max |t()I. (9) 


Equality attains for polynomials t(@) = sinn(@ — 09) where O ER. 

In this chapter, P,, will denote the class of polynomials 7°", a,z" of degree at 

most n, where a, (0 < v <n) are complex numbers, and z a complex variable. 
Analogue of Markov’s Theorem for polynomials of complex variable with norm 

on the unit disk has also found applications in many areas of mathematics. It may be 

formulated as follows: 

Let f belong to P,. How large | f'(z)| can be when z is on the unit disk {z : |z| = 1}? 
The answer of this question is contained in the Theorem 4 which was proved by 

M. Riesz for the first time. 


Theorem 5 /f f € P,,, then 


max| f'(@)| <mmax|f@l (fF € Pa). (10) 


Equality holds only for polynomials of the form 2z” ,  # 0 is a complex number. 

Alternate proof of Theorem 5 was given by O’ Hara [67], and for some refinements 
of Theorem 5 we refer to Frappier et al. [26], and the paper of Sharma and Singh [84]. 

A function of the form L(z) = yes a,z”, where a, € C for —n < v <n, 
is called a Laurent polynomial. Riesz even proved the following result for Laurent 
polynomials also which contains Theorem 5 as a special case. 


Theorem 6 [f L(z) = )-*__,, ayz” is a Laurent polynomial, then 


v=—-n 


max|L'(2)| 2 eA) (1) 


Equality holds if and only if L(z) = az" + Bz". 
Any complex number z on the unit circle {z : |z] = 1} can be written as z = e’”, 
where 6 € R. In view of this, Theorem 6 provides yet another representation of 
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Theorem 4. For some recent results dealing with inequalities for Laurent polynomials, 
see Govil et al. [52]. 

Even though Theorem 5 was proved by M. Reisz, but the resulting inequality goes 
under the name of Bernstein [82]. Bernstein [10], however proved the following more 
general result than that given in Theorem 5. 


Theorem 7 Let F(z) = yi A,z” whose zeros lie in |z| < 1 belong to P,. Let 
F(Z) = Yo _g ayz” be a polynomial in P,, such that | f (z)| < | F(z)| for |z| = 1. Then 


If @| <lF’@l (Iz 2 D. (12) 


Equality holds in (12), if f(z) = vy F(x), where y is a complex number such that 
ly| =1. 

To see that it is a generalization of Theorem 5, take F(z) = z” which has a zero of 
multiplicity 1 at origin. The condition | f(z)| < |F(z)| for |z| = 1 in the Theorem 7 
means | f(z)| < 1 for |z| = 1. Then | f’(z)| < n|z"~!| for |z| > 1. If we take |z| = 1, 
we have the conclusion of Theorem 5. 

Recently, the following generalization of Theorem 7 has been proved by Govil et 
al. [53]. 


Theorem 8 Let F(z) be a polynomial whose zeros lie in \z| < 1. Let f(z) be 
a polynomial such that degree of f(z) does not exceed that of F(z) and | f(z)| < 
|F'(z)| for |z| = 1. Then for any complex number B with |B| < l|and R>r > 1, 


| f(Rz) — BF (rz) < |F(Rz) — BF(r2)| (Izl = 1). (13) 


Equality holds for the polynomial f(z) = y F(x), where y is a complex number 
such that |y| = 1. 

To obtain Theorem 7 from the Theorem 8, simply take 6 = 1, r = 1, divide the 
two sides of (13) by (R — 1) and make R —> 1. 

Szeg6 [86] proved inequality (10) under a weaker condition. Precisely, he [86] 
proved that 


Theorem 9 /[f f € P,, then 


max| f"(2)| < nmax|Re f(@)|. (14) 
Equality holds for f(z) = 42" withh € C. 
Alternate proof of the above Theorem 9 was provided by Mohapatra, O’ Hara and 
Rodriguez [65], and their proof is by using Lagrange’s Interpolation Formula. 
Malik [60] has given a proof of the above theorem based on a result of de Bruijn 
[20]. In the same paper, he [60] also proved the following improvement of Bernstein’s 
inequality (also see Rahman [74]): 


Theorem 10 Jf f € P, and g(z) = 2" f(1/Z) be the conjugate polynomial 
associated with f, then on |z| = 1 


If Ol + le’ < nmax| f(2)]. (15) 
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Further generalizations can be found in [25] and [26]. Frappier et al. [26, Theorem 
8] also provided the following generalization: 


Theorem 11 /f f € P, and %,2,...,Z2n are any 2n equally spaced points on 
|z| = 1, then 


max| f’(z)| <n max | f(z)]. 
\z|=1 1<k<2n 


Let f € P, and p > 0 be any real number. It is well known [71] that 


; 1 Qn ‘a 4 = 
lim (= [ If (e ) "a0 = maxl {Ql 


prow 


1 
and thus (4 iad If (e'’) \"d8) ” can be seen as a generalization of maxj,)—| f(z)|. 


In view of this observation, the following inequality by Zygmund [89] can be seen 
as a generalization of the Bernstein’s inequality (10). 


Theorem 12 /f f € P,, then 


20 4 2a 3 
(/ sero) <n (/ Lf(e"I"a (p> 1). (16) 
0 0 


The above inequality is best possible with equality holds true for f(z) =z". 

Obviously, it would be of interest to know what happens when 0 < p < 1 in 
the above theorem. In his proof of Theorem 12, Zygmund used the convexity of the 
function @ : x — x? which is valid only if p > 1. Attempts to resolve this were 
made by Klein [58], Ivanov [56], and StoroZenko et al. [85]. Surprisingly, it took 
almost 50 years to solve the problem completely, and almost 40 years to make some 
definite progress when Osval’d [69] proved 


Theorem 13 If f € Py, then 


20 7 2a 7 
(/ [f’ (e’) "a0 <nCy, (/ If (e'*) "a0 (0<p<1l). (17) 
0 0 


where C,, is a constant that depends only on p. 

In 1979, Paul Nevai [66] proved that in the above inequality C, < (8/ p)'/?. Itis 
in fact less than or equal to (1 1)'/?, see Maté and Nevai [61]. 

The problem was completely resolved by Arestov [2] who used subharmonic 
functions and Jensen’s formula to derive the following sharp bound. 


Theorem 14 /f f € P,, then 


Qn 7 Qn Z 
( i Fe" <n ( i sce" (0<p<oo). (18) 
0 0 


The above inequality is best possible. Equality holds true for f(z) = 2z". 
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Golitschek and Lorentz [34] gave a simpler proof of this inequality and also 
obtained its generalization. The sharp inequality analogous to (18) when f has no 
zeros in |z| < 1 was obtained by Rahman and Schmeisser [76]. 

For historical details on these theorems and related literatures on the development 
of approximation theory, we refer readers to [47, 64, 70, 78]. For some generaliza- 
tions of Bernstein’s inequality for rational functions, we refer readers to [46], where 
polynomial inequalities and their generalizations to rational functions have been 
studied. 

The chapter is expository in nature. Having discussed some of the generalizations 
of Bernstein’s and Markov’s inequalities in this Sect. 1, we will discuss constrained 
Bernstein type inequalities, that is, inequalities for different classes of polynomials 
in Sect. 2. Then Sect. 3 deals with the extension of some of the results of Sect. 2 for 
entire functions of exponential type, and finally, Sect. 4 contains some of the open 
problems, discussed in the text of this chapter, that could be of interest to some of 
the readers. 


2 Constrained Bernstein Type Inequalities for Polynomials 


As mentioned in Sect. 1, in this section we will discuss Bernstein type inequalities 
for some classes of polynomials, along with some Bernstein type inequalities in the 
L? norm. 


2.1 Polynomials Having No Zeros Inside a Circle 


Since the equality holds in the Bernstein inequality given in Eq. (10) if and only if 
Ff (2) = Az" which has all its zeros at the origin, one would expect that there is a 
relationship between the bound v and the distance of the zeros of the polynomial 
from the origin. This fact was observed by Erdés [24] who conjectured that if the 
polynomial f(z) has no zero in |z| < 1, then max,;—1| f’(z)| < (n/2)max),)=1| f(z)|. 
This conjecture was proved in the special case when f(z) has all its zeros on |z| = | 
independently by Polya and Szegé [59]. In the general case the conjecture was proved 
for the first time by Lax [59]. 


Theorem 15 /f f € P,, such that f(z) € 0 in |z| < 1, then 
: n 
max| f"(2)| < Smax| fl: (19) 


Equality in (19) holds for any polynomial which has all its zeros on |z| = 1. 

Simpler proofs of this result were given by de Bruijn [20] and Aziz and Mohammad 
[6]. In this section we will be discussing some of them. 

It was proposed by Professor R. P. Boas to obtain inequalities analogous to (19) 
for polynomials having no zeros in |z| < K. In this connection following partial 
result is due to Malik [60]. 
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Theorem 16 /f f € P, such that f(z) 4 0 in |z| < K where K > 1, then 


n 
‘@)| < (— > . 20 
max| f'@| S (, + x) mal (20) 
Equality holds for f(z) = (z+ K)". 
For quite some time it was believed that if f(z) 4 0 in |z| < K where K < 1, 
then the inequality analogous to (19) should be 


max| f"(2)| < max| f (z)|, (21) 


n 
1+ K" (=1 
till E. B. Saff gave the example f(z) = (z — S)(z + +) to counter this belief. For 
this polynomial, max),;—;| f’(z)| * 2 - 1666 while the right hand side of (21) is 
(2/A + (1/3)7))max).j=1| f(2)| = 2-144 < 2-166 and so (21) does not hold for 
this polynomial. Govil [37], however proved that if f in P,, has no zero in |z| < K, 
K <1, then 


n 
i , 
a @ls= tr zs pea mal FI. (22) 


It is clear that the above bound is of interest only if K” + K"—! > 1. For another 
result in this direction, see Govil [38]. 

Govil and Rahman [48] found an extension of Theorem 16 for higher order 
derivatives. They proved that 


Theorem 17 /f f € P,, such that f(z) 40 in |z| < K where K > 1, then 


(s) n(n —1)...(n—s+4+1) 
many (Z| 1. K 


eel (z)|. (23) 


For s = 1, (23) reduces to (20). 

A polynomial of the form f(z) = do + ee ayz"", where 0 < m, <... < my 
are given integers, is called Lacunary polynomial. Chan and Malik [17] proved the 
following extension of Theorem 16 for a special class of Lacunary polynomials. 


Theorem 18 /f f(z) =a0+ aay ayz" is a polynomial in P,, such that f(z) 4 0 


in |z| < K where K > 1, then 


; n 
Hele (z)| < [4 Kemer f@. (24) 


f(2) = (e+ K")"/" shows that the inequality is sharp where n is a multiple of 1. 

Let f(z) = >>") az” be a polynomial in P,,. It can be shown that if f(z) 4 0 
in |z| < K, K > 1 then the equality in (20) can hold if and only if |a,/ao| = n/K 
and hence it should be possible to improve upon (20) if |a;/ao| < cn/K where 
0 < c < 1. This fact was observed by Govil et al. [51] who obtained a bound in 
terms of the coefficients ap, a,, and a2. They proved 
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Theorem 19 Jf f(z) = )0\_9 az" is a polynomial in Pn such that f(z) # 0 in 
|z| < K where K > 1, then 


nlao| + K?\a\| 
max| f(z)|; 25 
K2)n|ao| + 2K?|aq| marl 7 , (a 


mar lf (ZI < as 


furthermore 


marist = ( ) (= RDC+RAD+KO@= DIEM coy (26) 
\zl=1 TALl+K/ A-|ApDd-K K?4+ K|aA|)+ K(n Diu | \z|=1 - 


where 
Ka, 2K? a 
i=, 2S SS 
nao n(n — 1) ao 
Both the above inequalities are best possible. For even n, the equality in (25) 
holds for ao oe 8 
f@) = Kn (ze'” F Ke'*)" (ze'Y + cy" > 
where y and @ are arbitrary real numbers. Whether n is even or odd, equality holds 
in (26) for 


(n—nj)/2 
a na—n 
f@=2@+K)" (2+2«-4o +K?) 
K" n—ny, 


and in fact for f(zel”) for all real y, if m; is an integer such that n/3 < nj < 
n, (n — n1) is even, and (3n; —n)/(n+n1)<a< 1. 

It is worth noting that the bound in inequality (20) due to Malik [60] depends only 
on the zero with the smallest modulus. To illustrate it, take f\(z) = (¢ + K)” and 
fol) = (e+ K\z+K+20)""!, K => 1,€> 0. One can see that (20) gives the same 
bound for these polynomials. So, it is of interest to look for a bound that depends 
upon the location of all the zeros rather than just on the location of the the zero of 
smallest modulus. In this direction, Govil and Labelle [44] proved the following 


Theorem 20 Let f(z) = a,JIV_\(Z — 2), Gn 4 0, be a polynomial of degree n. If 


v=1 


In| > Ky > 1,1<v <n, then 


: n 1 n | ee 
maison en| (S ma) (E ei) | pir (27) 


v=1 v=1 


Equality holds for f(z) = (z+ K)", K > 1. 


Remark 1 It can be easily verified, that the right hand side of the inequality (27) is 
in fact equal to 


n 1 
1 : 2 
| ini 7 <= | mara (28) 
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If K, > K, K >1forl < v <n, then clearly 


n 


Ky +1 1 
Lx, ee =i 1a’ 


so, the bound in (27) is in general at least as sharp as in Malik’s bound (20). In fact, 
except for the case when the polynomial f(z) has all its zeros on |Z] = K, K > 1, 
the bound obtained by (27) is always sharper than the bound obtainable from (20). If 
K, =1forsomev, 1 < v <a, then the inequality (27) reduces to Lax’s inequality 
(19). 

The statement of the Theorem 20 might suggest that one needs to know all the 
zeros of the polynomial but it is not so. No doubt, the usefulness of the theorem 
will be heightened if the polynomial is given in terms of the zeros. If in particular, 
the polynomial f(z) is the product of two or more polynomials having zeros in 
lz] > K, > 1, |z| => Kz > 1, etc., each of norm < 1, then f(z) would be of norm 
< 1, and one would have a better estimate for max),\=1 | f’(z)| by (27) than from (20). 

Aziz and Dawood [5] considered the problem given in Theorem 15 under an 
additional condition that the min),|—1 | f(z)| 1s also given. In this direction, they proved 
that 


Theorem 21 /f f € P,, such that f(z) € 0 in |z| < 1, then 


max| f"()| < 5 (maxi) - min| f(@)I}. (29) 


The result is best possible and equality holds for f(z) = az" + B where |B| = \a|. 
The above result of Aziz and Dawood [5] was generalized by Govil [40] who 
proved that 


Theorem 22 If f € P, such that f(z) # 0 in |z| < K where K > 1, then 


n(n — 1)---(n—s+1) 
14+ Ks 


max| f'(2)| 


imax ly)! = eC (30) 
which sharpens Theorem 17 due to Govil and Rahman [48]. 
Also, for s = 1, the Theorem 22 reduces to 
Theorem 23 /f f € P, such that f(z) 4 0 in |z| < K where K > 1, then 
n 
: < | ———- _ 31 
mall < (pe) im me max| f(2)| ee (31) 


Equality is attained for f(z) = (z+ K)". 
For polynomials not vanishing in |z| < 1, de Bruijn [20] proved the following 
generalization of Theorem 15. 


Theorem 24 /f f € P,, such that f(z) € 0 in |z| < 1, then for p > 1, 


1 


A OP ass ie > Fe ‘ P 
(fuer irae)” <nck(E firterae)” ax 
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where Cp = 2-?./xaT (5P + 1) /U (5P + 5). The result is sharp and the equality 
holds for f(z) = (a + Bz"), lol = |Bl. 

To obtain Lax’s inequality (19) from (32), simply make p — oo and note that 
lim poo a Ps 1/2. For an alternate proof of Theorem 24, see Rahman [74]. The 
inequality (32) in fact holds for p > Oand this was proved by Rahman and Schmeisser 
[61]. A simpler proof and a generalization of Theorem 24 were given by Aziz [4]. 

For polynomials not vanishing in |zZ| < K, K > 1, Govil and Rahman [48] 
proved 


Theorem 25 Jf f € P, such that f(z) # 0 in |z| < K where K > 1, then for 
pe 


( 1 = 17,10 ? $ 1 . id ? 
=| lfc Pao <nE; al | f(e")|?do (33) 
20 0 2pi 0 


where E, = 21/ fig |K + e!*|Pda. 

Since limp+.0 eg = 1/(14+ K), we get (20) by taking p > oo in (33). For 
K = 1, Theorem 25 reduces to Theorem 24 of de Bruijn [20]. 

Gardner and Govil [30] have generalized the above result of Govil and Rahman 
[48] by proving the following theorem. 


Theorem 26 Let f(z) = a,JT[_\(Z — 2), dn # 0, be a polynomial of degree n. If 
In| > Ky >1, 1<v <n, then for p > 0, 


1 7 as 2 es ce p 
(=~ f Ife Pa <nF; (5 / If(e "a0 (34) 
2m Jo 2m Jo 


where F, = {2n/ fo” Ito + e!? |? dO}, and t) = {l+n/>"*_, ea if K, > 1 for 
allv, 1<v<n,andt) = 1if K, = 1forsomev, 1 < v <n. The result is best 
possible in the case K, = 1, 1 < v <n, and the equality holds for f(z) =(1 +z)". 
The above result in the case p > 1 was also proved by Gardner and Govil [28]. 
If K, = 1 for some v, 1 < v <n then fy = 1 and (34) reduces to the inequality (32) 
due to de Bruijn [20]. If K, => K for some K > 1, 1 < v < n, then as it is easy 
to verify that F, < {27/ jag |K + e!*|?da} P , and so the above inequality reduces 
to the inequality (33) due to Govil and Rahman [48]. Further, if in Theorem 26, we 
make p — oo, we get Theorem 20, due to Govil and Labelle [44]. 


2.2 Polynomials Having All the Zeros in a Circle 


We again begin with Bernstein’s inequality that if f € P,,, then 


max| f"(2)| <nmax|f(@)!. (35) 
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Equality in (35) holds only for polynomials of the form 4z”, 4 4 0 is a complex 
number. 

As it is evident from Az” (A a complex number), it is not possible to improve upon 
the bound in (35), if f(z) has all its zeros in |z| < 1. Hence it would be of interest to 
obtain an inequality in the reverse direction and this was done by Turan [88], who 
proved 


Theorem 27 [f f(z) is a polynomial of degree n having all its zeros in |z| < 1, then 
; n 
max| f"(@)| > 5 maxl fl (36) 


The result is best possible and the equality holds for all polynomials of degree n 
which have all their zeros on |z| = 1. 

It will obviously be of interest to obtain an inequality analogous to (36) for poly- 
nomials having all their zeros in |z] < K, K > O. In this regard, Malik [60] 
considered the case when K < 1, and by using his theorem (see Theorem 16), he 
obtained 


Theorem 28 /f f(z) is a polynomial of degree n, having all its zeros in|z| < K <1, 
K > 0, then 


max| f" teyh 


ee are nax| f(2)I. (37) 
Equality holds for the polynomial f(z) = (z+ K)". 
A simple and direct proof of this result was given by Govil [35] which is as follows. 
If f(z) = a,f1"_\(z — z,) is a polynomial of degree n having all its zeros in 
|z| < K <1, then 


re®)| 


aft”) n ef 1 
f= Re (« 7) = 7 Dee( a = : 2X 1+ K 


v=! 


that is, 


| f(e'*)| = ae lf (eI, 


where @ is real. Choosing 6p such that | f(e’)| = max | f(e'”)|, we get 


[f/(e)| > 


omy, |Fe ML 


from which (37) follows. 

The above argument does not hold for K > 1 because then Re (es?) (e? — Zy)) 
may not be greater than or equal to 1/(1 + K). Govil [35] also settled the case when 
K > 1, by proving 


Theorem 29 [f f(z) is a polynomial of degree n having all its zeros in |z| < K, 
K > 1, then 


max| f” (2)||= xa maxl FI. (38) 
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The result is best possible and the equality holds for the polynomial f(z) = 
zn + K". 

A simpler proof of this result was later given by Datt [19]. Note that for K > 1, 
the extremal polynomial turns out to be of the form (z” + K”) while for K < 1, 
it has the form (z + K)”. Thus K = | is a critical value of the parameter under 
consideration and one should not expect the same kind of reasoning to work for both 
K <landkK > 1. 

The following refinement of Theorem 29 was done by Giroux et al. [33]. 


Theorem 30 Let f(z) = a,JT?_\(z — Zz) be a polynomial of degree n such that 
lzv| < Ll for 1 <v <n, then 


n 


maxl f=) | 


v=! 


i+ Bin (39) 


Equality holds in (39), if the zeros are all positive. 
A generalization of the above Theorem was obtained by Aziz [3]. 


Theorem 31 Let f(z) = a,1T?_,(z — 2) be a polynomial of degree n such that 
Izu] < K for1 < v <n, then 


n 


if'@l = —— > max FO (40) 
max max : 
I2l=1 ile 1+ Kk" K + |z| lzl=1 : 


v=! 


Equality holds again for f(z) = z" + K”. 

Inequality (40) is also a refinement of the inequality (38) due to Govil [35]. 

Although, the Theorem 29 due to Govil [35] is sharp, but as is easy to see, it 
has two drawbacks. First, the bound in (38) depends only on the zero of largest 
modulus, and not on other zeros even if some of the zeros are very close to the 
origin. Second, since the extremal polynomial in (38) is (z” + K”), it should be 
possible to improve upon the bound for polynomials }°_» a,z’, where not all the 
coefficients a), d2,...A,—, are zero. This was observed by Govil [39] who proved 
the following refinement of Theorem 29. 


Theorem 32 Let f(z) = ae ayz” = a,lT)_\(z — Z),4n # 0 be a polynomial 
of degreen > 2, |z,| < K,, 1<v <n, andlet K = max(k,, Kp,...,K,) > 1. 
Then, forn > 2 


max| f’(z)| > : y = max| f(z)| + lai] {1 : 
a —_ —— 
\z|=1 ZW 1+ Kk" K+K, i=! a 1 RK? 


v=1 


n 


1 K"—1 K"-2 —] 
: (41) 
1+ Kk" K+K, n n—2 


and, ifn = 2 
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,_2 “. K 49 
max| f"(2)| 2 Th RK" ESE) max| f(2)| (42) 


1 
1 
+ 1a zt oe “la “ETE 


In these estimates equality holds for f(z) = z" + K". 

The case n = 1 in Theorem 32 is trivial because in that case max),;=1| f’(z)| = 
(1/( + K)) max),=1| f(z)|, where K is the modulus of the zero of f(z). 
Since K/(K + K,) > 1/2 (1 < v <n), from Theorem 32 follows trivially 


Theorem 33 /f f(z) = 4,l7j_,(Z—2), ay & 9, isa polynomial of degree n having 
all its zeros in |z| < K where K > 1, then forn > 2 


> 
maxl f= pew mar 


tla) (1-2) 4 tle (K" = K"2-1 ae 
ma K2)" KA+K)\_ a n-2 J 


and, if n= 2 


x| f()| 


max| f" (Z)| = 


Gay fal 44 


Inequalities (43) and (44) together provide a refinement of Theorem 29 because 
as can be easily verified that for K > 1 andn > 2, we have 
K"-1 K"?—-1 


n n—2 


> 0. 


A refinement of Theorem 27 was given by Aziz and Dawood [5] which is as 
follows. 


Theorem 34 /f f(z) is a polynomial of degree n having all its zeros in |z| < 1, then 
i n . 
max| /"(2)| = S{max| f@)| + minl SI). (45) 


Equality holds for f(z) = az" + B, |B| < |e. 
The above theorem has been generalized by Govil [40] who proved the following 
more general 


Theorem 35 /f f(z) is a polynomial of degree n, having all its zeros in |z| < K, 
then 


max| f"(2)| 2 = Tk Kal Fol + mao K 


if K < 1, and for K > 1 


ni fl, (46) 


! n . 
max| /(2)| 2 pe lmax| (| + min | f@I}- (47) 
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Both the above inequalities are best possible. In the first case the equality is 
attained for f(z) = (z+ K)” and in the second for f(z) = z" + K". 

For generalization of the above inequalities for polar derivative, we refer to the 
papers of Aziz and Rather [7] and Govil and McTume [45]. 


2.3 Self-Inversive and Self-Reciprocal Polynomials 


In this section we will discuss some inequalities concerning self-inversive and self- 
reciprocal polynomials. We begin with the definition of self-inversive polynomials. 


Definition 1 A polynomial f in P,, is called n-self inversive (self inversive), if it 


satisfies the condition 2” f(1/z) = f(z). 
We represent the class of self-inversive polynomials of degree at most n by P,. 
If f € P, and g(z) := z" f(1/Z), then, from Theorem 10, one gets 


If @| + le’@l s ene) (z| = 1). 


In particular, if f € P> then f(z) = g(z) and hence f’(z) = g’(z). Thus, from the 
above inequality, we have 


maxi "(| < 5 maxl {Ol (48) 


Let f be a polynomial of degree n, and zp a point on the unit circle such that 
If@Zo)| = maxjj—1|f(Z)|. Then, | f’(Zo)| = Ig’Go)l = In fo) — zof’Zo)| = 
n| f(Zo)| — | f’@o)|. Hence, 


: } n n 
maxl f"()| > Lf'Gol > 51/0)! = 5maxl FO (49) 
Now, if we combine (48) and (49), we get the following result (see Govil [35, 


Lemma 4]. 


Theorem 36 /f f(z) is a self-inversive polynomial of degree n, then 


1a fOL= 5maxl {Ol (50) 


The above result also appears in a paper of O’ Hara and Rodriguez [68] and Saff 
and Shiel-Small [83]. 

The L? inequality for self-inversive polynomials was obtained by Dewan and 
Govil [21], and in this regard they proved the following. 


Theorem 37 [f f(z) is a self-inversive polynomial of degree n, then for p > 1 


Qn : it 2a . P 
(/ Lee "a0 < ne? (/ fle Pad) (1) 
0 0 
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yep VET (p/2+1) 
where Cpa 2? a rESe 
equality for f(z) = (z" + 1). 


Later on Govil and Jain [43] proved the following more complete result. 


. The above inequality is best possible and it reduces to 


Theorem 38 /f f(z) is a self-inversive polynomial of degree n, then for p > 1 


n 2a ; z 2a , + av 20 : : 
s(f Lfle®I"ao <(f Ure? <ne} (/ if(e Pad) 
2 \Jo 0 0 


(52) 
where c, = 2°? See Both the inequalities are best possible and they both 
reduce to equality for f(z) = (z" + 1). 

The above result of Govil and Jain [43] has been extended for p > 0 by Govil 
[41]. 

Itcan be seen that limp. on? = 1/2, and limp... ((1/27) fies | f(e?)|Pdaye/P) 
= maxjj=1|f(z)|, and thus from (52), we get once again the conclusion of 
Theorem 36 that if f(z) is a self-inversive polynomial of degree n, then 


max| f"(2)] = 5max|/@)l 


Now we will study the class of self-reciprocal polynomials. 


Definition 2 A polynomial f in P,, is called n self reciprocal (self reciprocal), if it 
satisfies the condition z” f(1/z) = f(z). 

Following Rahman and Schmeisser [78], the class of self-reciprocal polynomials 
of degree at most n will be denoted by PY. 

Let f(z) = So)_9avz” be a self-reciprocal polynomial. Then the following 
observations are evident from its definition. 


* a, =a4,_,,for O<v<n. 

¢ If¢ #Oisa zero of f then so is 1/¢.Thus self-reciprocal polynomials have at 
least half of their zeros outside the open unit disk. It is assumed that a polynomial 
f belonging to P,, but of degree m < n has n — m of its zeros at oo. 

e Ifthe degree of f is odd then it has a zero at —1. 


We will now discuss the Bernstein’s inequality given in (10) for this class. Let us 
start with a polynomial f in P}’. From the Bullet 3 given above, f(z) = c(z+ 1), 
where c € C. We have max),;=1| f’(z)| = |c| and max),)=1| f(z)| = 2|c|. Thus 


1 
max| f"(2)| =5 mar) FS) (f € Py) (53) 


which is consistent with Theorem 36, as P’ and P} are the same. 
Next, let f belong to P’. From Bullet 1, we can write f(z) = a(z* + 1) + bz, 
and without loss of generality, we can take a = 1. 


max| f"(2)| = Tek 2s | =2+|D|. (54) 
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Then 


max| f(z) = max|(z* + 1) + b2| 


b 
= max \(e7? +1) + bel?| = 2,max | cos@ + A > J4+ |bl?. (55) 


So, from (54) and (55), we have 
maxij=1f'@! — 2 +1b! 


max),;=1| f’(z)| — J4+ |b 


It can be easily verified that for x > 0, 


24+x 
Tai a «/'2, (57) 


Therefore from (56) and (57), we conclude that 


(56) 


max| f"(2)| < V2 max| FO) (f € PY), (58) 


and equality holds in (58) for f(z) = 24+ 2izt1. 
Thus, we have a sharp estimate in the Bernstein inequality for P. For n > 3, the 
sharp estimate in Bernstein equality remains unknown even though the class is under 
investigation for well over 40 years. 

Frappier et al. [26, p. 97] constructed a polynomial f(z) := {0 — iz)? + 2" -2(z— 
i)?} /4 of degree n for which f(z) = z” f(1/z) holds and 


inax| F@)| = 1=/f@)| whereas |f’(—i)| =n—-1. 


This example exhibits the existence of a polynomial f in PY for which 
max| f"(2)| = |f’( —-pl=m—- Imax] f(2)I. (59) 


Thus the bound in the Bernstein inequality for P.” is atleast n — 1. 
Frappier et al. [27, Theorem 2] studied another class of polynomials f(z) := 
> -9 vz” whose constant term ap is equal to the coefficient of the leading term 
dy. For such polynomials they proved that 


1 1 
‘| < SS : 60 
ieee @Il< ¢ Ae Xn + 5) mal Fe (60) 

As noted above in bullet 1, f belongs to PY if and only if a, = a,_, for each 
0 < v <n. Hence, in particular, v = 0, which gives aj = a,. Thus the inequality 
(60) holds for polynomials in PY as well. Combining inequalities (59) and (60), one 
gets 


; 1 1 
(n= Dee S meee (z)| < (x =F 4D) 5) inal) (61) 
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which shows that in general there will be no meaningful improvement in (10) for 
Py. This is quite surprising as the class PY is quite restrictive in some sense. For 
example it has as many zeros inside the unit disk as it has outside. 

We can, however obtain improvements in (10) if we impose some additional 
restrictions on P,”. We will consider two types of conditions here; restrictions on the 
location of zeros and restrictions on the coefficients of polynomials. We will start 


with the following theorem of Govil et al. [50]. 


Theorem 39 Let f belong toPY such that all its zeros are either in the left-half 
plane or in the right-half plane. Then 


max| f"(2)| < a max| /(@)| (62) 
The result is sharp. Equality holds for polynomial f(z) = c(1+z)" ifall the zeros 
are in the left-half plane and for polynomial f(z) = c(. — z)" if all the zeros are in 
the right-half plane. 
Recently, Tariq [87] has noted a property of polynomials in PY whose zeros lie 
in the left-half plane. His observation is given in the next theorem. 


Theorem 40 Let f belong to PY such that all its zeros are in the left-half plane. 
In addition, suppose that its zeros in the second quadrant are of modulus at most |. 
Then 


Ife) IFC") (0<0 <7). (63) 
As an application of above theorem, he proved the following: 


Theorem 41 Let f belong to PY such that all its zeros are in the left-half plane. 
In addition, suppose that its zeros in the second quadrant are of modulus at most 1. 
Further assume that| f (e~'*)| < M for0 < 6 <2. Then 


Ife <M> O<0< zn). (64) 

The example f (z) = (2? + 1)"/?, shows that the estimate is sharp when n is even. 
For odd n, the equality holds for f(z) = (z+ 1)". 

Now, we will discuss some Bernstein type inequalities for P” that are obtained by 
considering restrictions on the coefficients of polynomials. Aziz [3] investigated the 
polynomials in P,” whose coefficients lie in the first quadrant. For such polynomials, 
he proved the following 


Theorem 42 Let f(z) = )7)_p (ay + if,)z”, a, => 0, B, > 0, v =0,1,2,...n be 
a polynomial in PY. Then 


marl fl Famel fl: es 


The result is sharp when n is even. Equality holds for the polynomial f(z) = 
zn + Qizhl2 + 1. 
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Proof Let us write f(z) = fi(z) +ifo(z), where fi(z) = )7)_9 avz”, and fo(z) = 
> 0 vz”. Since a, > 0 and B, > 0, we have max)j=1| fi(z)| = | fi(D| = fi) 
and max),;=1| f2(z)| = | f2C1)| = fo). Also, note that f, and fo are self-inversive 
polynomials. Thus, we have maxj,\1| f{(z)| = (m/2)max)=1| fi(z)| = (n/2) fi) 
and max\,)=1| f3(z)| = (1/2)max)zj=1| fo(z)| = (n/2) fo(1). Let 69 be the number such 
that max),j=1| f’(z)| = | f’(e™)|. Then 


maxjaal f= fe)! < Fe) + 1K) = 5 (fill) + fr} — (66) 


Since, { fi) + fi(D} < J 24f7( + CD} = V2 FDI < V2max,-11f @|, we 
get the desired result from (66). 
If f is a polynomial in PY whose zeros lie in a sector of opening 2/2, say in, 
w < arg z< w+7/2, for some real y, then the polynomial g(z) = e7'” f(z) 
belongs to PY such that its coefficients lie in the first quadrant of the complex plane. 
Moreover max\,\=1|g(Z)| = max)=1| f(z)| and max),=1|g’(z)| = max),=1| f’(z)|. So 
applying Theorem 42 on g(z) one can get the following result in Jain [57]. 


Theorem 43 Let fF) = yo a,” where a, = a,e'? a Bye”, a, = 0, By > 0, 
where0 <v <n,0 < |6—wW| < 2/2, be a polynomial in P,”. Then 


marl fl < Tomar f)| (67) 


The result is best possible. Equality holds for the polynomial p(z) = z"+2iz"/?+1, 
n being an even integer. 

Govil and Vetterlein [49] considered the class of self-reciprocal polynomials 
whose coefficients lie in a sector of an angle y centered at origin. Their estimate for 
max),|=1|f’(z)| depends on the angle y and contains Theorem 42 and Theorem 43 
as special cases. More precisely, their result is 


Theorem 44 Let f(z) = 7)» ayz’, whose coefficients lie in a sector of opening 
y with vertex at the origin, belong to Py. Then 


! 20 
ne lg (z)| < moa ax| f(2)| (0 <y< =). (68) 


Equality holds for the polynomial f(z) = z" + 2e”z"/? + 1, where n is an even 
integer. 

It is important to note that the above theorem produces better estimate than (10) 
only for |y| < 27/3. 

For a polynomial f in PY, in general max;,;—\| f(z)| can occur at any point on the 
unit circle; not necessarily at z = 1. Rahman and Tariq [79] observed that, under the 
condition of Theorem 44, a sharp estimate for max),)—1| f’(z)| in (68) can be obtained 
in terms of | f(1)| rather than max,,,_;| f(z)|. Then it makes sense to take y in [0, 7) 
instead of [0, 27/3]. They used the theory of entire functions of exponential type to 
prove the following theorem. 
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Theorem 45 Let f(z) = )0)_9 avz", whose coefficients lie in a sector of opening 
y with vertex at the origin, belong to PY. Then 


; n 
max| f'(2)| S Joos (y/2) IfCI- (69) 
In the case where n is even, the polynomial p(z) := z" +2e'” z"/? +1 shows that 
the above inequality is sharp for any y € (0,7). 
Next, we will discuss few integral inequalities of Bernstein type associated with 
self-reciprocal polynomials. We will start with a result of Aziz and Zerger [8] who 
considered the L? analogue of (10) for polynomials in PY and proved that 


Theorem 46 /f f(z) belongs to P’, then 


n2 20 . 20 . n2 20 ; 
— i If(e)?d0 < i Ife) do < — / If(e)?d@. (70) 
4 Jo 0 2 Jo 


Both estimates are sharp. Equality holds on the right side of the inequality for 
f(2) = c(z+ 1)" foralln > 1. On the left side, equality holds for f(z) = ez"/* when 
n is even. 

Alzer [1] extended the above result for higher order derivatives. He used ideas 
from discrete mathematics and obtained the following generalization. 


Theorem 47 Let f(z) be a polynomial in P’ and k an integer such that 1 <k <n. 
Then 


20 20 20 
an (k) : Ife) Pd0 < / | fe) 240 < By (k) / IfePde (71) 
0 0 0 
where 
if eae (3 - iy nis even 
+1 


On (k) = 
2 {73 = i) + ITF (4 - i)'| n is odd 


1 
Bu(k) = = ITjag(n — i 


The inequalities are best possible. Equality holds on the right side of inequality 
for w(z) = z" + 1. On the left-hand side, the equality holds for u(z) = 2"! if n is 
even and for v(z) = zl. +z) ifn is odd. 

Using Theorem 40 discussed earlier, Tariq [87] has found an L? inequality for 
Px that is valid for p > 1. More precisely he proved the following 


Theorem 48 Let f, which has all its zeros in the left-half plane, belong toP,. 
Furthermore, the zeros in the second quadrant are in the unit disk {z : |z| < 1}. 
Then, for p = 1 


0 0 
i |f/(e?)|? dd <n? C, i | f(e)|? do, (72) 


1s 1s 
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where Cp is as given by 


Qn op VET (2+ V) 


“=F pempda ~~ F(p/2+1/2) — 
Recall that for a polynomial f in P,, Il fllp = (/2a fis | f(e)|?do)!/? and 
Il flloo = max),—1| f(z)| denote the L? and uniform norms respectively. Qazi [72] 
investigated a Bernstein type inequality in which he considered the L” norm of the 
derivative f’ and L® norm of f and asked the question: 
What is the best value for A, in the following || f'\|p < Anl|f'\loo, where f € PY? 
In this direction, he proved the following 


Theorem 49 Let f(z) = )°\_9 az” be a polynomial in PY and 0 < p < 2? Then 


nP 
Pi greene 


1 * Mai D 
oe fret a8 = SAFI, ~ Bao? (74) 


The example f(z) = 1+ z” shows that the above inequality is sharp. 

We will close this section with an inequality in the opposite direction. Let f be 
a self-reciprocal polynomial. From the definition, we have z” f(1/z) = f(z). If we 
differentiate both sides with respect to z, we get f’(z) = nz"! f(1/z)—z"-? f’(1/2). 
Choose the complex number Zp on the unit circle {z : |z| = 1}, such that | f(1/zo)| = 
max;|=1| f(z)|. Then, we have 


nmax| f(2)| = n| f(1/z0)| =| f'@o) +2" > f'C1/20)1 < 2max| f"(2)]. 


Thus we have the following theorem of Dewan and Govil [22]. 


Theorem 50 /f f € PY, then 


, n 
max! /"(2)| > 5 maxi f@. (75) 


The result is sharp. Equality holds for polynomial f(z) = cA. + z)". 

Although the class PY has been extensively studied among others by Frappier 
and Rahman [25] and Frappier et al. [27], Govil et al. [50], a sharp Bernstein’s type 
inequality for this class is still unknown for n > 3. 


3 Entire Functions of Exponential Type 


In this section, we will study the extensions of results about polynomials, discussed 
in Sect. 2, to the entire functions of exponential type. We will start with the following 
definition of entire functions of exponential type. 


Definition 3. An entire function f is said to be an entire function of exponential 
type t if for every ¢ > O there is a constant k(e) depending only on ¢ but not on z 
such that | f(z)| < k(e) e+! for all z € C. 
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Let f be an entire function andr be any positive real number. Denote the maximum 
modulus of the function f on the circle of radius r by M,(r). That is M;(r) := 
maxj,|-,| f(z)|. If there is no ambiguity, we write M;(r) = M(r). 

The order of an entire function f, denoted by p, is defined by 
loglog M 
p := lim sup Ee) (76) 
roo log r 

It is a convention to take the order of a constant function of modulus less than or 
equal to one as 0. 

An entire function of finite order p is said to have type T, where T is given by 


log M(r) 


T := lim sup 
re 


row 


(77) 


Itis clear that entire functions of order less than 1 are of exponential type t, where 
t can be taken to be any number greater than or equal to 0. Also entire functions of 
order | and type T < t are of exponential type T. 

Examples of entire functions of exponential type include polynomials with com- 
plex coefficients, t(z) = bean a, cos vz + b, sin vz, where coefficients belong to 
C, ete. 


Definition 4 Let f be an entire function of exponential type. The function 


] i 
1 (0) = tim sup WLC 
roo r 


(0 < 6 < 27) (78) 
is called the indicator function of f. It describes the growth of the function along 
aray {z : argz = 6}. It is finite or —oo. Unless hs(6) = —on, it is a continuous 
function of @. If f is an entire function of exponential type t, then h ¢(@) < T, for 
0<06 < 27. 

Bernstein (see [9, p. 102]) himself found the extension of inequality (10) for the 
entire functions of exponential type. He proved that 


Theorem 51 /f f is an entire function of exponential type t, then 


sup [f’)| St _ sup | FG). (79) 


—OO<X¥<0O O<x< 


Equality holds if and only if f(z) = ae'™* + be7i™, where a, b € C and |a| + 
|b| > 0. 

Genéev [31] observed that the conclusion of above theorem is still valid even if one 
considers the supremum of |Re f(x)| instead of | f(x)| over R in (79). Using Levitan 
polynomials [55], he proved the following extension of Bernstein’s inequality. 


Theorem 52 [f f is an entire function of exponential type t such that h ¢(/2) < 0, 
then 


sup |f(x)| <t sup [Re f(x)]. (80) 


—OO<X¥<0O —OO<X¥<0O 
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Equality holds for f(z) = aeé™. 

This result may be seen as a generalization of the result of Szego (Theorem 9). 
For various other refinements of Theorem 51, we refer readers to [13, Chap. 11]. 

Let p > 0 be areal number. We say that a function f belongs to L” on the real 
line if, ie | f(x)|? dx < oo. It can be verified that lim p-, 5 gies | f(x)|? dx)!/? = 
SUP_oo<x<0o | f(x). In view of this, the following generalization of Theorem 51 is 
given in the next theorem [13, p. 211]. 


Theorem 53 Let f be an entire function of exponential typet that belongs to L? 
on the real line, where p > 1 is a real number. Then 


a Lol? dx < of IPO? dx. (81) 


For various refinements and extensions of above result, we refer readers to the 
paper of Rahman and Schmeisser [77]. 
As an L? analogue of Theorem 52, Dostanié [23] has recently proved the following 


Theorem 54 [f f is an entire function of exponential type t such that h ¢(1/2) < 0, 
then 


[- [7 GO? ax = C, 0” [ [Re f(x)|? dx (p= 1) (82) 


where C, is given by (73). 


3.1 Bernstein Type Inequalities for Entire Functions Having No 
Zero in the Upper-Half Plane 


In this section, we will discuss few inequalities about entire functions of exponential 
type when the function has no zero in the open upper-half plane {z : [m(z) > O}. The 
theorems discussed here may be seen as extension of results in Sect. 2.1 for entire 
functions of exponential type. 

To motivate ourself, let us take a polynomial g in P, such that g(z) # O in 
|z| < 1. From Theorem 15, max),—)|g’(z)| < (n/2)max),)=1|g(z)|. Define a function 
f(z) = g(e®). It is obvious that f is an entire function of exponential type n. Since 
g has no zero in |z| < 1, f has no zero in the open-half plane {z : Im(z) > 0} and 
h(x /2) = 0. Thus, if we can obtain a bound for sup_.o 2, <oo | f’(x)| in terms of 
SUP_.o<x<oo | f(x), then it will give us a generalization of Lax’s result, Theorem 15. 

Perhaps, in view of these observations, Boas [14] (see also [75]) formulated and 
proved the following general result for entire functions of exponential type. 


Theorem 55 Let f be an entire function of exponential type t such that h ¢(1/2) = 0 
and f(x +iy) £0 for y > 0. Then 


sup |f’(x)| < sup |f(x)I- (83) 


T 
—0O<x <00 2 —co<x<0o 
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Equality is attained for f(x) = (1 + e'"*)/2. 

For generalizations of the above inequality of Boas to polar derivatives of entire 
functions, see Gardner and Govil [29]. 

It is worth pointing out that the condition h ¢(z/2) = O in the theorem is indeed 
necessary. To see it, let f(z) = cos tz, t > 0. The function f is an entire function of 
exponential type t with only real zeros. Furthermore, sup_,,—. <5, | f(«)| = 1 and 


log (3 =) 


cd 
hy (5) = lim sup 
2 yoo y 


=t>0 


and 
sup |f'(x)|=t=t sup |f(x)| 
—00O<xX<0O 


—OO<X¥<0O 


which contradicts the conclusion of the theorem. 

In 1959, Professor R.P. Boas asked the following question concerning the gener- 
alization of Theorem 55, a partial answer to which was given by Govil and Rahman 
[48]. 

Let f be an entire function of exponential type t such that | f (x)| < 1 for real x, 
h ¢(t/2) = O and f(x +iy) £ 0 for y > k, where —co < k < o. Then what can 
be said about the bound for | f'(x)|? 

The hypothesis f(x + iy) 4 0 for y > k is a more general than f(x +iy) 4 0 
for y > 0, if k < 0. So one might expect an improved estimate in (83) under this 
restriction. However, the following example of Govil and Rahman [48] shows that 
it is not the case. 

Example 

Let n;, n2, and nz be positive integers, T = n,/n2, a = 1/n3n2, andk < 0. 
Define a function f, as follows 


iaz —ak | t/a 


e 
fa) = (a 


It is clear that f,(z) is an entire function of exponential type t with h 7 (7/2) = 0, 
SUP_go<x<oo |fa(x)| = 1, and fa(z) = fa(x + iy) has all its zeros on y = k. Also 


sup | f,(%)| = sup 


—O0O<X <00 —0O<X <00 


* = t/a—l1 
[ene y" T T T 


= > € 
1+e—4 Ite“ [+eak" 2 


by making a sufficiently small. 

Thus the bound in (83) cannot be improved in general by simply taking f(z) 4 0 
in a larger half plane unless some more conditions are imposed on the function. In 
addition to the already given conditions, Govil and Rahman [48] added a restriction 
on the indicator function of f’ and found the following extension of Theorem 55. 


Theorem 56 Let f be an entire function of exponential type t such that f (x +iy) = 
0 for y =k where k < 0. Ifh s(t /2) = 0, hp (7/2) = —c < 0, then 


sup I @lS pyar UP FOOL. (84) 


—00<xX<0O —-O<xX< 


Extremal Problems in Polynomials and Entire Functions 233 


The inequality is sharp. Equality holds for 


icz __ ,—ak t/c 
scey= {* Z (85) 


1+e- 


if t/c is a positive integer. 

Even though the zero free-half plane {z : I[m(z) > k},k < 0 in Theorem 56 is 
larger than {z : [m(z) > 0} but the condition that requires all the zeros of f to lie 
on a horizontal line y = k is still too restrictive. Govil and Rahman [48] were able 
to relax this restriction also by imposing one more condition on the conjugate of the 
function f. The conjugate of an entire function f of exponential type t is a function 
g defined by g(z) = e'** f(@). They proved the following theorem. 


Theorem 57 Let f be an entire function of exponential type t such that f(x + 
iy) 4 0 for y > k where k < 0. If h¢(w/2) = 0, hp /2) = —c < 0, and 
hg (a /2) = —c < 0 where g(z) = e'™* f (Z). Then 


sup WW @LS pyaar UP FOL. (86) 


—00<X<0O —0O<X<0O 


If t/c is a positive integer, then the function 


icz —ak yt/¢ 
= —e 
a= | Ar | 
satisfies the condition of the above theorem and 
‘ T 
su : = —— su a . 
eee Ie (| 1+ eclkl eee ee lV I 


It may be remarked that although Theorem 57 answers question raised by Profes- 
sor R. P. Boas, Jr. in the case when f(x + iy) 4 0 for y > k where k < 0, the case 
when f(x + iy) £0 for y > k where k > 0 is still completely unsolved. 

Theorem 57 generalizes the result of Malik [60] discussed in Sect. 2.1. To see this, 
let p(z) = >" @z” be a polynomial such that p(z) # 0 in |z| < K where K > 1. 
The function f(z) = }“)_9 aye'” is an entire function of exponential type n. Since 
p(z) € 0 in the disk |z| < K, f(z) has all its zeros in y > k and h¢(z/2) = O. For 
z = iy, we have f'(iy) = )7)_, iv aye’’’. Thus | f’(iy)| < e (1 + ¢(y)), where 
o(y) > Oas y > O. Thus we have h f(a /2) < —1. The conjugate of f is given 
by 9(z) = )\)_-9 Gr—ve!””. Similar reasoning as used in the case of h f/(r/2), gives 
hg (x/2) < —1 as well. So all the conditions of Theorem 57 are satisfied. Thus we 
have J 

If’) < Tae uae | f()I. 

If p is a nonconstant polynomial such that | p(z)| > m > 0 on the unit circle, 
then | p(z)| > m in the open unit disk U provided that p(z) € 0 in U. Therefore 
p(z) — Am # 0 in U for any A such that |A| < 1. This fact plays an important 


234 N. K. Govil and Q. M. Tariq 


role in obtaining a generalization of a Theorem of Aziz and Dawood [5], which is a 
refinement of Erdés conjecture proved by Lax [59]. However, if f is a nonconstant 
transcendental entire function of exponential type such that | f(x)| > m > 0 on the 
real axis, then it may be that | f(z)| is not greater than m at any point of the upper-half 
plane H := {z : Im(z) > 0}, even if f(z) 4 0 in H, as the example f(z) := e!” 
shows. 

Note that for the function f(z) = e’*, which is an entire function of exponential 
type, we have h (1/2) = —1, but if we assume that h ¢(2/2) > O, and that f has 
no zeros in H, it turns out that | f(z)| > m everywhere in H. Keeping this in view, 
Govil et al. [52] have proved the following more general result. 


Theorem 58 Let f be an entire function of exponential type having no zeros in 
the closed upper-half plane H, and suppose that | f(x)| =m > 0 on the real axis. 
Furthermore, let h ¢(/2) = a. Then 


| f(x +iy)| > me*” (y > 0, x €R) (87) 


except for f(z) = ce, c EC, |c| =m. 
Making use of the above Theorem 58, Govil et al. in [52] have proved the following 
sharpening of Theorem 55. 


Theorem 59 Let f be an entire function of exponential type t such thath ¢(a/2) = 0 
and f(x +iy) £0 for y > 0. Assume that for x € R, 0 < m < | f(x)| < M where 


—m 


; M 
sup |f(x)| < T. (88) 


—00<x<00 2 
Equality is attained for f (x) = (M + m)/2e'% + (M — m)/2e%e'™*, a, B € R. 
The theorem reduces to Theorem 55, when m = O, and includes the theorem of 
Aziz and Dawood (29) discussed in Sect. 2.1. 
Next, we will discuss the L? analogues of Theorem 55 and Theorem 57. Rahman 
[75] found the following result which provides the L” analogue of Theorem 55 of 
Boas [14]. 


Theorem 60 /f f is an entire function of exponential type t in L?, p > 1 such that 
f(x +iy) £0 for y > 0, h f(a /2) = 0, then 


o.e) o.e) 
[ircorar ser c, fi fora, 
—0o =O, 
where C, is as given in (73). 

The L? inequality corresponding to Theorem 57 has been given by Govil and Rahman 
[48]. They in fact proved the following. 


Theorem 61 Let f be an entire function of exponential type t such that f(x + 
iy) # Ofor y > k where k < 0. If h¢(/2) = 0, h',(1/2) = —c < 0, and 
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hi,(1/2) = —c < 0 where g(z) = e'* f@). Then for p > 1 


[ | fe)? dx <r? Dp f | f(x)|Pdx , 


where D, is as given by 


20 


D,= - . 
P (ue jeclkl +4 e'* |Pda 


(89) 


3.2 Bernstein Type Inequalities for Entire Functions Having No 
Zero in the Lower-Half Plane 


In this section, we will study the Bernstein’s type inequalities for entire functions of 
exponential type which has no zero in the lower open-half plane {z : Im(z) < O}. 
The theorems discussed here may be seen as extensions of results in Sect. 2.2 for 
entire functions of exponential type. 

Let us take a polynomial g in P,, such that g(z) 4 0 for |z| > 1. From Theorem 
27, max),;=1|g'(z)| > (n/2)max)=1|g(z)|. Define a function f(z) = g(e). Clearly, 
f is an entire function of exponential type n and has no zero in the open-half plane 
{z : Im(z) < O}. Also hr(a/2) < 0, and therefore to obtain generalization of 
Theorem 27 of Turan [88] for entire functions of exponential type, Rahman [73] 
proved the following. 


Theorem 62 Let f be an entire function of exponential type t such that f(z) = 
f(x +iy) £4 O for y < 0, h¢(a/2) < O and hy( — 1/2) < t. Then 


sup (f@l = 5 sup [FOL (90) 


—0O<X<0O 


Equality is attained for f(x) = (1 + e'"*)/2. 

Govil [36] considered the following generalization of the above theorem. Let 
f be an entire function of exponential type t such that |f(x)| < 1 for x ER 
h (/2) < 0, h¢(—m/2) = t and f(x + 1y) 4 O for y < k < 0. What is the best 
bound for | f'(x)|? 
In this direction, he proved that 


Theorem 63 /f f is an entire function of exponential type of order 1, type t such 
that f(x +iy) #Ofory <k <0, h¢(w/2) < 0, hy(— 2/2) = t, then 


up I @Ol = ppoae sup _WOk (91) 


—0O0<X <00O 
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The result is best possible. Equality holds for the function 


eit ewtk 


{[@= T+enk 


Let us study another generalization of Theorem 62. One of the hypotheses in 
the theorem states that the function f has no zero in the open-lower-half plane 
{z : Im(z) < 0}. Govil et al. [52] looked for the improvement in the conclusion 
under the assumption that | f(x)| > m > 0 forx € R.Ifm > 0, then f will have no 
zero in the closed-half plane {z : Jm(z) < 0} and one should expect a better estimate 
in Theorem 62. Using Theorem 59, they obtained the following result which can be 
seen as yet another generalization of Theorem 62. 


Theorem 64 Let f be an entire function of order-one type t such that f(x +iy) 4 0 
for y <0. Forx € R,0O<m<|f(x)| < M where M = sup_.oe, eu | f()| < &, 
and h f(x /2) < 0. Then 


sup |f"(x)| = T. (92) 


—OO<xX <0O 2, 
Theorem 64 reduces to Theorem 62, when m = O and includes the theorem of 
Aziz and Dawood (45) discussed in Sect. 2.2. 


3.3 Bernstein Type Inequalities for Subclass of Entire Functions 
Satisfying f(z) =e’ f(-—2 


In this section, we will discuss some results for the class of entire functions 
of exponential type that can be seen as an extension of class of self-reciprocal 
polynomials. 

Note that if g(z) is a polynomial of degree n then the function f(z) = g(e) is an 
entire function of exponential type n. Further, if the polynomial g(z) is self reciprocal 
then, as is easy to see, the function f(z) will satisfy the condition 


f(2) =e” f(—2). (93) 


Therefore, the class of entire functions of exponential type t whose elements 
satisfy the condition f(z) = elt f(— Z) is a natural extension of the class of self- 
reciprocal polynomials. Let us denote the class of such entire functions of exponential 
type by Fy. 

Govil [42] considered this class and proved several results. For example, he 
proved the following theorem which is a generalization of (75) for entire functions of 
exponential type. He deduced the conclusion as a consequence of another inequality 
he proved for this class. In this chapter we will give a direct proof. 


Theorem 65 /f f € Fy, then 


sup |f’@)| = sup |f(x)]. (94) 


T 
—00<x <00 2 ~co<x<0o 
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The result is best possible and the equality holds for f(z) = (1 + e**). 


Proof Let f be a function in FY and x, an arbitrary real number. On the real line, 
the function f satisfies the condition f(x) = e'™* f( — x). Differentiating both sides 
with respect to x, we get f’(x) + e'™* f’( — x) = itei** f(—x). Using triangle 
inequality, we get |tf(— x) < |f’@)| +1 F(— 2) S 2) Sup_go< oe | f’(a)]- Since 
x is an arbitrary real number, we get sup_.,—y <5 | f(*)| < 2 Sup_.o 2 259 | f’(x)| and 
the result follows. 

We know from Theorem 51 that equality in (79) holds if and only if the function 
is of the form ae'™? + bei“, where a, b € C and |a| + |b| > 0. It is obvious that 
the functions in FY cannot be of the form a el? + bei and hence equality cannot 
hold in (79) for functions in FY. Thus, for any f in FY 


SUP_.w<x<00 | f’(x)| 


SUP_qwo<x<0o | f(x)| 


So the question is: what is the best estimate in Theorem 51, if f € Fy? 
Rahman and Tariq [80] have shown that it could be as close to t as one wish. In 
fact, the following result holds true. 


Theorem 66 Given any number ¢ € (0, Tt), we can find an entire function f, € FY 
such that 
sup [fl = (t—©) sup [f(D]. 
—0O<X<0O —0O0<X¥<0O 

This theorem may be seen as an extension of (59) for entire functions of 
exponential type. 

Recently, Tariq [87] has investigated the functions in FY whose zeros satisfy 
certain conditions. Let f belong to FY and ¢, a zero of f. From the definition of 
FY, —C¢ is also a zero of f. Thus f has half of its zero in the upper-half plane. Also 
if ¢ lies in the first quadrant then —¢ will lie in the third quadrant. Tariq [87] has 
recently observed the following property of functions in FY whose zeros lie in the 
first and the third quadrants. 


Theorem 67 Let f, which has all its zeros in the first and the third quadrants, 
belong toF. Then 


If(—x) S1f'@)! —- @ > 0). (95) 


Using above observation, he has obtained few new inequalities for functions in 
Fy. We will state one of them here [87]. 


Theorem 68 Let f, which has all its zeros in the first and the third quadrants, 
belong toFY. Further assume that| f (x)| < M on (— 00,0). Then 


M 
IFO < = (x <0). (96) 


The estimate is sharp as the exampleM (1 + e'**)/2 shows. 
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Rahman and Tariq [80] formulated and proved a theorem that can be seen as a 
generalization of Theorem 44, which is due to Govil and Vetterlien [49]. The main 
issue they encountered while deciding about the extension of Theorem 44 to the 
entire function of exponential type was: 

What class of entire functions of exponential type would admit an extension of 
Theorem 44? 

If one simply takes functions of the form f(z) = p(e”) = bey e? and re- 
quired coefficients to lie in a sector, then it is indeed an entire function of exponential 
type but too restrictive as an arbitrary entire function of exponential type, in general, 
cannot be expressed as a finite or infinite sum of the form }* a, e'”=, According to 
Rahman and Tariq [80] an appropriate class of entire functions of exponential type 
for which Theorem 45 would admit an extension is the one whose elements are uni- 
formly almost periodic on the real line. For the definition and the related materials 
on uniformly almost periodic functions, we refer readers to [11, 16, 80]. 

Under certain conditions, functions that are uniformly almost periodic on the 
real line will have a Fourier series expansion of the form )° a, ez. The a,’s are 
called Fourier coefficients and 4,,’s are called Fourier exponents. By putting certain 
restrictions on the Fourier coefficients, Rahman and Tariq [80] formulated and proved 
the following theorem for entire functions of exponential type which can be seen as 
an extension of Theorem 45. 


Theorem 69 Let f € FY be uniformly almost periodic on the real axis, with Fourier 
series f(x) ~ em A, e'4*, where the coefficientsA,, Az,... lie in a sector of 
opening y € [0, 1) with vertex at the origin. Then 


sup 


; C 
oe = Faas aD | f(O)|. (97) 


The example f(z) := e'* + 2 e'” ei**/* + 1 shows that the estimate is sharp. 

Let us now turn our attention to some integral inequalities associated with F\’. It 
is well known, see for example [11, p. 15], that if a function f is uniformly almost 
periodic on the real line, then 


a iad a i ae i 
Bag |, foam tn | soem in on | fale 08 
exists. These integrals are called the mean value of the function. We will denote 
the mean value of f by M({f). It is also known that the absolute value | f| and the 
derivative f’ of a uniformly almost periodic function f are also uniformly almost 
periodic [11, pp. 3-6]. These two results ensure that M(| |) and M(| f’|) exist. Thus 
the following theorem is a generalization of (70) for entire functions of exponential 
type. 


Theorem 70 Let f € FY be a uniformly almost periodic function on the real line. 
Then 


2 2 
a Masry < M(f'!?) < > MaFl. (99) 
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The right side of the above inequality is sharp as equality holds for f(z) := 
(1 + e'**)/2. By taking f(z) := e'"*/?, we see that the left-hand side of the inequality 
is also sharp. 

The right side of the inequality was proved earlier by Rahman and Tariq [81]. 
However for the sake of completeness, we will outline the proof of both sides of the 
inequality. 


Proof Let f,auniformly periodic function on R, belong to FY and A be an arbitrary 
real number. It is well known that M{e~** Ff (x)}, the mean value of eax f(x), is 0 
except for at the most countably many ’s where [11, p. 18] 


T 
M{e~** f(x)} = lim = i: a f(x)dx. (100) 
Too T 0 


Let A = {A), A2,---} be the collections of 4’s for which M {e“?* f(x)} H 0. 
The elements of A are called Fourier exponents of the function f. Let A, be a 
Fourier exponent. The mean value M{e7i4o* J (x)} is called the Fourier coefficient 
corresponding to Fourier exponent A, and is denoted by A, . 


One can associate a series (see [11, p. 18]) called Fourier series se Ayel4y* 


with a uniformly almost periodic function f . We denote it by f(x) ~ )7°2.9 Av elfvx, 
From Bohr’s fundamental theorem ([16], p. 17), we have 
o.e) 
Mf P)= >, Al. (101) 


v=0 


Since, e'”* is periodic and hence uniformly almost periodic, and f (x) is given to be 


uniformly almost periodic, the product g(x) = e!** f( — x) is also uniformly almost 
periodic [11, p. 6]. Thus the Fourier series of g(x) can be obtained by multiplying the 
Fourier series of f( — x) by e'™*. So g(x) ~ Oey Aye 4". Since f(x) = g(x) 
for x € R, f(x) ~ 2, Avel4* and g(x) ~ So, Avel*—4)* have to be the 
same. We conclude that t — A, is a Fourier exponent of f if A, is. 

From a result of Boas [12] (also see [80, Lemma 3]), one has |A,| < t and 
|t — A,| < t for each v, which actually implies that 0 < A, < tT. 

f’ and g’ are also uniformly almost periodic (see [11, Chap. 3]) with f’(x) ~ 
yg AviAvel4™ and g/(x) ~ 09 Avi(t — Ay )el—4»* respectively. Once again 
from Bohr’s Theorem, M(| f’|?) = )>°.9 |Av|?- A? and M(|g’|?) = 0°25 |Av P(t — 
A,)*. Since f(x) = g(x), we have f’(x) = g’(x) as well and hence M(| f’|?) = 
M(|g'|?). Thus 


Mf" ERE |”) sy Cea — + AZ 


Mf’) = *IAyl?. (102) 


v=0 
It can be easily checked that for 0 < A, <T, 
gedit sy c 
4 2 


IA 


N 
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So, we have 


2 oe 2 2 

T (t — Ay) + Ay 

a 5 |A,I? < ) a |A,|? 
v=0 v=0 v=0 


IA 
wm] 


From (101), (102), and (103) we get 


2 t2 
qMaFPy <M(f')?) < 5 Masry) 


and the proof is complete. 
f(z) := ei? shows that the left-hand inequality is sharp, because M(|f|*) = 1, 
f'(x) = t/2ei**/?, and M(|f'|/?) = 17/4. So M(|f’|2) = 17/4M(|f|?). To see 
that the right-hand inequality is sharp, take f(z) := (1 + e'**)/2 and note that 
M(|f'?) = 17/4, and M(|f |?) is limp (1/T) ed (1 + e!*/2)dx = 1/2. So 
M(f'?) = 17/2 M(|f |). 
For functions in FY which belong to L? on the real line, Rahman and Tariq [81] 
have proved the following 


Theorem 71 Let f belong to Fy such that [~~ | f(x)/P?'dx < 00. Then 


foe) 2 foe) 
/ If @oPdx = 5 i IfoyPdx (104) 


The coefficient (t? /2) in (104) can not be replaced by a smaller number. 
We observe that under the condition given in Theorem 71, one can even prove 
that 


2 foe) foe) 2 foe) 
- / IfoPax < / if @Pdx < 5 / Lf@oPdx. (105) 


Then (105) can be seen as an extension of Theorem 46 for entire functions of 
exponential type. 

We end this section by stating an inequality recently obtained by Tariq [87]. It is 
an L? analogue of Theorem 48 on the half line (— 00, 0). 


Theorem 72 Let f, which has all its zeros in the first and the third quadrants, belong 
toFY. Further suppose that f € L? on(— 0,0). Then, for p > 1 


0 0 
/ Ll? dx <1? C, / LPO? dx (106) 


where C,, is as given in (73). 
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4 Some Open Problems 


In this section, we present some of the problems discussed in Sects. 1-3 of this 
chapter, which we believe are still open. Since some of these problems have been 
open for quite some time, there is a possibility that some of them might have already 
been solved or a significant progress made toward their solution, of which we may 
not be aware. 

Also, it may be remarked that none of these problems are due to authors of this 
chapter. In fact, these problems were told to the authors of this chapter by other 
mathematicians and the authors only worked to solve these problems, and in some 
cases, made some progress. 


Problem 1 The problem of finding a sharp inequality analogous to the inequality 
(20) due to Malik [60] when K < | is still open. The sharp inequality is not known 
even for n = 2 except in the case where both the zeros lie on |z| = K. This problem 
was told to us by Professor Q. I. Rahman. 


Problem 2 We believe that the inequality (23) in Theorem 17, which is due to Govil 
and Rahman [48] is not sharp, and thus the problem of finding a sharp inequality 
would be of interest and is open. 


Problem 3 The problem of obtaining sharp bound in Theorem 25, which is due 
to Govil and Rahman [48], is open. The inequality obtained in Theorem 25 is not 
best possible and the best possible inequality is not available even in the case when 
p = 2. Similarly, the problem of obtaining a sharp inequality in Theorem 26 is also 
open. 


Problem 4 It was proposed by late Professor R. P. Boas, Jr. to obtain an inequality 
corresponding to Bernstein’s inequality when the polynomial f hask (0 < k <n) 
zeros inside the unit circle. In this connection, it was shown by Giroux and Rahman 
[32] that for every positive integer n, there exists a polynomial f(z) of degree n 
having a zero on |z| = 1, such that 


maxl f"(2)| 2 (n — ¢/n)max| F(2) 


On the other hand for an arbitrary polynomial f(z) of degree n having a zero on 
|z| = 1, they showed that 


1 — sin 1 


/ < _ 
max! f (Z| = (: inn 


) mal Fo. 


Also, S. Ruscheweyh, in 1986 has shown that there exist polynomials f(z) of 
degree n having all but one zero on |z| = 1, such that 


max| f’(@)| = [An + o(n)]max| (I, 
where A ~ 0.884, thus showing that even if we assume that all but one zeros lie 


on |z| = 1, bound in the Bernstein’s inequality cannot really be very significantly 
improved. 
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Problem 5 The Bernstein’s inequality for the class of self-reciprocal polynomials 
discussed in Sect. 2.3 is unknown forn > 3. If f is a self-reciprocal polynomial, we 
only know that 


1 1 
n — 1)max| f(z)| < max|f’(z)| < (2 — = + ———~ ] max| f(z 
( ne lf@l = nay @I< ( 3+ m4 5) noe If @| 
which itself is quite remarkable, as half of its zeros are in the unit disk. The problem 
of obtaining Bernstein type inequality for the the class of self-reciprocal polynomials 
was proposed to us by Professor Q. I. Rahman. 


Problem 6 Although, Theorem 57 answers question raised by late Professor R. P. 
Boas, Jr. in the case when f(x + iy) 4 0 for y > k where k < 0, but the case when 
f( +iy) £0 for y > k where k > 0 is still completely unsolved. 


Problem 7 For entire functions of exponential type satisfying the condition f(z) = 
e'™< f( — z), the result of Rahman and Tariq (Theorem 71) gives an L? analogue of 
Theorem 53 for p = 2. Recently, Tariq [87] has found an L” inequality on the half 
line under certain restrictions on the zeros of f. However an L? inequality for this 
class in full generality is still an open problem. 


Problem 8 Let f(z) := 7-9 cvz”, Cn # 0 be a polynomial of a degree n having 
all its zeros in the open-unit disk. We define 


™ 1/p 
M,(f ; R):= (= / | f (Rel?) |? we) (p £0;R>1). (107) 

This is the usual definition of the mean M,(f ; R), p > O when the zeros of f 
are not restricted to lie in the open unit disk; the integral in (107) may not exist for 
p < —1/nif f has zeros on |z| = R. 

It is known (see [5, Theorem 1] or [64, p. 686, Theorem 3.1.21]) that if f(z) is a 
polynomial of degree n having all its zeros in the open-unit disk {z : |z| < 1} such 
that | f(z)| => uw for |z| = 1, then 


max| f "(2)| > pn. (108) 


In view of the fact (for example, see [54, p. 143 in § 193] that M,(f; 1) > 
min),j=1| f(z)| and M,(f''; 1) > min)j=1|f '(z)| as p > —oo, for any given p < 0 
Mp(f' 31) 
MF 1)’ 
mial of degree n having all its zeros in |z| < 1 will obviously be of interest, because 
it will, in particular, generalize the above inequality (108). This problem was also 


proposed to us by Professor Q. I. Rahman. 


the problem of obtaining the best possible bound for where f is a polyno- 
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On Approximation Properties 
of Szasz—Mirakyan Operators 


Vijay Gupta 


Abstract In the present chapter, we present approximation properties of the well- 
known Szasz-Mirakyan operators. These operators were introduced in the middle 
of last century and because of their important properties, researchers continued to 
work on such operators and their different modifications. Although there are several 
modifications of the Sz4sz-Mirakyan operators available in the literature viz. integral 
modifications due to Kantorovich, Durrmeyer and mixed operators, but here we 
discuss only the discrete modifications of these operators which were proposed by 
several researchers in last 60 years. In the recent years, overconvergence properties 
were studied by considering the complex version of Szasz-Mirakyan operators. In 
the last section, we consider complex Szasz-Stancu operators and establish upper 
bound and a Voronovskaja type result with quantitative estimates for these operators 
attached to analytic functions of exponential growth on compact disks. 


Keywords Bernstein polynomials - Divided differences - Linear combinations - 
Asymptotic expansion - Rate of convergence - q integer - 


1 Introduction 


In the middle of last century, O. Sz4sz [28], J. Favard [8] and G. M. Mirakyan [22] 
(also spelled Mirakian or Mirakjan) generalized the Bernstein polynomials to an 
infinite interval and proposed an important operators for f € C[0,0o), x € [0, 00) 
andn € Nas 


Sf.x= rem Og (=) . 4) 


= k! 


Szasz [28] showed that the operator (1) converges uniformly to f(x), if f(t) is 
bounded on every finite subinterval of [0,00), equal to Oct*) for some k > 0 as 
t — oo and is continuous at a point t = x. 
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Mirakyan [22] considered the partial sum of the operators S,(f,x) as 


m 


any xe (k 
Snym > = ue = 
mF =) eM SF: 
k=0 
and he proved that lim S,,(f,x) = f(x) uniformly in [0,r’], if lim ioe r< 
n—->oo nwo n 


r’>0. 

In the year 1977, Hermann [15] proved the following result and showed that the 
operators S,( f, x) does not converge if f(t) > 1%’, where $(t) is any monotonically 
increasing function such that lim ¢(t) = co 

t>oo 


Theorem 1 [15] Jf f is continuous on [0, 00) and is equal to O(e**) for some a > 0 
as t —> 00, then for all A > 0, we have 


Si(f.x) — f(x) = O(a@ra(f,n—'/”)), x € [0, Al, 


where 


wa(f,6) = sup {| f(x +t) — f(x) : It] < 4}. 


xe[0,A] 


Totik [29] represented the Szasz operators in the form of difference function as 


= kw k k [oe] 
Sha) 6 (FS Dat OG 


k=0 


where ; 
(k 
Afimas 2 (=f (;)r0 + ih). 


If f is of exponential growth on [0, oo), then Lupas [19] observed that the Sz4sz- 
Mirakyan operators can be written in terms of divided differences, i.e. 


SF = Ute pe 
k=0 


where [0,1/n,--- ,j/n; f] denotes the divided difference of f on the knots 
0,1/n,--- ,j/n. The quantitative estimates in approximation of Sz4sz-Mirakyan 
operators were also established by several researchers. We mention below some of 
the important results on these operators: Stancu [25] obtained the following result 
on uniform norm, using probabilistic methods: 


Theorem 2 [25] Let f € C'[0,a],a > 0, then forn € N, we have 


\ISi(fo-) — fll < (at Va. ooh ia 


Singh [24] obtained the following sharp estimate in simultaneous approximation: 
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Theorem 3 [24] Let f € C't0,a],a > 0, then forn € N, we have 
r 1 
SPF) — FOU S WSO + Kn eof, 1/-/n), 
n Jn 


where Ky, = ((a/2) + (r/2/n) + (r7/4n)((r?/4n) + a)'?. + (r/2/n))]. 

By C3[0, 00), we mean the space of all real valued continuous bounded functions 
f defined on [0, 00). Totik [29] obtained the following equivalence results for the 
Szasz operators. The modified modulus of smoothness considered in [29] is defined 
as 


o(5)= sup [Ap Cf 3x)|,5 > 0, 
0<x<oo 
0<h<6 


for an absolute constant K, w(Ad) < KA7@(5),A > 1. 


Theorem 4 [29] Let f € Cg[0, 00), the following are equivalent: 
(i) Sn( fx) — f(x) = o(1),n > oo. 

(ii) w(6) = o(1), 6 > 0. 

(iii) f(x + hi/x) — f(x) = (1), as h > 0 uniformly in x. 


(iv) the function f (x?) is uniformly continuous. 


Totik showed that equivalence of (ii) <> (i) holds even if f € Cg[0, ©) is replaced 
by weaker assumption on f € C[0, co), w(1) < ~. 


Theorem 5 [29] Let 0 < a < 1. For f € Cg[0, 00), the following are equivalent 
(t) Sn(f.x) — f(x) = on™). 
(ii) (6) = O(5?*). 


Kasana and Arawal [17] extended the studies and estimated a result for linear com- 
binations of Szasz operators. The kth order linear combinations S,(f,k,x) of the 
operators Sajn( f,x), discussed in [21] are given by 


k 
SG hoe Y CG, Saal f 


j=0 


where 
k As 
CU,k) = Jk £0;C(0,0) = 1 
(i,k) Il ag-a # 0;C(,0) 
i=0i4j 
and do,d),.....,d, are arbitrary but fixed distinct positive integers. In an alternate 


form, the linear combinations S,(f,k,x) can be represented in the following form. 
Saon( fx) dy! re eebewes as" 
, Sei a a jee: 
Sn > k, =a 

(f,k,x) A 


San fx) a a” iadieacniens a 
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where A is the Vandermonde determent obtained by replacing the operator column 
of the above determent by the entries 1. The following error estimation was done in 
[17]. 


Theorem 6 [17] Let f be bounded on every finite subinterval of [0, 00) and f(t) = 
O(t™) as t > , for some a > 0. If f°t? € C < a,b >, then for n sufficiently 
large 

Sv On k=" || Ss Cae ae ae Cn 


where C, = C\(k,r), Cz = Co(k,r, f) and w( ft, 8) is the modulus of continuity 


of f on < a,b >, which denotes an open interval in (0, 00) continuing the closed 
interval [a, b]. 


2 Asymptotic Expansion for Sz4sz-Mirakyan Operators 


In the year 2007, Abel et al. [1] established an asymptotic expansion of the 
Szasz-Mirakyan operators. They took advantage of Stirling numbers to obtain the 
asymptotic expansion. Usually the Stirling numbers of first s(n, k) are defined by the 


equation 
n 


x” =)" s(n,bx*, n =0,1,2,... 
k=0 


where x* = x(x — 1)...(x —k +1), x9 = 1, is the falling factorial. 
Also the Stirling numbers of second kind S(n,k) can be computed from the 
generating relation 


x" =~ Sin, x®, n= 0,1,2,... 
k=0 


It was given in [7] that Stirling numbers of second kind possess the representations 


te (k 
Sa. = ao De i (5)? 
j=0 
and 
2k Bs 
S(n,n-k=> > (")sois —k), 
j=k 


where S» are the associated Stirling numbers of second kind defined by the double 
generating functions 


Y> So(n, byt" /n! = exp (u(e’ — 1 = 1))). 


n,k>0 
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It was observed that after simple computation 


i= Je 
So(n,k) = — — 1) a9. k 
2(n, k) gd! VOD es Gomi @ 2D 


1=0 
otherwise S3(n, k) = 0. Abel et al. [1] derived the following asymptotic expansion: 


Theorem 7 [1] Let q € No. Assume that f € C4[0,00) and f™ is uniformly 
continuous. Then, the Szdsz-Mirakyan operators possess the representation 


max{q,2k} 


q 
Sr(f,x) = se Pa 


k=0 s=k 


(s) 
Lr wi KS (5,9 — + RIM2). 


The remainder satisfies the estimate 


ae 
| RI4(x)| < Mj. ‘of, aes. 


with a constant M, independent of f. 


3 Jain Modification of Sz4sz-Mirakyan Operators 


In the year 1972, Jain [16] proposed a new operator with the help of a Poisson 
distribution. He considered its convergence properties and gave its degree of approx- 
imation. The special case of the operators of Jain turns out to be Sz4sz-Mirakyan 
operators. The operators are defined as 


SPCf.x) = D> walk, nx) f(k/n), 


k=0 


where we(k, w) = a(a + kB)*!e~@+*P)/k! with 0 < a < oo and 0 < f < 1. The 
parameter 6 may depend on the natural number n. It is easy to see that for 8 = 0, 
these operators reduce to the Sz4sz-Mirakjan operators. 


Theorem 8 [16] Jf f € C[0,co) and B — Oasn > ow, then the sequence 
{SP(f, x} converges uniformly to f(x) in [a,b], whereQ<a<b<o. 


Theorem 9 [16] /f f € C[0,A] and 1 > p'/n => B => O then 
|SP(f.x) — f@x)| < +417 + AB) Jo(n-), 


where w(6) = sup | f(x2) — f(%1)|3%1,%2 € [0,A], 6 being a positive number such 
that |xo — x\| < 6. 
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Theorem 10 [16] Jf f € C’[0,A] and 1 > B’/n => B = O then 

[SPCF.2) — FO) <7 + ABBY? + ANP + 6B) / Vin, 
where w (6) is the modulus of continuity of f’. 


We may observe here that not much work on these operators has been done as of 
its complicated behavior. 


4 §zasz-Chlodovsky Operators 


The Szasz-Chlodovsky operators considered in 1974 by Stypinki [26] are defined as 


= x vy 
Sif. xX, hn) = Saas (+) f ( i ) > 


v=0 


where f denotes a function defined on (0, oo) and bounded on every segment (0, h) C 
(0, 00) and s,4(x) = em ay y = 0,1,2,... n € N {h,},n = 1,2,... denotes a 
sequence of positive numbers increasing to infinity. It was observed in [26] that the 
inequality 0 <z< 3/nt, t € (0,h),h > 0 implies that 


ieee 
YS sae. 
|v—nt|>2zJ/nt 


Also, if Ly 4(t) = ys (v —nt)*syy(t), then Ly a(t) = 3(nt)* + nt. 
The following Voronovskaja type asymptotic formula was proved by Stypinki 
[26]. 


Theorem 11 [26] If 


1. h, > 0, lim h, = 00, lim — = 0. 
n—->Oo n>ow n 
n n 
2. lim Min), eS = 0 for every a > 0. 
n—->oo 


n n 
3. f(x) exists at a fixed point x > 0, then 


1 
Jim. = [Sn Fos Bn) — FOOT = 5x". 


5 Rate of Convergence 


The important topic in the last thirty years is to obtain the rate of convergence for 
function of bounded variation. In this direction, Cheng [6] first estimated the rate of 
convergence for Szasz-Mirakyan Operators and proved the following result. 
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Theorem 12 [6] Let f be a function of bounded variation on every finite subinterval 
of [0, 00) and let f (t) = O(t') for somea > Oast > oo. Ifx € (0, 00) is irrational, 
then for n sufficiently large, we have 


og * eS) Os ae yt. 


k=1 


—1/2 
+2e Oe Fe +)— Fe) 


4ax 1/2 (&\" 
+ O()(4x)** (nx) (5) 5 


where V(g) is the total variation of g on [a, b] and the auxiliary function is defined 
by 
f@m-f@a-), O<t<x 
&x(t) = 0, (=X, 
f@-fat+), x<t<o 


Sun [27] gave an estimate in simultaneous approximation on functions of bounded 
variation with growth of order O(t@'). He considered the following class of functions 
of generalized bounded variation as 


BO = {f : f° D €C[0,00), f; Mex) exists everywhere and are bounded 


on every finite subinterval of [0,00) and f{(t) = O(t*),(t > 00) 


for some a > 0}, 


where FL) means f(x + ). Sun [27] obtained the following estimates for the rate 
of convergence: 
Theorem 13 [27] /f f € BO, r € NU {0}, then forn > 3+ 4r, we have 


(r) (r) n 
spy —- EF OFE ON < a3aceyim) Y wel AO 
k=1 


+ 73,/A(x)/nw,(x + 3) + O(e~”) 
HAP) — FO@I/ + Vax), 
where the sign O is independent of f and n but depends on x and a and w,(t) = 
w,(h,,t) is the point-wise modulus of continuity of h, at x, A(x) = max{1,x} and 
h, is defined as 
FOO — FQ), x <t<0 
h,(x) = 0, t=x 
FOM-FP@, O<t<co 
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Theorem 14 [27] [ff € BS then for x € [0, A|(A > 0) andn > 4r?, we have 


|SPCF.x) — FO@)| < Q1A@)/n) Yo wx AG) AG)/k 


k=1 
+ (3/2) FE Pe) — FP 
+ /A(x)/n + O(1/n), 


where the sign O is independent of x,n and f but depends on a and A. 

He remarked that for continuous derivatives his estimate does not include the 
case f’ € Lip 1 on every finite subinterval of [0,0o). He obtained in such case 
SOF, x) — fP%) = OUogn/n),r = 0,1,2,... which is worse than the usual 
order of approximation O(1/n). Sun also put up a question of whether a unified 
approach can be developed which may improve the estimate for the class f’ € Lip 1 
on every finite subinterval of [0, 00). 

Zeng and Piriou [33] improved the estimate of Theorem 12 by considering a more 
general class of functions than BV,,-[0, 00), namely 


Tioc,p = {f : f is bounded in every finite subinterval of [0, 00)}. 


Set 
Q(x, fA) = sup l[f@) — f(x), 
te[x—A,x+A] 
where f € Ijoc,g,x € [0, 00) is fixed and A > 0. 


Theorem 15 [33] Assume that Ijoc,p and f(t) = O(t®') for some a > Oast > ov. 
If f(x +) and f (x — ) exist at a fixed point x € (0, 00), then for n sufficiently large, 
we have 


fat)+f@—)  v6f.nx) 
Sil f,x) 9) J 2nnx 
5+x = 
res De, gx.x/VR) + On), 


where g,(t) is defined as in Theorem 12, O(n—') depends on x and 


v(f.n,x) = (f+) — f(x — (nx — [nx] — 2/3) + (FQ) — FO — ))8nx1x), 


[nx] denotes the greatest integer not exceeding nx. 
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6 Rate of Convergence For Sz4sz-Bézier Operators 


For a > 0, Zeng [32] proposed the Bézier variant of Szasz-Mirakyan operators as 


~ k 
SnalFo8) = So O84009("), 
k=0 


where OF (x) = JM) — JQ), Ing) = pan Sn,j(x) with the Szasz basis 
function given by s,4(x) = e~"* am It was observed in [32] that 
Tn 6X) = In koi (%) = Snx(X), k = 0,1, 2,. 
Ti R(X) = = NSyx-1(X), k = 1,2,3,. 
Ing(X) = Nn I Snz—1(u)du, k = 1, 2, Beatss 
. YS Jng(x) =n Ie Sar Snk—-(u)du = nx 


Ino(X) > Ini) >... > Ing) > Sn ggi(x) >... 


oes 


and for every natural number k, 0 < Jrx(x) < 1 and J,4(x) increase strictly on 
[0, oo). The following convergence theorems were studied. 


Theorem 16 [32] Let f be a function of bounded variation on every finite subinter- 
val of (0, 00) and let f(t) = O(e*") for some B > Oast — o. Then, for x € [0, «) 
and n sufficiently large, we have 


1 1 
Snalf.x) — sat +) (: =) f(x | 


B+ x0 So pete/vi 
Seta le”. gE 8x) 
g, eee le 
J/nx +1 

a//Jo2n +1 
reas lf@)— f@—)I 
a(2x + 1)Ox+DB ‘ele 
J/nx +1 4) 


If@+)—f@—-)I 


+ 0(1) 


where 


1, ifx =k'/n for some k'eEN 
0, ifx #k/n forall keN 


En(X) = 


when x = 0, we set 1/2*° f(x +) + — 1/2%) f(x — ) = f(0). Also V2 (gx) is the 
total variation of gy on [a,b]. 
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Theorem 17 [32] Let f € BV[O, 00), x € [0, 00) and f be normalized at x. Then, 
forn => 1, we have 


1 1 
Snalf.x) ~ at +) (1 =) f(x | 


(Qx+Da< a.min{2x + 2,2./2 + 2} 
< PV i (gx) + 


2. eed lf +)— f@ —)I, 


n 


where Iy = [0, 00), Ik = [x — 1/Vk, x + 1/Vk]N [0, 00), k = 1,2,... ,n. 


7 q Szasz-Mirakyan Operators 


The applications of g calculus has been a new area for last 25 years. Several new 
operators were introduced and their convergence behaviors were discussed. We refer 
the readers to the recent book by Aral-Gupta-Agarwal [5] in which a collection of 
some of the papers is presented. We first mention here some basic definitions. Given 
the value of g > 0, we define the g-integer [n], by 


l-q" 
[nq = l-q? q # 1 
n, q=1 


for n € N. The q factorial is defined as 


In]! = [InJgin — 1)],.--(]g, 2 =1, 2,... 
q° l ? 


= 
II 
S 


forn EN. 
We define the g-binomial coefficients by 


u — - Wilt _ 4 < k <n, 
k [k]g'[n — k]q! 
q 


for n,k € N. A q-analogue of classical exponential function e* is defined as 


x@ezy = = ; ie] <——,lal <1 
ies i C-oaga I=g" 


Another g-analogue of classical exponential function is given by 


oO k 
k(k-1 Xx 
Eye) = Dlg as = Oats Doox € Ral <1 
k=0 q 
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where (Xx; q)oo = [3 d—- ae It is observed that 
€g (x) Ey (—x) = Ey (x) eg (-x) = 1. 


For 0 < q < 1, Aral [3] defined new operators that we call the g-Sz4sz-Mirakyan 
operators as 


oe) los) k 
; [kK], =") = _ 1 (-t, ~) Ge =) ([7],x) 
S’(f,x):= = 
4(f,x):= ys sucor (4 a ms nea 


k=0 


where 0 < x < a, (n), Gg (nm) := Ee f € C (Ro) and (by) is a sequence of 


positive numbers such that lim b, = oo. We observe that these operators are pos- 
noo 


itive and linear. Furthermore, as a special case if g = 1, we recapture the classical 
Szasz-Mirakyan operators. Depending on the selection of g, the g-Szasz-Mirakyan 
operators are more flexible than the classical Sz4sz-Mirakyan operators while retain- 
ing their approximation properties. A Voronovskaya-type relation for these operators 
is as follows: 


Theorem 18 [3] Let f € C(Ro) be a bounded function and (q,) denote a sequence 
such that 0 < qn < land q, — 1asn — oo. Suppose that the necone derivative 
DF f (x) exists at a point x € [0, aq, (n)) forn large enough. If fim = 0, then 


mit qn 
fin a (8? (f.24)-f@) = : jim, Di, f (x). 
n—- oo 
Let B,(Ro) be : set of all functions f eae the condition | f(x)| < 
M p(x), x € Ro with some constant M ¢ depending only on f. We denote by C,(Ro) 
the space of all continuous functions belonging to B,(IRo). Also 
RAC?) 
Co(Ro) = {7 € C,(Ro) : lim ——— < oof. 
x00 p(x) 


The following result is in the weighted spaces. 


Theorem 19 [3] Let (qg,,) denote a sequence such ad 0 <q, < landq, > l|as 
n — oo. For any function f € oe m (Ro), = 0, then 


; een 
lim sup = = 0. 
NOY <1 <o, (1) 1+x 


Moreover, for n large enough 


map I a-FO) <(2+vi)o (r a). 


O<x<a, (n) eeu? 


where w (f;-) is the classical modulus of continuity. 
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Aral [3] also gave two representations of rth q-derivative of the g-Szasz-Mirakyan 
operators in terms of the g-differences and the divided differences. In this continua- 
tion, Aral and Gupta [4] extended the studies and obtained some important properties 
for the g-Szasz-Mirakyan operators. We mention some of the results below. 


Theorem 20 [4] Let Dif € C[0,00) for some r and q, r > Oand0,q < 1. If 
m< D(A) < M for x € (0,00) then there exist, ¢ € (0,1) such that, for all 
qd € (G, 1) and for x € [0,b,/. — q")), the inequality 

mg’ D/A 


a < DSI.) sg" M 


holds for sufficiently large n. 


Theorem 21 [4] Let b, = o([n]q) asn — co and q — 1. If Di(f) € C,2[0, oo) 
for some integer r, then for all x € [0, A], we have 


lim Dj(S#(f,x)) = -_ Di (f(x) 


q> 1 


Theorem 22 [4] Letr > O ands > 1 be natural numbers. Suppose qn — | as 
n — oo. Ifb, = o([n]q,) as n — ov, then 


: [Nan r Gn (40 +5 Ir uy Slay (r+s)(r+s—1)/2 Vs 
im i DO, (t ,Xx)) = “tslgl Xx 


r+s—-I)!rt+s—-—Drt+ 5) sl 
(r — 1)! 2 , 


The following theorem gives a Stancu-type remainder of the g- Sz4sz-Mirakyan 
operators, which reduces to the formula for remainder of classical Sz4sz-Mirakjan 
operators. 


Theorem 23 [4] Ifx € (0,bn/(1 — 4”) \ [es :j= Os ee then 


[n]q 


(1+ = 4") bn 


[n]q 


Sif, x) — f(x) = 


x Ss flix, LilgPn Lj + 1],b 


na 4 
nlp’? i, rt 


j=0 


Theorem 24 [4] Jf f(x) is convex on [0, co), then 


SIF.) > Shay, (Fs%)s 
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for alln > O and x € [0,b,/(. — q")) such that 0 < q < 1. If f is linear, then 
Safa) = nee where 


: : ie n.j-n + 
(@») oa j x"y!™", j =0,1,2,... 
n=0 
q 


It was pointed out in [4] that above theorem states whether or not S/(f,x) 
decreases when f is convex. This is still an open problem. 


8 Modified Sz4sz-Mirakjan Operators 


In the last decade, Walczak [30] defined Sz4sz-Mirakjan Operators as 


(oe) 


= 1 (nx + 1) k+m 
Sim) = ee Le er! (ere) ie 


where x € [0, 00) and g(t;m) = 2 ee 

Walczak [30] considered the space C,, p € No, associated with the weight func- 
tion wo(x) := l,wp(x) = d+ x?)-!, p > 1 and composed of all real-valued 
functions on [0, co), for which w,(x) f(x) is uniformly continuous and bounded on 
[0, 00). The norm on C, is defined as || f||p := SUP €[0,00) wp(x)|f(x)|. In [30], it 
was proved that if f € C,, then for the operators (2), one has the following estimate: 


t € [0, 00). 


1 
SnCf3m, .) — Ff llp < Mow (fice *) sm,neN, 


where Mo is an absolute constant and the modulus of continuity w(f;Cp;t) := 
SUPp<p<; IL fe +4) — f@)|lp.t € [0, 00). In particular, if f ¢€ Cc ={f EC,: 
f’ € Cy}, p € No, then 


M 
Su fsm,.) — fllp < 


where MM, is an absolute constant. 

It was observed in [31] that the Szasz-Mirakjan operators are defined in terms of 
a sample of the given function f on the points k/n, called knots. For the operators 
Sn(f;m,x), the knots are the numbers (k + m)/(n(nx + 1)) for fixed m. Thus, the 
question arises, whether the knots (k +m)/(n(nx + 1)) cannot be replaced by a given 
subset of points, which are independent of x, provided this will not change the degree 
of convergence. In connection with this question, Walczak and Gupta [3 1] introduced 
the operators L,(f; p;r;s,x) for f € By, p € N, which is a class of all real valued 


260 V. Gupta 


continuous functions f(x), on [0,00) for which wp(x)x* F(x), k=0,1,2,...,p 
is continuous and bounded on [0, 00) and f(x) is uniformly continuous on [0, 00). 


Ly(f3 piri8,X) 1 1,-(n5x) = 2k KID (r tkt 1) = j! > (3) 
f(0), x=0 


where /,. is the modified Bessel’s function 
oo p2ktr 


Lo PARI (r +k + 1)’ 


[= 


Walczak and Gupta [31] estimated the rate of convergence of the operators 
Ly(fs P3138, X). 


Theorem 25 Fix p € No,r € [0,00) and s > 0. Then, there exists a positive 
constant M = M(p,r,s) such that for f € By p41, we have 


LCf32 pt Lirss,.) — fll2 pei < Mwo(f??*?;Cosn). 


Theorem 26 Fix p € No,r € [0,00) ands > 0. Then, there exists a positive 
constant M = M(p,r,s) such that for f € By p42, we have 


M(p,r,s) 
ILn(f32 p+ 2sr3s,.)— flo pro < Fe Pall 


9 Complex Szaész-Mirakjan-Type Operator 


The convergence of the Bernstein polynomials in the complex plane was initiated in 
[18]. In the recent book [10], S. G. Gal collected and presented the Voronovskaja-type 
results with quantitative estimates for several operators like the complex Bern- 
stein, complex g-Bernstein, complex Baskakov, complex Favard-Szasz-Mirakjan, 
complex Bernstein—Kantorovich, complex Balazs-Szabados and complex Stancu- 
Kantorovich operators attached to analytic functions on compact disks and the exact 
order of simultaneous approximation for such complex operators. 

Very recently Gal and Gupta (see [1 1—13]) and Mahmudov-Gupta [20] established 
quantitative results for different versions of well-known Bernstein—Durrmeyer oper- 
ators in complex domain. Agarwal and Gupta [2] extended the studies and obtained 
results for the g analogue of certain Bernstein—Durrmeyer operators in complex do- 
main. In order to make the convergence faster to a function being approximated, very 
recently Ren and Zeng [23] introduced a kind of complex modified g-Durrmeyer type 
operators which can reproduce constant and linear functions. They obtained the order 
of simultaneous approximation and a Voronovskaja-type result with a quantitative 
estimate for the modified complex g-Durrmeyer type operators attached to analytic 
functions on compact disks. 
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Recently Gal [9] obtained quantitative estimate in the Vornonvskaja’s theorem 
and the exact bounds in the approximation of analytic functions without exponential 
growth by complex Favard-Sz4sz-Mirakjan operators. He considered the function 
Ff : (0,00) — C bounded on [0, co). In [9], the class Dr = {z € C: |z| < R} was 
considered. 


Theorem 27 [9] Let Dg = {z € C: |z| < R} be with2 < R < +00 and 
suppose that f : [R, +00) UDr — C is bounded on [0, +00) and analytic in Dp 
ie. f(z) = ey cxzk, for allz € Dr. 


(i) Letl<r< & be arbitrary fixed. Then, for all |z| < r andn € N, we have 


r 


C . 
ISn(f.2—- f@|< a 


where C,,¢ = 6 p29 [cel(k — Dry"! < 00. 

(ii) For the simultaneous approximation by complex Favard-Szdsz-Mirakjan oper- 
ators, we have: ifl<r<r, < £ are arbitrary fixed, then for all |z| < r and 
n,peéeN, 


PIniCr f 
nr; —r)etl? 


Ss -Uo=7° |= 


where C,,,7 is as given in (i) above. 


Theorem 28 [9] Let Dr = {z € C: [z| < R} be with2 < R < +c0 and 
suppose that f : [R,+00) U Dp — C is bounded on [0, +00) and analytic in Dr 
Le. f(2) = eg xz*, for all z € Dr. 

Ifl<r< £ be arbitrary fixed. Then, for all |z| < r andn € N, we have 


Sf.) - fO- = f"| < Mnf fe, 


where My,p = 26 D2 leel(k — 1?(k = 2)2r)k < 00. 


Theorem 29 [9] Let Dr = {z € C: [z| < R} be with2 < R < +c0 and 
suppose that f : [R,+00) U Dr — C is bounded on [0, +00) and analytic in Dr 
ie. f(2) = rey xz®, for all z € Dr. 

Ifl<r< & be arbitrary fixed and if f is not a polynomial of degree < 1, then 
we have 


C, 
Sif) — fll, 2 ee neN, 


where the constant C,.( f ) depends only on f andr and || f ||, = max{| f(z)| :|z| <r}. 
Also, with exponential growth, Gal [10] estimated the quantitative estimates for 
overconvergence of Favard-Szasz-Mirakjan operators. 
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Theorem 30 [10] LetDr = {z €C: |z| < R} be with 1 < R < +00 and suppose 
that f : [R, +00) U Dp — C is continuous in (R, +00) U Da, analytic in Dp, i.e. 
foa=) 5 cxzk, for all z € Dr, and shppote that there exist M,C, B > 0 and 
Ae (Z, 1), with the property that |cx| < M4, ii ~, for allk = 0,1,..., (which implies 
| f(z)| < Me4!! for all z € Dr) and | f (x)| < Ce®*, for all x € [R, +00). 


(i) Leti<r< +. Then, for all |z| < r andn € N, we have 


CG 
IS(f.2-f@I< a 


where Cy4 = Ye (k + Dr A) < 00; 
(ii) Ifl<r<n< + are arbitrary fixed, then for all |z| < r andn, p €N, 


p'riC.A 
n(ry — ryt!’ 


ISP F\(z) — FPR < 


where C,.,_4 is given as at the above point (i). 


Theorem 31 [10] Let Dep = {z € C: |z| < R} be with 1 < R < +00 and suppose 
that f : [R,+0o) U Dp — C is continuous in (R, +00) U Da, analytic in Da, i.e. 
fO= re 0 cxzk, for all z € Dr, and supose that there exist M,C, B > 0 and 
Ae (4 , L), with the property that |cx| < Ma for allk =0,1,..., (which implies 
|f(z)| < MeAlk | for all z € Dr) and | f (x)| < Ce®*, for all x € [R, +00). Suppose 


1 
that| <r < 5. 


(i) Then, following upper estimate in the Voronovskaja-type formula holds 


war 


SF.2- fO- = f'@| s a + 1a, 


forallin EN, |z| <r. 
(ii) We have the following equivalence in the Voronovskaja’s formula 


where the constants in the equivalence depend on f and r but independent 


of n. 


" I 
f ~ — 


n’ 


e| 


—f- 5 


10 Complex Szaész-Stancu Operator 


The Szasz-Stancu operator of real variable x € [0, 00) is defined by 


«vp _ = v+a 
St Fo2= 2 Sof (- 7" ) 
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where spi(x) = enn ay and a, 6 are two given parameters satisfying the 


conditions 0 <a < f. Fora = B = 0, we recapture the classical Sz4sz operator. 


= a a+l atv 
sub > = ’ pe 3 im 
n’ (2) Lleas n+B n+B f}: 


which was studied in the book by Gal [10], pp. 104-114. Here, [x9, x1,.-..Xm3 f] 
denotes the divided difference of the function f on the distinct points xo, x1,...,Xm-. 

As suggested by the above mentioned Lupas’ representation, we deal with the fol- 
lowing complex form for the Szd4sz-Stancu operators, these operators were recently 
studied by Gupta and Verma [14], who obtained some results for bounded functions 
in complex domain. The first main result is the upper estimate. 


Theorem 32 [14] For 2 < R < +00, let f : [R,+00) U Dp > C be bounded on 
[0, +00) and analytic in D, that is f(z) = YP cxz*, for all z € Dr. 


(a) Suppose that0 <a < Band\l<r< £ are arbitrary fixed. Then, for all |z| <r 
andn €N, we have 


Ise*f,z)— fl < 


a+ pre pa Arf), CBAT) . BCAA) 
nap lel tate ey rey 


oe) CO 
where > \cx|r*—! <+00,B,(f)=)- Jeger’! < +00, C-(f) = 


k=1 k=1 
ee) 


[oe] 
pe lex|kr* < +o0andA,(f) = 2 Icel(k — 1)(2r)k-! < +00. 
k=1 a 


(b) Suppose thatO0 <a < Bandil<r<r< os then for all |z| < r andn €N, 


we have ! M (f) 
a PT ry 
I[S,, Coe a FPR| = (r; —r)Pt! ee Bo 


where M,,(f) = (@ + Bri) Dey Icel rf! + An (A) + Bn (f) + Cr Cf). 


The next main result is a Voronovskaja-type asymptotic formula. 


Theorem 33 [14] For 2 < R < +00, let f : [R,+00) UDpg —> C be bounded 
on [0, +00) and analytic in Dp, that is f(z) = ar cxzk, for all z € Dp. Also, let 
l<r< £ and 0 <a < B. Then, for all |z| < r andn €N, we have the following 
Voronovskaja-type result 


Mf) oar Mir(f) 
n (n+ BY 


— Bz Zz 
ap ! ” 
S,” (fee) = F) ew, f'@ mae (z)| < 


ry 


where 


My, (f) = 26 9 - |cel(k — 1k — 2)2r)? < +00, 
k=3 
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a2 lo-e) 
M2,(f) = (F + 20) . > cpl k(k — IQ2r)k? < +00 
k=2 


2 0 


M3,(f) = c Yo leelk(k = I(2r)'< +00, 


k=2 


Ma,(f) = B Y~ lewlk(k — 1)2r)*'<+o0, 


k=2 


Ms,(f) = 0B Y- [celk(k — Ir’! < +00, 


k=0 


Mo,(f) = B? >> |eklk(k — Ir < +00. 


k=0 


Following exactly the lines from the p. 104, in the book by Gal [10], we get that 
if f is of exponential growth on [0,00), then the operator Si B (f,z) is also well 
defined for all z € C. In this section below, we present the over convergence of the 
Szasz-Stancu operators having exponential growth. To prove the main results for 
growth, we need the following two lemmas: 


Lemma 1 [14] Foralln,k € NU {0}, O< a < B,z€C let us define 


a+l1 atv. 
SPF (ez) = Dis ele”, 
ee B n+p Cnt+pB’ 
where e,(z) = z*. Then, 58 (e9, 2) = | and we have the following recurrence 
relation: 
Se? (e412) = ——(S¢P (eg, 2))' + == * se-P(e,, 2). 
k-+1 sre: ks a k 
Consequently 
nz+a NZ nz+a 2 
Sena = , SPF(e,2) = ; ‘ . 
+B (n+ B) (n+ B) 


Lemma 2 [14] Leta, f be satisfying 0 < a < B. Denoting 5°%(e;) by S,(e;), for 
alln,k € N U {0}, we have the following recursive relation: 


Ry 


: k\ nia 
S*8 (ex, 2) = (; \ Sn(€;,2). 
2 (nt peer! 


The results for unbounded functions have different approximation properties and 
analysis is different. Here, we deal with unbounded functions of exponential growth 
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on compact disks. We study the rate of approximation of analytic functions of ex- 
ponential growth and the Voronovskaja type result for the Szdsz-Stancu operator 
Ss; ’ (f,z). Also, the exact order of approximation by this operator is obtained. 

Our first main result is the following theorem for upper bound. 


Theorem 34 Let Dr = {z € C: |z| < R} be with 1 < R < +00 and suppose 
that f : [R,+00) U Dp — C is continuous in (R,+00) U Dp, analytic in Dp, 
i.e. #2) = = cyzk, for all z € Dp, and Nppose that there exist M > 0 and 
Ae (4 , 1), with the property that |cy| < M4. a ~, for allk = 0,1,..., (which implies 
| f(z)| < Me4!*! for all z € Dr) and | f (x)| < Ce®*, for all x € [R, +00). 

Suppose thatO <a < Band\<r< + Then, for all |z| < r andn € N, we have 


(w+ Br) CAy (k+1) 
at, B _ k 
ISMh2) — FOS Ga As la > McrAyi >. 


Proof By using the recurrence relation of Lemma |, we have 


S*? (eni1,2) = Be, 2) + ~—— S*F(e,, 2), 


+B ay: 


forallz € C,k € {0,1,2,....},n € N. From this, we immediately get the recurrence 
formula 


ae _ , AZ+a 
aa (1.2) —-c cae, 
SITES Pa, 

n+f6 


S*F(e, 2) -—e = 


[Se (eg1,z) — 2" 


for allz € C,k,n € N. Clearly, ee *(€9, Z) — €9 = O and from the above relation, we 


have B 
a — Bz 
SzP(e1,z) — e1@)| = | a 
Now let | < r < R if we denote the norm-||.||, in C(D,), where D, = {ze C: 
|z| < r}, then by a linear transformation, the Bernstein’s inequality in the closed 
unit disk becomes | P/(z)| < “|| Pelle. for all |z| < r, where P;(z) is a polynomial of 
degree < k. Thus, from the above recurrence relation, we get 


Zou 
n+6 


(k — 1) 


; 
se a ig < sr —15-)) — - r 
|Sr' (ex, .) — exllr < n+p nm (€k—15+)) — eka | 


+ r||SF (ee1,.) — ex-ill, 
(k-—1)+a + BY gt 
n+6 > 


implying 


Si" (ee, -) — exllr S pio ICSe? (€x—1,-)) — ex-all 
n ko- kilr > n+B n k-1>- k-1\|Ir 
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(k-1)+a-+ Br phd, 


n+f6 
Proceeding along the lines of p. 106 of [10], we see by mathematical induction with 


respect to k that the above recurrence implies 
(kK+1)! py Fa a+ Br ea 


S*F (6...) — ex||, < ——— 
Sir" (Cs) — ex S om ae 
Thus, we have 
CO 
SPPCF 2) = D> cay? (e452), 
k=0 


which implies 


ISSPF.2) — FOL S Deal 1S %(e.2) 2 


k=1 


a + Br eo _ 
2 OF Dll m4 al ee 

_ @+Br) ut AF kR+ED! 43 
ee Sa ee 


This proves the theorem. 
The next main result is a Voronovskaja-type asymptotic formula 


Theorem 35 Let0 <a < B. Suppose that the hypothesis on the function f and on 
the constants R, M,C, B, A in the statement of Theorem 32 hold and let | <r < 4 


be fixed. We have the following Voronovskaja-type result 


st8(f,2) — fe — © pw —- —™ fr’) 
mS nt BI Oat Be 


2 


BMA? |c|MA[3 + 4(@ + Br)] M 
< rn + port n(n + Byr? M2,(f) + (n (n+ py or 


AK 
where by |c,| < MZ, 


Mi(f) = Dk = Wk — 2)1(2k — 3) + (wt Bry Ay, 


k=2 


Mo,(f) = Yok + DAK, 


k=2 


On Approximation Properties of Sz4sz—Mirakyan Operators 267 


and 
M3,(f) = > [( + Br)(k — 1)(k — 2) + (a + Bry 
k=2 
2 = = 
(k= Hk= 2 in (k — 1)(k — 2)(@ + pera. 
2 2 
Proof Denoting ex(z) = z* and mn.4(z) = S?(f,z), we obtain 
— Bz Zz 
a,B ! " 
5, Fz) =— 7 @) aay f'@) nt Bet (z) 


ke*—(Bz—a@)  nz*"k(k — 1) 


CO 
< lel 
k=1 


Tn k(Z) — ex(Z) + 
k(Z) — ex(Z) n+B tm + BE 
By Lemma 1, we have 
Zo, nzZ+ ao 
Tn k-(Z) = — SO, (2) + ———Tn (2), 2 € C. 
11@) = Ma) + tnt) 


If we denote 


_ kzk-!(Bz = a) nzk-lk(k = 1) 
En«(Z) = TEn,k(Z) = ex(Z) at n+ B 2(n + py 


2 


then it is clear that E,,,(z) is a polynomial of degree < k and by above recurrence 
relation, we have 


: nz+a 
En - mower -1K% + — En - Zz + Xn, £)s 
k(Z) n+p K-12) n+B k—-1(Z) K(Z) 
where 
Xnk(Z) = G7) ei a(k—1)(k-2),, pBk-1? ,, 


n+B (at+pp | (n+ BP 
nk—Wk—-2? po © py on 

2(n + BYP rar n+p 
na(k —1) ,_4 a?(k — 1) po «=—nB(k—-1) , 


(n+ By (n+ By ~ (n+ By 

_ ap(k — 1) n-(k —1\(k- 2) kl an(k — 1)(k — 2) k2 
(n+ BY 2in + BS Din + Bs 
k ak k-1 Bk k k(k — 1)n k-1 


n+B 'n+B° %n+ByP 


268 V. Gupta 


= -_ __ ok 
ag l)+a+nz—ak+ Bkz]—z 


— p)zk-2 
EY jac 2)— B2(k — 1) + anz + a” — nBz’—aBz = 


2 
= 9) 5k-2 
ts — = [n(k — 2) +n2z + an]. 


Using a + nz = (a — Bz) + (n+ B)z, we have 
k—-1 
Xna(Z) = ——<[(k — 1) + (a — Bz) +n + Ble — ak + Bkel — 
n+B6B 


k— Dk? 
! GS a [eck = 2) — Balk — 1) + (@ = Boa + (n+ Baz — Bela — Bz) 


k k — 1(k — 2)zk-2 
(n+ ype? — TE] ¢ SORE ck = 2) + ma = Bo) + (n+ Bn 


Z zk-l(k-1) k—1)zk-? 


n n ( | knz 
a8 [1 —a+ Bz] + Be [act 2)—Bz(k—-1)+(a—Bz)a—Bz2(a—Bz) =] 


n(k—1)(k—2) zk! 
2n+By 


(k-Dazk-!  (k-1)Bz* (k—1)(k—2) zh? ; 

GHB) GB) Omepe NOP 
Klik — 1) (k= 1k? 

Zz _ ) ; - a [a(k — 2) — Bek —1)+(a@ — Bz)a — Bz(a — Bz)] 

k(k—Anzk"! (k= 1k — 2)ek? ; ; 
an + BY } an + By [n(k — 2) + n(a@ — Bz)] 4 


nk — 1)(k — 2)z-! 


n+ BY 
KVk— 1) (k= Dek? 
= ne : ae [ok — 2) — Balk — 1) + (a — Bz)" 
_ k- Dk Q)zk-? n(k — Wzk-! 
Sn pT tk - 2) + nla - Ba - 
k= Azt? 
-— [o(k — 2) — Bz(k — 1) + (a — Bz)"] 
k — 1k — 2)z? 
7 = ae [(k —2) + (@ — pod] 
Bk = 1k = 2ek? Blk = Az! 
Saas nt Pel ap 
= (k — Der ’ 24 (k — 2) (k — 2)(a — Bz) 
TAF [@~ PME D+ por SSE 4 BPE 


k — 1k — 2)zk? 
PC re [(k — 2) + (@ — B2)]. 


Thus, for all |z| < 7r,k > 2, we have 


lz| j n|z| +a 
|Enx(z)| S Don $ py Eng lr] + n+B 


|Eng—1@)| + |Xne@)| 
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lz} 2(k — 1) 
2(n + B) 
Iz] 2(k — 1) 
2(n + B) 
_& —Dek2(Be—a) — nzk-2(k — 1)(k — 2) 
n+ Bp 2(n + BY 
|z| 2(k — 1) k! yt? a+ pr pk-2 
2(n + B) r 2n n+B 
_&- De (pz-a) nth — 1K =2) 
n+ B 2(n + BY 
|z| [*“ —I)k! pk-2 
2(n + B) 
k= NatBr po, Ak-VYk- Lr'-2(Bz + @) 
r n+B r n+B 
Ak = I rk = k= 2) | Ak= 1) B= DK = 2)r*? 


r 2(n + B) r 2(n + B)? 


Iz| = k-3 
2(n + B) 


<rlEng-1(@| + 


Engr + [Xn (ZI 


S7lEng-1@ + 


[!ne1@) — e102) 


]+ x2 


< r|Enx—1(Z)| t 


]+ x2! 


< r|Enx—1(2)| t 7 mn 


]+1%2@!| 


_ BA- Wk 2) 4-3 
a [3 + 4(@ + Br)] 4 (nt BY y 
(k-2P  (k-2)a+ -) 


[‘ + Bry\(k —2)+ (a+ Bry 4 ed 5 


= r|Enx-1(2)| t 


(k — 1)rk-? 
(n+ By 
B(k — 1)(k — 2)r*-? 
2(n + BY 


[(k —2)+ (a+ Br)] 


Izl(k + 1)! rk 3 
2n(n + By 


S7lEng-1@| 4 [3 + 4(a + Br)] 


(k = Wrk? 
(n+ BY 


B(k — 1)(k — 2)r*-? 
2(n + BP 


[\ + Bry(k — 2) 


Z_ 


pope (k-2y | Ea RES PO 
a na 2 


[(2k — 3) + (@ + Br)]. 


Taking k = 2,3,...in the last inequality step by step, we obtain 


i, a — Bz ” = 
SrPF.2) — £@ — 31 @-aa5 eet @| < 2 Neill Ena 
[MA =. kl 
<a pp t e+ br 2 (k + I(r) 
MA 


+ GRE: 22 [le + rk — Dk = 2) +a + Bry 


(k — 1Iytk — . (k — 1)(k — 2)(a + Br) 
us 2 2 


loca? 
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BMA? = 5 
ta pp 2 Ik = 2)[(2k = 3) + (w+ Bryray, 


which immediately proves the theorem. 


Remark 1 For a = B = 0, the Theorems 32 and 33 become some of the results in 
the book Gal [10, pp. 104-113]. 
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Generalized Hardy—Hilbert Type Inequalities 
on Multiple Weighted Orlicz Spaces 


Jichang Kuang 
Abstract In this paper, we introduce the multiple weighted Orlicz spaces. We also 


give a multiple generalized Hardy-Hilbert type integral inequality with the general 
kernel on these new spaces. It includes many famous results as the special cases. 


Keywords Hardy-Hilbert inequality - Weighted Orlicz space - Norm inequality 


1 Introduction 


Throughout this paper, we write 


1/p 
IF llpo = (/. oo} », RX 


= {X = (X1,X2,--- Xn) XR ZO, Sk <n}, 


A 1/2 
L?(w) = {f : fis measurable and ||f lp < 00}; (xl = (> ml ; 
k=1 


[ LOE) aedy < —S~Ifliplalle ” 
go Jo x47 sin (2) 


is called the Hilbert’s inequalities, where 1 < p < oo, (4) + () = |, and the 


constant factors — (3) is the best value (see [1]). Further, the following inequality 
SIN Dp 


of the form 


[ / RG.) Oeoidedy =O, DIF walelices (2) 
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is called the Hardy-Hilbert’s inequalities with the general kernel. In view of the 
mathematical importance and applications, Hilbert’s and Hardy-Hilbert’s inequali- 
ties are field of interest of numerous mathematicians and were generalized in many 
different ways (see, e.g. [2-8] and the references cited therein). However, much less 
attention has been given to inequalities on the Orlicz spaces. In 2007, Kuang and 
Debnath obtained in [9] the Hilbert’s inequalities with the homogeneous kernel on 
the weighted Orlicz spaces. The aim of this paper is to introduce the new multiple 
weighted Orlicz spaces and establish a new multiple generalized Hardy-Hilbert type 
inequality with the general kernel on these new spaces. It includes many famous 
results as the special cases. 


2 Definitions and Statement of the Main Results 


Definition 1 (see [9—12]) We call g a Young’s function if it is a non-negative 
increasing convex function on (0, oo) with g(0) = 0, p(u) > 0,u > 0, and 


fi 6 tn 8 oe 
u—>0 Uu u— oo Uu 


To Young’s function g, we can associate its convex conjugate function denoted 
by w = g* and defined by 


W(v) = g*(v) = sup{uv — g(u) : u = O},v = 0. (3) 


We note that yy = g* is also a Young’s function and w* = (g*)* = g. From the 
definition of yy = g*, we get Young’s inequality 


uv < pu) + Wr), u,v > 0. (4) 
Let yg! be inverse function of y, we have 
veg yy) < 2v,v > 0. (5) 


The aim of this paper is to introduce the following new multiple weighted Orlicz 
spaces. 


Definition 2 Let g be a Young’s function on (0, oo), for any measurable function f 
and non-negative weight function @ on R’,, the multiple weighted Luxemburg norm 
is defined as follows: 


Wlow=ing {i> 0: f (22) oootr <1} 6) 
Rl 


The multiple weighted Orlicz space is defined as follows: 


Loo) = {f : If lleo < oo}. (7) 
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In particular, if p(u) = u?,1 < p < oo, then Lg(w) is the weighted Lebesgue 
spaces L?(w); if p(u) = u(log(u + c))’,g = 0,c > 0, then Ly(w) is the weighted 
spaces L(w)(logL(a))!. 


Definition 3 (see [9, 10]) We call the Young’s function g on (0, oo) submultiplicative 
if 


g(uv) < g(ug(v) for all u,v>=0. (8) 


Remark 1 If @ satisfies (8), then ¢ also satisfies Orlicz V2- condition, that is, there 
exists a constant C > 1 such that 


g(Qu)<Cgtu) for all u>=0. 


Our main result is the following theorem: 


Theorem 1 Let the conjugate Young’s functions ~, on (O, 00) submultiplicative; 
K (xl, lyl) be a non-negative measurable function on R"_ x R', and satisfies: 


K(llxllelltyl) = 02K (aan, ivt}) . et (9) 


where 4,42 are real numbers and h1\2 # 0. Let f € Lg (@1),g € Ly(@) and 


aa 4 OD — yap + 02) 
If lige: > 0 Illy.o. > 0 where a(x) = Ix", ey) = [yO 
A > 0. If 
aici Gl ee aay—(ML)-1 
= ————_—_ |] K*u, 1)! Gr) : 10 
ron f (u, Dy "wu u<oo; (10) 
C la * RH bv ( : ) nlq (11) 
, = ——_——— Uu, ————— ] u u< Oo, 
2° P'(n/2) Jo eww) 
then 


[ [ K*(xll yD SOOsO)dxdy < CE, Wilf lleollgllye., (12) 


where C(g, Ww) = C; + C2 is defined by (10) and (11). 
We obtain the following Corollary | by taking g(u) = u?, W(v) = v4,1 < p,q < 


00, (+) + (4) = 1, in Theorem 1: 


P q 


Corollary 1 Let K(x, y),A1,42,4,@1 and wz satisfy the conditions of Theorem 1. 
If f € L?(@), g € L4(@2), 1 < p< @, 5 + 7 = |, then 


[. [, Kast ispfereordsdy < COI pollen — (13) 
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where 


ane Ay =liay -($) ca = 
C(p, = an-I PG) 105 K* , pA) g / K* a > ta-l (14 
(p,q) a1 (n/2) {* [ (u, 1)u ut : (u, 1)u? du (14) 


In particular, if A; = A2 = A = | in Corollary 1, then 


/ / K(xll lly) f@e()dxdy < C(pQ)llfllpllelle: (15) 
RY JM 
where 
an? = ((1/q)—n) ies (1/p)+n-1 
C(p,q) = ————-_ K(u,1 DM Ku, Iu" . 
(P.9) 2-1 P(n/2) {f (u, l)u ut f (u, l)u i} 


(16) 


Remark 2 Ifn = 1,4 = 1, anda, = A2 = Ao > O, then 
Kix) at KEG), y= ORGY), 


that is, K (x, y) is the homogeneous kernel of degree (— A), thus Theorem | reduces 
to the results of [9]. 


3 Proof of Theorem 1 


We require the following lemmas to prove our result: 
Lemma 1 (see [13]) [f ax, by, pp > 0,1 < k < n,f be a measurable function on 


(0; 1). tee D = [Ox tm) ot, 24) < xe > of, then 


ak 


n bx 
| i (=) PN ae Pe N dy oo dat um) 
D kai + 


A 5 n Pk 
7 TE “a | a : s f Ona mar. 
pat Dk r Nn DK 0 


k=l by 
From (17), we have the following lemma: 


Lemma 2 Let f be a measurable function on [0, 00), then 


n/2 


2 _ Ft ™ (n/2)-1 
[. f (llxll?) dx = rap |. fore (18) 


Proof of Theorem 1 
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Proof Applying (5) and Young’s inequality (4), we obtain 
[ [ K* (Ix, ly Df CgQ)dxdy 
Ri JR 


< de 1, {LACIE (K(x IyID)} {lee (K*CleIh yD) } axdy 
+ US 


=f ie {iret (KC yb) gl (v" (ust ; ii) 
1 

oo! (v (us ; iy) ) 

SI fe of LF010~ ( (KM(xI MyDD) oo! (v' (ist: Il (8))\N asay 


(19) 


Igoe! (K*(« I, yD) dxdy 


1 


go! (v' (us ‘ iyi) 


Since g on (0, 00) is submultiplicative, we have 


+f Ly Iglu! (K*(xIL, yD) 


dxdy 


=[],+h. 


] {IFoo "sh Ive Cela - ry] 


< oI SOODE(O UK (lx Ly De" dlall yD} 20) 
< of) )K*lxlh yD Abell [yl ?). 


Then, we have 


q <[, i GIF )DK* (xl ly Dw (ist : iy) dxdy 


-[ aircon f tor x (tat tt G1) ve (it ot 2) ar} an 


(21) 


By (18), we have 


a yl? (us “ty, 1) von (us wr @) dy 
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n/2 oo A 2 (2. 
=f) Ray 4), ny (us 1 (2)) Ve, 
2" T'(n/2) Jo 
(22) 


Let u = ||x|| - 12, and by (21), (22) and (10), we get 


wl, 
h<=— —_— 
= 20-1 TP (n/2)aa 


= ml? yy Pe Ses ae Pd yet 
~ Bn-TP(n/2)A2 {f K*(u, ly (wu 7) au . lL. ed f@)D lll 2 dx 


fo.) nh & nh 
1 / (FC) te RA, DY 92 dudx 
rR" JO 


=f e(ifoopercoas. (23) 


ae 


Similarly, we have 


1 
Wy leo lw (K* (xl), lly) z 
o (v (us , pr) 
1 
< W(lg@))K* Cell ly Dw rr (24) 
oo (v-! (us wr @)) 
Ade pr -(2) 1 
< WlgO)DIly Il K"{ (xil-lyl) 7,1 Jw . 
oo (v- (ust wi @)) 
By (18), we have 
yt? K* (pet yt), 1) v vy fax 
Je ( gy (v- (ust x iG) 
: gn!2 OS. _(22 1 
=|?" / K? Ga Da) ODN 
2"T'(n/2) Jo a ( = ( 12. 8) 
o (yo (12-IWyI 
(25) 
Letu=t!?. igi en: and by (24), (25) and (11), we get 
1 
b= ff} lori dah ty dxdy 


o! Ca (us ; ii @)) 


Generalized Hardy—Hilbert Type Inequalities on Multiple Weighted Orlicz Spaces 279 


— a [ K*(u Dw {=a udu 
~ 2-1 PF (n/2) Jo , eg '(w!)) 


xf wiscodiiy "ay (26) 
=r Wleor)er(v4y. 


Thus, by (23) and (26), we obtain 


/ / K* (lla lly ID FQ) 8Q)dxdy 
Rt JR 


<a f 
R 


It follows that 


/ / Karl ivd( iis) ) ( si) ) axay 

Ri YR If llo.o lve 

<C, / r (ee) wx(x)dx + Cp i: ” (ge) wnGras 
Re \Mfllee Re \M8lly.o 


<£C1+€,=C,). 


I 


The proof is complete. 


PI Fx) )ar)dx + C2 - W(ls(y))ar(y)dy. (27) 


n 
7 


Hence, 


a K*(lx I, IY DF @godxdy < CY, WIS ligoill8llyo2- 


n 
+ 
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Inequalities for the Fisher’s Information 
Measures 


Christos P. Kitsos and Thomas L. Toulias 


Abstract The objective of this chapter is to provide a thorough discussion on in- 
equalities related to the entropy measures in connection to the y-order generalized 
normal distribution (v-GND). This three-term (position, scale and shape) family 
of distributions plays the role of the usual multivariate normal distribution in infor- 
mation theory. Moreover, the y—GND is the appropriate family of distributions to 
support a generalized version of the entropy type Fisher’s information measure. This 
generalized (entropy type) Fisher’s information is also discussed as well as the gener- 
alized entropy power, while the y-GND heavily contributes to these generalizations. 
The appropriate bounds and inequalities of these measures are also provided. 


Keywords Fisher’s entropy type information measure - Shannon entropy - General- 
ized normal distribution 


1 Introduction 


The well-known normal distribution, introduced by Gauss and, therefore, also known 
as Gaussian or normal distribution, plays an important role to all statistical problems. 
Interest is focused on the Information Theory and Statistics. An exponential power 
generalization of the normal distribution called the generalized y-order normal distri- 
bution (vy-GND) has been discussed in [15], and studied in [19] and [21]. Moreover, 
new entropy measures were introduced in [16] and extensively discussed and proved 
in [15]. 

Entropy since the time of Clausius, 1865, plays an important role joining physi- 
cal experimentation and statistical analysis. For the principle of maximum entropy, 
the normal distribution is essential and eventually is related with the energy and the 
variance involved. Moreover, the channel capacity is dependent on the entropy, since 
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the time of Shannon, 1948. Therefore, we would like to know how entropy, energy 
and variance are related under the normal distribution, for practical problems. To 
proceed, we need a solid mathematical background to cover Statistics and Physics, 
despite the applicable form of this procedure. This is why these definitions are in- 
troduced in Sect. 2 under a mathematical analysis point of view, while they are so 
applicable (channel capacity etc.). Moreover, their relations through inequalities, 
either Poincaré or Sobolev, are briefly discussed. 

There is also a connection with the optimal design theory. Fisher’s parametric 
information measure is applied to the experimental design theory. The following 
example is presented. Let us consider two experiments Ey = (X,&)and Ey = (Y, 4) 
with X and Y being the design spaces while € and 6 are the corresponding design 
measures from the design spaces & and A, respectively, see for details [9, 27]. In 
practice, the design space is where the experimenter performs the experiment and the 
design measure is, eventually, due to some mathematical insight, the proportion of 
the observations devoted for each design point. We shall say that the experiment Ey 
is sufficient for the experiment Y if there exist a transformation of X, say t(X), such 
that t(X) and Y have identical design measure, or coming from the same distribution. 
We shall write Ey > Ey. Insuchacase, the Shannon information obtained from Ey, 
say Hy, is at least as that obtained in Ey, say Hx, i.e. Hy > Hy. Moreover, the same 
ordering occurs for the Fisher information in terms that Ig(X) — I9(Y) is non-negative 
definite, so |Ig(X)| = |Ip(Y)|, and therefore, one could say that D-optimal designs, 
see [9], between Ey and Ey, the Ey is more preferable. Consider two experiments, 
one coming from the Gaussian V(0, o”) and the other from the Gaussian V(0, xa”). 
These experiments are equivalent in terms that the one is sufficient for the other. This 
is trivially true if all the observations of the first multiplied by «, or divide all the 
observations of the second by «. This is a brief explanation why there is an interest to 
have at least inequalities among various statistical—analytical measures concerning 
the Gaussian: to be able to compare the “information” obtained for an experiment. 
Usually it is assumed that the experimenter works with the Gaussian. Thus, it is of 
great importance to information theory. 

Poincaré and Sobolev inequalities presented in Sect. 2 play an important role in 
the foundation of the generalized Fisher’s entropy type information measure. Both 
these classes of inequalities offer a number of bounds for a number of physical 
applications, the most well known being the energy, among others. The Gaussian 
kernel or the error function (which produces the normal distribution), is certainly 
known, with two parameters—the mean and the variance. For the Gaussian kernel, an 
extra parameter was then introduced in [15], and therefore, a generalized form of the 
normal distribution was obtained. Specifically, the generalized Gaussian is obtained 
as an extremal for the logarithm Sobolev inequality (LSD) and is referred as the y- 
order generalized distribution (y-GND). In addition, the Poincaré inequality (PI 
offers also the “best” constant for the Gaussian measure, and therefore is of interest 
to see how Poincaré and Sobolev inequalities are acting on the normal distribution. 

That is, this chapter attempts to bridge the mathematical—analytical framework 
with statistical background as far as the Fisher’s information measures (parametric 
and entropy type) is concerned. Emphasis is given to the entropy type Fisher’s 
information and the generalization introduced. 
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2 Background 


The PI is the most well-known result in the theory of Sobolev spaces, i.e. bounds 
can be obtained on a function f belonging to the Sobolev space H'(R?, w) = {f € 
L?(R’, pw) : E,,(f) < oo} using the bounds on the derivatives, while the domain 
is still important. The energy €,,(f) of a local —-integrable function f with Vf € 
L7(R?’, p) is defined to be 


E,(f) = Exp, (lV fl’). 


The corresponding Poincaré constant, cp, can easily be evaluated when the domain 
is convex. It holds that 


Vary (f) < ceE,(f), (1) 


where Exp,,(f) and Var,,(f) are the expected value and the variance of f, respec- 
tively, corresponding to the probability measure jz, ie. Exp,(f) = J fd and 
Var,(f) = Exp, (Lf _ Exp,,(f))’) = Exp,,(f*) _ Exp,,(f)’. Under some regularity 
conditions for the measure jz, there exists a constant cp € (0,-+oo) such that the PI 
as in (1), is 
Pp 
Var,(f) Sor f IVFIP dn, 
R 


with f as a differentiable function having compact support. That is, bounds have to 
be evaluated for the variance and, therefore, for the information, either the parametric 
or the entropy type. 

The entropy Ent,, f of a jz-integrable positive function f is defined to be 


Ent, f := Exp,,(f log f) — Exp,, f log Exp, f, (2) 


where Exp is the expected value. Applying the inequality uu < ulogu—u-+e’”, 
u € R,, v € R, the so-called variational formula for the entropy is obtained, 


Ent, f := sup {Exp,,(fg) :  Exp,e? = 1}. (3) 


The quantity Ent,, f is finite if and only if f sup (0, log f) is jz-integrable. Notice 
that when the expected value of f vanishes the definition (2) is simplified. Relation 
(3) is equivalent to the following inequality, known as entropy inequality, 


Exp,,(fg) < +Exp, f log Exp,,e’’ + +Ent,,(f), (4) 


where f is every positive and square integrable function, g is a square integrable 
function and t > 0. The following Proposition | refers to the product probability 
space, as far as its variance and entropy concern. 
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Proposition 1 Let (Ej, Fj, ui), i = 1,2,...,p) be p probability spaces and 
(E?, F?, w”) the product probability space. Then, 


Pp 
Vat yo(f) < >> Exp,» (Vary; (f)), 


i=1 


Pp 
Entyo(f) < >) Exp,,»(Enty, f). 


i=l 


Proof Leta function g defined on E? such that Exp,,,e8 = | and 


p p J . pee 

def. e8 dui (x1)- + - duj-1(%i-1) 

g = : i ana Y re : 1 1 1 : 
a ra f e&d pay (x1) +++ dui (xi) 


with g; = g—log f e&dyj(x;), i = 1,2,..., p. Hence, using the variational formula 
(3), for p4;: 


2) Pp 
>- Exp,,(f8i) < >. Exp,, (Enty,(fgi)) . 


i=l i=1 


On the other hand 


D Pp 
Y > Exp,o(f8i) < )~ Exp,» (Exp, (£81) 


i=1 i=1 


Pp 
* Exp, (Ent,,, f ) E 


i=l 


Exp,,»( fg) 


A 


Combining the above two relationships, the result of the Proposition | is derived. 
Notice that, neither statistical properties, discussed for the above introduced functions 
of variance and entropy, nor physical properties are going to be discussed for the 
below defined energy. 

In the case of E = R?, the energy Ener, f of a local integrable function f with 
Vf € L°(R’, 1) is defined to be 


Ener, f := Exp, |V fl’, (5) 


where V f is, as usual, the gradient of f. Hence, the energy is positive and invariant 
under the translations. Both variance and energy are crucial for the definition of the 
PI. Indeed the measure jy satisfies the PI for a certain function class Fp(E, jz) if there 
exists a constant c € Rx; such that 


Var,,(f) < cEner,, f. (6) 


for each function f € Fp(E, yw). 


Inequalities for the Fisher’s Information Measures 285 


Example 1 For example, one may consider Fp(E, jz) to be the Sobolev space 
S'\(R?,u) = {f € LR’, py): Ener, f < oo}. The best constant cp(jw) for 
the PI, for f not jz, a.e. constant, is defined to be 


os fant Ener, f | LAE a 7 
Cp(M) = (in eave : f © Fp( Ww} ; (7) 


The measure ju satisfies the LSI for a certain function class F;,5(E, jz), if there exists 
a constant c € R¥_ = (0, +00) such that 


Ent, f? < cEner, f, (8) 


for each function f € Fy s(E, j). 


Example 2 One may consider F,,5(E, 2) to be the Sobolev space S!(R?, jz). The 
best constant cy s5(t) for the LSI, for f not wu, a.e. constant, is defined to be 


=o Ener, f | £ : = 9 
Crs(M) = (in ane f € Fis( wt) . (9) 


Since 
Ent, f° := sup {Exp,,(f7 g): Exp,e® = ie 
we have that the constant 
CLs() = sup {c(g) : Exp,e? = 1} ; 
where (with Ener, f > 1) 


Exp,,(f? 
c(g) i= (| we : f € Fis, o}) ‘ 
LL 


Under some regularity conditions for the measure jz, the PI as in (6) is 


Var,(f) <¢ / IV fled py, 


with f a differentiable function having compact support, see [1] and the references 
there. The constant c is known as Poincaré constant and will be denoted as cp in this 
chapter. 

In principle, LSI attempts to estimate the lower order derivatives of a given func- 
tion in terms of higher order derivatives. The well-known Sobolev inequalities were 
introduced in 1938, see [28] for details. The introductory and well-known LSI is 

bE 1/2 


Pp 
fisconapne < ¢s [iv reoranes , (10) 
P E 
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or, in a compact form, through the norm 


2 
Iflla SeslVfll2, 9= 545. 


The constant cs is known as Sobolev constant. Since then, various attempts were 
tried to generalize (10). The first optimal Sobolev inequality was of the form 


poh 1/n 


f(@lPdx | <Con / IV F(yi"dx |, (11) 


EP EP 


with n € [1, p). 


Recall the inequalities (6), (8), (10) and (86). These inequalities are dependent on 
a constant c, which is being evaluated, in the optimal sense as in (7) and (9) for the PI 
and LSI, respectively. Therefore, in all these integral inequalities the crucial points 
are: the exponent, and the value of the critical constant, which is usually dependent 
on the gamma function. This is clear on the generalized form of normal distribution, 
introduced in [15] and discussed in [16] and [18]. 

The PI and the LSI are linked with the parametric Fisher’s information measure, 
as it is briefly discussed in the next section. 


3 Pl and LSI for the Parametric Fisher’s Information 


One of the merits that normal distribution offers to the information theory is that for 
any random variable X and the estimator estX, the following inequality holds: 


Exp (X — estX)? > (27)! exp{2 h(X)}, 


with h(X) being the differential entropy. The equality holds if and only if X is 
normally distributed and Exp(X) is the mean of X. This very useful result can also 
be extended even when side information is given for the estimator [6]. 

Moreover, the normal distribution is adopted for the noise acting additively to 
the input variable when an input-output time discrete channel is formed. There- 
fore, the Gaussian distribution needs a special treatment evaluating Poincaré and 
Sobolev inequalities. Both the PI and LSI are applied to statistical distributions to 
evaluate the bounds between variance, entropy and energy. Moreover, the devel- 
opment of the PI and LSI for the normal distribution depends on the development 
on the Bernoulli measure due to a theoretical insight, which is not presented here. 
Therefore, a discussion of the Bernoulli case is first provided. 

If E = {0, 1}, the Bernoulli measure 6, of E with the parameter n € (0, 1) is the 
following probability measure: 


Bn = do + md), (12) 
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where m = 1 —n and 4, is the Dirac measure at a. Itis Exp, f = nf(0)+mf (1) and 
the energy is evaluated to be Energ, f = nm|| f(O) — f (1)||?. A simple calculation 
gives Varg, (f) = Energ, f that leads to the PI for the Bernoulli measure. 


Theorem 1 (PI for the Bernoulli Measure) 


Varg,(f) < Energ, f, i.e. cp(Bn) = 1. 


Next the sharp LSI for Bernoulli measure is given, so that to clear the application 
and the comparison between the continuous and the discrete case. 


Theorem 2 (LSI for Bernoulli Measure) The best constant for the inequality 


Entg, f? < crsEnerg, f, (13) 
is 
2, ifn=4 
CLs =), 1 
ne", otherwise. 


: 1 bese 
Proof By symmetry we are restricted to the case0 < p < 5. The variational formula 


cis(Bp) = sup{c(g): Expg.e® = 1}, 
is used where 


Expg,(f78) 
Es, f 


Let a = g(0) and b = g(1). It is then 


c(g) i= w| > f €Cis(E, Bp), Exp, f > | 


Expg,,(e*) = pe’+qe’=1=e°, 


and hence, ab < 0. Note that Expg,|f1 < Expz, f- So, f => 0 is assumed. For 
x = f(0) with x > 0, it is 


2 
+ qb 
pqc(g) = sup BOR TT? 3 g%s.0 and xX Ale. 
eat 
The supremum is attained for x = —qb/ pa and itis c(g) = (2+ £)~'. Therefore, 


crs(p5o + 451) = (inf {2+ 4: pe*+qe’=1}) |. 
Lett =e%,s=e? = ao and define g(t) ah ee +. Since ab < 0, 


logs logt 


crs(pbo + 461) = (inf {p@): t € O, UCL, 1/p)})". 
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The definition domain of g can be extended by setting g(0) = iF 7? gl) = 5 


and g(p-) = ae - . Remark that | is a local minimum if and only if p = 5 “ikea 


a q 


qs(logs)?— t(logt)?” 


g(t) = 


Notice that the constant c;s5 is a concave function of the parameter n. It diverges 
to +00 as p tends to 0 and has minimum for n = 1/2, (as one could expect for the 
Bernoulli trials) and then the constant depends only on the parameter n. Therefore, 
considering E = {a,b} and B, := nédqg + méd,, we have the same constant for the 
inequality. In this case, the energy is evaluated as Energ, f = nm|| f(b) — f(a@)|l’. 

Using the tensorisation property of variance and entropy, the PI as well as the 
LSI for Gaussian measure are obtained from the above inequalities and the Bernoulli 
measure. Let E = R. The Gaussian probability measure is 


dy = (Qn) eWay, (14) 


Theorem 3 (PI for the Gaussian on R) For f €¢ H'(R, y): 


Vary (f*) <Ener,f, ie. cp(y)=1. (15) 


Theorem 4 (LSI for the Gaussian on R) For f € H'(R,y): 


Ent, f? <2Ener, f, ie. cps(y) =2. (16) 


Proof The proof is a step by step transfer of the proof of Theorem 3 using the 
tensorisation property of entropy. 
Let E = R? and the Gaussian probability measure on R?, 


dy? (x) = (21)? exp{—|[x||?/2}dx. 


The next Theorem 5 gives the best constants for the Poincaré and LSI for the 
Gaussian measure on R?, i.e. for the variance of f and the entropy of f?. Using the 
following result 


Pp 
Eneryy f= Exp,pl|V I? =) Expyo ld: fl? 


i=1 
Dp Dp 
= DiEwpye ( Exp, ld: fII’) = )) Exp,» (Exp, Ener, fi)) 
i=1 i=1 


the Poincaré and LSI for the Gaussian measure on R? can be deduced from Theorem 
4. It is interesting to notice the simplicity of the involved constants, with values | 
and 2, for PI and LSI, respectively. Then: 
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Theorem 5 (PI and LSI for Gaussian Measure on R”) For f € H'(R?,y”) the 
following are true: 


Varyo(f) < Eneryo f, ie. cp(y?)=1, (17) 
Ent,» f? <2Eneryof, ie. crs(y?) =2. (18) 


Notice that the values of the constants, as it has already mentioned, are rather 
nice and easy to be adopted in applications, as the involved constants for the mul- 
tivariate normal discussed below, see relations (20) and (21). Therefore, there is a 
simplification in the real life problems. 

Consider now the multivariate normal distribution V’?(jz, ©) with mean vector 
je € R? and scale matrix © € R?*?, i.e. with p.d.f. of the form 


Fx) = f@; uw, Z) = x) ??| det D[-? exp {—F@ — WE" — w)"}, (19) 


with a! ¢ R!*? being the transpose of the vector a € R?. In this general case of the 
Gaussian measure, the Poincaré and LSI are the following: 


Varyr(f) < oxExp,ollV FI’, (20) 


Ent,» f? < 20yExp,o||V SI’, (21) 


respectively. 

Moreover, as far as the entropy of a p-variate random vector X is concerned, say 
H(X), considering the following proposition a bound for it is obtained, depending 
only on the scale matrix. 


Proposition 2 Let the random vector X has zero mean and covariance matrix &. 
Then 
H(X) < 5 log {(27e)?| det Z|}, 


with equality if and only if X ~ N(O, X). 

This proposition is crucial and clarifies that the entropy for the normal distribution 
is depending, eventually, only on the variance—covariance matrix, while equality 
holds when X is following the (multivariate) normal distribution, a result quite often 
applied in engineering problems, and information systems. 


4 The y-Order Generalized Normal Distribution (y-GND) 


Through the LSI approach, a construction of an exponential power generalization 
of the usual normal distribution is provided as an extremal of (an Euclidean) LSI. 
Following [15], the gross logarithm inequality with respect to the Gaussian weight, 
[14], is of the form 


J tei? 02 IgI2 am < 1 f Vell? dm, (22) 
RP RP 


290 C. P. Kitsos and T. L. Toulias 


where ||g||2 = 1, dm = exp{—m|x|"}dx (l|gll2 = dae l|g(x)||’dx is the norm in 
L?(R?, dm)). Inequality (22) is equivalent to the (Euclidean) LSI, 


Jui? tog tata = Btog 25 f vuldx p (23) 
RP Re 


for any function u € W!?(R?) with ||u||2 = 1, see [15] for details. This inequality 
is is optimal, in the sense that 


f |Vul|2dx 
2; = inf = > we wR"), |lulla=1$, 
exp (2 J llul? log lula) 
IRP 
see [31]. Extremals for (23) are precisely the Gaussians u(x) = (10 /2)~?/4 


exp{—o—!||x — 2||?} with o > O and px € R?, see [4, 5] for details. 
Now, consider the extension of Del Pinto and Dolbeault in [7] for the LSI as in 
(23). For any u € W!7(R?) with l|u\|, = 1, the y-LSI holds, i.e. 


Jiu t0e llulldx < 5 log Ky f vulras , (24) 
RP RP 


with the optimal constant K,, equals to 


y-l 
Kyat (3) aren, (25) 
where 
re +1) 
a ae (26) 
arms + 1) 


and I’( - ) the usual gamma function. 
Inequality (24) is optimal and the equality holds when u(x) = fx,(x) is conside- 
red, where X, follows the multivariate distribution with p.d.f. fy, defined as 


fx, (3 Ws Env) = ChE)exp{— Oa", xeR’, — 27) 
with normalizing factor 
p> 
CP =CP(E) = PDI VeP () a (28) 


and p-quadratic form Qg(x) = (x — w)X=~'(x — yz)’ where 6 = (uw, D) € R? x 
R?*?. The function $(5) = fx;(x)!/° with 5 = (07/5Y°-Y/°1,, corresponds to the 


Inequalities for the Fisher’s Information Measures 291 


extremal function for the LSI due to [7]. The essential result is that the defined p.d.f 
fx, works as an extremal function to a generalized form of the LSI. 

We shall write X, ~ NP, =) where NP (uw, ) is an exponential power gen- 
eralization of the usual normal distribution N?(u, £2) with mean vector uw € R?, 
scale matrix 2 € R?*? involving a new shape parameter y € R \ [0,1]. These 
distributions shall be referred to as the y-order normal distributions or y-GND. No- 
tice that for y = 2, the second-ordered normal NF (1, &) is reduced to to the usual 
multivariate normal NV? (w, X), ie. N3’(w, D) = N?(u, X). One of the merits of the 
y-order normal distribution defined above belongs to the symmetric Kotz type dis- 
tributions family, [22], as NP (uw, X) = KotZm,s(, u) with m = 1,r = (y — 1)/y 
ands = y/(2y — 2). 

It is commented here that the introduced univariate y -order normal Ny (LL, o*)= 
N, ; (44,07) coincides with the existent generalized normal distribution introduced in 
[25], with density function 


___&B x18 
fx: Hs B)= py em | ae 


where a@ = (Catia ’o and 6 = >">, while the multivariate case of the y- 
order normal WV; (wz, ©) coincides with the existent multivariate power exponential 
distribution PE” (1, X’, B), as introduced in [11], where ©! = 22”-)/’ ¥ and B = 
GoD See also [12, 23, 24]. These existent generalizations are technically obtained 
(involving an extra power parameter #) and not as a theoretical result of a strong 
mathematical background as the LSI offer. 

Recall now the multivariate and elliptically contoured uniform U/?(u, X) and 
Laplace £?(1, &) distributions, as well as the degenerate Dirac distribution D? (11) 


with p.d.f. fu. fc, fo as follows: 


re +1) roe 

fulx) = aaa x ER? with Q,(x) <1, (29) 
re+i 

fels) = exp{-0,"@)}, x eR’, (30) 
+00, x=, 

fowy= fr * TF (31) 


0, xeR?\u. 


The following theorem states that the above distributions, as well as the multi- 
variate normal with p.d.f. fy as in (19), are members of the y-GND family for 
certain values of the shape parameter y. Thus, the order y, eventually, “bridges” 
distributions with complete different shape as well as “tailing” behaviour. 


Theorem 6 The multivariate y-GND rv. X,, i.e. Xy ~ N} (uw, 2) with p.df. Fis 
coincides for different values of the shape parameter y with the uniform, normal, 
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Laplace and Dirac distributions, as 


fo, for y=0 and p=1,2, 
0, for y =0 and p> 3, 
fx, = fu, for y=1, (32) 
fn, for y = 2, 
fe, fory=xo. 


Proof From the p.d.f. definition (27) of Ni (Ms x), parameter y is defined over 
R \ [0, 1], i-e. y is a real number outside the interval [0, 1]. Denote g = ne and Eg 
the p-ellipsoid Qg(x) = 1, x € R’. The following cases are distinguished: 


i. The uniform case y = 1. From (27) with x € R? inside the p-ellipsoid Ey, ie. 
Q(x) < 1, it holds that 


rg + 
li : uw, 0) = ——~2——"__[ lim ¢8 li = -1/2g) 
pons Be?) an eee (,im.s") (Jig. exr| BOo(xy } 
rg+h ; 


= —~+__~__..] -¢’, 
wP/2,./| det &] 


while, for x € R? outside Eg, i.e. O(x) > 1, it is 


eae) 
li ye ye 2 li g li _ 1/(2g) 
pn Hs) m?/?,/| det U| (Jim ¢ ) (sim. exp | 8Qo(x) 
rea) 


= —_+_____ .] -0, 
wP/2,/| det X| 


due to the fact that gx!/ — +ooas g > 0+ forallx € IR, = Ri} \0. Therefore, 
from (29), the first branch of (32) holds true as fy, := lim,_,1+ fx, = fy, or 
NP (uw, Z) := limy 1+ NP (u, Z) = U? (yu, Z). That is, the multivariate first- 
ordered normal distribution coincides with the elliptically contoured uniform 
distribution. 

ii. The Gaussian case y = 2. It is clear that N}(u, 2) = N?(u, Z), as fy, 
coincides with the multivariate (and elliptically contoured) Gaussian den- 
sity function fy as in (19). That is, the multivariate second-ordered normal 
distribution coincides with the usual elliptically contoured normal distribution. 

iii. The Laplace case y = xoo. For the limiting g = _ =l(asy > 

+oo), it holds that that N?.(u, 2) := limy—; +0 NP (wu, 2) = Lu, Z) 

as fx, i= limy—+o00 tx, coincides with the multivariate (and elliptically 

contoured) Laplace density fr as in (30). That is, the multivariate infinite- 
ordered normal distribution coincides with the elliptically contoured Laplace 
distribution. 
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Iv. 


The degenerate Dirac case y = 0. First, it is assumed that x = pw, i.e. Qe(x) = 
0, and hence, from definition (27), 


gs 


=m ?/?| det S|? (2 +1 . 
fx, (4) | | (g ) Pee 


(33) 
From the fact that 


lim fx,(), 
=[pg]>oo 


fro) = lim fx,(u)= lim fx, (u) = 
y0 =! 460 k 


where [x] being the integer value of x € R, it is 


gn ee isa 
Fao) = oR [det S| (erm peel)” 


Utilizing now the Stirling’s asymptotic formula k! ~ J 2m k(£)k ask > ow, 
(34) implies 


a ae 8) i 1 
—————— _| lim —— ], 
qr P/2 | det 2 | k00 o/Ik( 2) 
and thus, for p > 3 > e, (35) implies fx,(w) = 0 while, for p = | or p = 2 


implies fx, (4) = +00. 
Assuming now x 4 yz and using (34), it holds that 


fx) = (35) 


fxo(x) = lim fx, 0] lim exp {—g ocx) : (36) 
y> 07 &> +00 


hence, for p > 3 > e, (36) implies fy,(x) = 0 (due to gx!/® > Oas g > +00 
for all x € R4_) while, for p = 1 or p = 2, applying (35) into (36), it is obtained 
that 
ré+) exp {1 = 1 Qo(xyrren| 
lim 
wP/2,/| det Z| | 00 pk J/20k 


Sxo(x) = = 0. 


Therefore, for p = 1,2, it is clear that NO (uw, x) := limy.0- NP (uw, y= 
D?(u) as fx, coincides with the multivariate Dirac density function fp as 
in (31), i.e. the univariate and bivariate zero-ordered normals are in fact the 
(univariate and bivariate) degenerate Dirac distributions, while the p-variate, 
p = 3, zero-ordered normals are the degenerate vanishing distributions. 


Considering the above cases of (i), (iii) and (iv), the defining values of parameter 


y of N,, distributions can be safely extended to include the limiting values of y = 
0, 1, oo, respectively, i.e. y can now be defined outside the real open interval (0, 1). 
Eventually, the uniform, normal, Laplace and also the degenerate distributions as the 
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Dirac or the vanishing ones can be considered as members of the y-GND family of 
distributions. 

Notice that NV, : (4, 0) coincides with the known (continuous) uniform distribution 
U(u —o,u+0). Specifically, for every uniform distribution expressed with the 
usual notation U(a,b), it holds that U(a,b) = Ni (42, 54) = U'(u,0). Also 
No(u,0°) = N(u,07), Nioo(u,o*) = L(u,0) and finally No(u,o) = D(u). 
Therefore, the following holds. 


Corollary 1 The univariate y-ordered normal distributions Nj (u,07) for order 
values y = 0, 1,2, +00 coincides with the usual (univariate) Dirac D(), uniform 
U(u—o, +0), normal N(,07) and Laplace L(1, 0) distributions, respectively. 

Notice that for the r._v. X from the p-variate normal and A a given p x p matrix, 
it holds 


X ~ N?(u,Z) > AX ~ N?(Ap, ADA). (37) 


The linear relation described in (37) for the multivariate normal is valid for the y- 
GND, in the sense that for given A an appropriate matrix and b an appropriate vector, 
then 


X~N?(u,E) > AX+b~ NP(Aut+ b, ASA‘), (38) 


Simple calculation also proves that if the matrix A is reduced to an appropriate 
vector, relation (38) is still valid. 

For the multivariate normally distributed X ~ N’?(w, X), it is clear, from (19), 
that the maximum density value max fy = fx(u) = (2s)~?/| det &|~!/? decreases 
as dimension p € N rises, providing “flattened” probability densities. This is also 
true for the multivariate Laplace distributed X ~ L?(u, 0) = N2.,(u, Z). In fact, 
from (30), we have that max fy = aie eC + 1)|det =|~!/? and therefore, the 
high-dimensional Laplace distribution densities are “flattened”, since the maximum 
density values decreases as p € N increases. This is true because, for dimensions 2p, 
with max fy = C?..(Z) = Mle an mM det 5|~!/*. Hence, as in the normal 
distribution case, X provides, in principle, heavy tails as the dimension increases. 
However, this is not the case for the multivariate (and elliptically contoured) uniform 
distributed X ~ U?(u, ) = N/ (uu, Z), because the volume of the corresponding 
p-elliptical-cylinder shape of their density functions, as in (29), must always equal 
1, although 2/” have no tails to “absorb” probability mass when dimension increases, 
as the normal or the Laplace distributions does. Considering the above remark, the 
following proposition shows that, among all elliptical multivariate uniform distribu- 
tions U? (jz, X) with fixed scale matrix 4, the 2/>(, ©) has the minimum max fy, 
see [21]. 


Theorem 7 For the elliptically contoured uniformly distributed X ~ U?(, X), we 
have 

min{max fy} = 2%,| det D|7' = max /°(u, Z), 

peN ue 


i.e. the 5-dimensional uniform distribution provides the least of all maximum density 
values among all U? (1, X) with fixed scale matrix X. 
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The y-GND N? (is ) is, in general, an elliptically contoured distribution, and 
therefore every X, ~ Ny'(w, XZ) admits a stochastic representation X, = «+ 
J/V=~!?U where U is uniformly distributed r.v. on the unit sphere of R? and V 
and U are independent. 


Proposition 3 For the random variable X, = u+./Vy Ee y ~ Nj (ut, Z), the 
2t-th moments of V,, are given by 


T((p + 21) asl 
EV, )= i“ = ) (35) Y . 
y 


Using Theorem 2.8 in [8], the product moments of X are obtained, i.e. 


(39) 


E(V,") r(4) Pp 
2n sn 2p 
B (Xp! +X, )= he reson lll +t) 


7S P(t 204) rg 2 
arn (t -) ‘ r( yol *) [[G +, 
Y Pps NG +4) k=1 


where t; > 1,i = 1,..., p are integers and t; + +---+t, =t. 


Consequently, the expected value and the covariance of X, = ,/V, x7/?U are 
respectively E(X,) = y for every order values y € R \ [0, 1], and 


r(~+o%) 
r=) 


Theorem 8 An explicit analytic form of the characteristic function px, of Xy 
Ny} (0, 1,) is given by 


Cov(X;) = 


(2 (rank=)-!. (40) 


Tj T(p/2) & pi 
ox, (t) =e" oe ev (s ee ali”, (AD) 
(p>) k=0 


where 


a y P ao 
wk! D (kagiy + £) 1 (set 5 +1) sin (x (1+424)). 


The series in (41) is absolutely convergent for any t € R? \ 0, see [21] for details. 
Recall now the cumulative distribution function (c.d.f.) ®z(z) of the standardized 
normally distributed Z ~ N(0, 1), ie. 


@7(z)= 4+ ;erf (2), zeR, (42) 
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with erf( - ) being the usual error function. For the y-GND the generalized error 
function, [13], Erf, ,,-1) is involved. Indeed, the following holds. 


Theorem 9 Let X be a random variable from the univariate y-GND, i.e. X ~ 
N} (ut, 07) with p.d f. fy. If Fy is the c.d.f. of X and ®z the c.df. of the standardized 
Z= +(x —p)~ N,(0, 1), then 


yol 
Fy(x) = @2(54) = 4+ +— ty { (=!) : a , xeR. 
arr) Tt 
(43) 
Proof From the definition of the c.d.f. of X it is 
x x se: 
Fy(x) = / fx()dt = C)(o) / exp {-7 |= | aa | dt. 
0 = 
Applying the linear transformation w = =f. the above is reduced to 
xX-K 
F(x) = Ch) f exp {ti} dw= e203), 4) 
=O¢ 


where ®z is the c.d.f. of the standardized y-GND with Z = 1(x — p) ~ N,(0, 1). 
Moreover, ®z can be expressed in terms of the generalized error function. In 
particular, 


and as fz is a symmetric density function around zero, we have 


y-1 


exerbacin fo[-tmi]artvcter feo =|)" w 
0 0 


and thus 


(2 


7(z)= C}(1) foe {-S or] dw = &2(0+C}(0) f exp {—%" wl? ba 
—0oo 0 


y 
y-1T 
| dw, 
= 


®7(z) = $+c}0)( ‘ia ; “solu a (45) 
0 


Substituting the normalizing factor, as in (28), it is 


va ay! 
a + ory prey ee, {(%") i. aa sae 
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Fig. 1 Graph of all density 
functions fx, (x) with 
X, ~ N,(O, 1) along x and y — WF f 


through the definition of the generalized error function, i.e. (43) holds. 

Figure | illustrates Corollary | in a compact form including the density functions 
fx, (x) for all y € [— 10,0) U[1, 10], X, ~ N,(, 1) with x € [ — 3,3]. 

The known densities of uniform (y = 1) and normal (y = 2) distributions are also 
depicted. Moreover, the densities of \,—=+19 (0, 1) which approximate the density 
of Laplace distribution £(0, 1) = N+..(0, 1) as well as the density of N_.005(0, 1) 
which approximates the degenerate Dirac distribution D(O) are clearly presented. 
Notice also the smooth-bringing between these significant distributions included 
into the family of the y-order normals, as shown in Theorem 6. 


5 Generalized Entropy Type Fisher’s Information Measure 


Let X be a multivariate r.v. with parameter vector 6 = (6),62,...,0,) € R? and 
p.d.f. fg on R’. The parametric type Fisher’s information matrix I-(X; 6) (also 
denoted as Ig(X)) defined as the covariance of Vp log fg(X) (where Vp is the gradient 
with respect to the parameters 6;,i = 1,2,...,p) is a parametric type information 
measure, expressed also as 


Ig(X)= Cov (Vo log fo(X)) = Eo (Vo log fo(X) - Vo log fo(X)") 
= Ep (|IVo log fo(X)II”) - 
On the other hand the Fisher’s entropy type information measure J(X) of a rv. X 


with p.d.f. f on R? is defined, as J(X) = E(||V log f(X)|)*). Moreover, J(X) can be 
written as 


(x)= i F(aIIV log f(x)|Pdx = i Fay foo) IPax 


RP RP 


= [vse -Vilog f(x)dx = 4 IV FI? dx. 
RP 


RP 
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The generalized Fisher’s entropy type information measure, or 5-GFI, is an 
exponential power generalization of J(X), defined as 


Js(X) = E(|lV log f(X)I°), 5 > 1, see also [30] (47) 


The 2-GFI is reduced to the usual J, i.e. Jo(X) = J(X). 
From the definition of the 6-GFI above, we can obtain 


1i(X)= / Vlog F(a)? fade = / IVI fax 
RP RP 
= ef |V f'/°(x)||'dx, see also [16, 17] (48) 
R? 


Recall that the Shannon entropy H of ar.v. X is defined as, [6] and [26], 


H(X) = / Fla)log finds, (49) 
RP 


while the entropy power is defined 
N(X) = ver, (50) 


with v = (27re)~!. The extension of the entropy power, the generalized entropy 
power (6-GEP) is defined for 6 € R \ [0, 1], as 


Nj(X) = ve PHO, (51) 
where 
vs = (51) we EPP, 8 R\ (0,11, (52) 


with Ee as in (26). In technical applications, such as signal I/O systems, the gener- 
alized entropy power can still be the power of the white Gaussian noise having the 
same entropy. Trivially, when 5 = 2, (51) is reduced to the existing entropy power 
N(X), Le. No(X) = N(X) as vo = v. 

From the 6-GEP, a generalized version of the usual Shannon entropy can be 
produced, referred as the generalized 5-order Shannon entropy Hs, i.e. Ns(X) = 
v exp{ =Hs (X)}. Therefore, from (51) a linear relation between the generalized 
Shannon entropy H;(X) and the usual Shannon entropy H(X) is obtained, i.e. 


H;(X) = 4 log ® + $H(X). (53) 


Practically, (53) represents a linear transformation of H(X) which depends on 
the parameter 5 and dimension the p € N. It is also clear that the second-ordered 
Shannon entropy is the usual Shannon entropy, i.e. Hz = H. 

The following result about the information inequality is essential. 


Inequalities for the Fisher’s Information Measures 299 


Theorem 10 (nformation Inequality for the -GF1) The information inequality still 
holds under 6-GFI and 6-GEP, i.e. 


Js(X)N3(X) = p. (54) 


Proof Foru= f', wehave Vg = Vf! = ipa vy and therefore (24) gives 


1 f flog fax < 2 log Ks f° s'*4V fix 


RP RP 


while applying (48), we have 


| flee fdx <log{K;5~J;(x)}"", 
RP 
or 
exp 4 / flog fdx } < K38~°Is(X), 
IRP 


while, through vs as in (52), 


vs exp {ef f log fax} < vs! K56°I5(X). 
Pp 


Since vy K56~> = 1, (54) is eventually obtained. 
Moreover, the Cramér—Rao inequality can be extended, [15], as 


[2s varag] [209] =1, (55) 


Under the normality parameter 56 = 2, (55) is reduced to the usual Cramér—Rao 
inequality form, [6] 


J(X) Var(X) > p. (56) 


Furthermore, the classical entropy inequality 


Var(X) > pN(X) = s2e7"™™ or H(X) < Slog { 22 Var(x)}, (57) 
can be extended into the form 
Var(X) > p(2me) 5 v2/9N2°(X) = p(2me) F v2! ep, (58) 


through the generalized Shannon entropy H; defined earlier. Under the “normal” 
parameter value 6 = 2, the inequality (58) is reduced to the usual entropy inequality 
as in (57). 
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Fig. 2 Graphs of generalized 
entropy Hy with respect to H 
for various @ parameter 
values 


Figure 2 presents the linear expressions between the generalized H; and the usual 
Shannon entropy H. The area E described by the envelop region of the family of 
lines Hy = H;(H) as in (53), indicates no relation between H; and H as it lies 
asymptotically between the lines Ho(H) and H,(H). This was expected in the sense 
that the parameter 5 € R but 6 ¢ [0, 1], see (51). 

The Blachman—Stam inequality, [3, 4, 29] is generalized through the 5-GFI. 
Indeed: 


Theorem 11 (Blachman-—Stam inequality for the 5-GFI) For given two p-variate 
and independent random variables X and Y, it holds 


Js (AlPX + (1 - APY) < AGM +0 -AG(Y), AED. (59) 


The equality holds when X and Y are normally distributed with the same 
covariance matrix. 


Proof Let fx, fy be the density function of X and Y, respectively. Then, if 


f(x,y) = fx (Ax — 1-2)" y) fy (1-8) y +4'%x), 2 OD, 


on R?, the marginal f F(x, y)d?x is the density of A!/?X + (1 —A)'/*Y. Also, 


I/ | Vy f(x,y) dxdy = AJs(X) + (1 — A)Is(Y). 
IRP RP 


Recall now the Minkowski-type inequality of Theorem 2 in [4], ie. 


1/5 
i Vy (/ IFC.y91Fas) 
R" 
R" 


for any function f in £?(R™” x R",d"xd"y) ® W!?(R") where V, denotes the 
partial distributional gradient for y variables, and whenever there is equality it holds 


6 
d"y< / i Vy Flx.y) | a"xa"y, 60) 


Rr Rm 
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Il F@ YI] = IAi@oIl - Il f2Q)I|. Thus, (60) asserts 


1/5 ||6 
/ Vy (/ [%c.9[ ax) ays ff Iy'"c.s9)? axay, 
R? 
R? 


RP RP 
and hence, (59) holds true with equality implying that F is a product of densities 
in x and y, that occurs only when X and Y are normally distributed with the same 
covariance (see Theorem 1 in [4]). 
Recall now that corresponding to any orthogonal decomposition R? = R’ @ R*, 
Pp =s +t, the marginal densities are given by 


FAC } fa.yMy, fly) = i Fle, y)d'x. (61) 


R R 


with f being a probability density on R”. Then, as far as the superadditivity of the 
5-GFI is concerned, the following theorem is stated and proved which is a direct 
analog of the well-known theorem asserting strict subadditivity of the entropy. 


Theorem 12 (Strict Superadditivity for the 5-GFI) With f, fi; and fo defined and 
related as above, 


Ss(f) = Is( fi) + Isha), (62) 
with equality holds when f(x, y) = fi(x)f2(y) almost everywhere. 


Proof Let g(x,y) = f'/*(x, y). Then, from the definition of the -GFI (48), 


Is(f) = 8° / Vi g(x, yl doxd'y + 6° i |Vige.y)||’ d'yd’x. 3) 
RP RP 


The inequality (60) gives 


1/8 
/ Vege, y)Ild°xd"y > i, v( s(yit'y) dx, 
RP RS Rt 

1/8 
/ Vex, y)Ild°xd"y > i v(f nyt) dx, 
RP R Rt 


and hence, (63) becomes 


1/8 
Vi (/ nyt) 
R 


3 Wale 
axt+ al Vy (/ g(x, vya'x) 
R = 
=Js(fi) + Js(fo). 


By the conditions for equality in the previous inequality where (60) were applied, 
we must have f(x, y) = fi (x) fo(y), as f, fi, fo are positive. 

For the “normal” parameter 6 = 2, we are reduced to the known supperadditivity 
of Fisher’s information measure, see [4]. 


and 


Is(f) = 8 / d'y 
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6 Entropy and Information Measures for the y-GND 


For the Shannon entropy of an r.v. X, ~ N7(u, X) it holds, 
H(X) = p* — 3 log C?(3), (64) 


see [16, 15]) while for the 5-GEP of the y-GND we have, through (50) and (64), the 
following. 


Theorem 13 Let X,, anelliptically contoured y-GND rv. X, ~ N} (1, X). It holds 


(2) y-l 


ie 
Ns(Xy) = (St) (24) ” gP [det D2, (65) 


where 


(66) 


Example 3 For the usual entropy power of the y-GND, i.e. for the second-GEP of 
the rv. X,N,(, Z), it holds 


gvol 
NX) = 2 (5) 7 EPP der EI”. (61) 


Theorem 14 The Shannon entropy for the multivariate and elliptically countered 
uniform, normal and Laplace distributed X (for y = 1,2, =0«, respectively) is given 


by 


x?! /\ de D 
log ety X~N?P(u,d) =UP(u, Z), 


H(X) = 4} log /(ze)?| det Z], X~NP(u,L) =N?(u, Z), (68) 


log Pe LX ~ NEoo(Hs B) = LU, E), 


while H(X) is infinite when X ~ Bes »). 


Proof Applying Theorem 6 into (64), we obtain (68). Consider now the limiting 
case of y = 0. We can write (64) in the form 


xl2,/fdet =] T(pg +1) 
r+) (re J 


H(X,) = log 


where g = rm. We then have, 


(69) 


P2. dats kk 
lim H(X,) = log | NI ge, 2 
y>0- 


re. + 1) k=p[g]>0o (Ek 
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and using the Stirling’s asymptotic formula k! © /27k(< kk as k — 00, (69) finally 
implies 


lim H(X,) = log {v2 det =| aoilim Pp tk] = +00 
Yo VU 


TF 


which proves the theorem. 


Example 4 For the univariate case p = 1, we are reduced to 


log 20, X~Ni(u,o) =U(u—o,u+0), 
H(X) = } log /22e0, X ~No(u,07) = N(u,07), 
1+log2o, X~ Naioo(u,o) = L(u, 0). 


Theorem 15 The generalized Shannon entropy Hs of the multivariate X, ~ 
Ny (4, Z) is given by 


ot [T(pet +) ' 

pyenl A. 

Hs(Xy) = 35° p + § log 4 2x (5+) (4) j Reeth) | det &|?r 
C) 


(70) 
For 6 = y, it is H,(X,) = 5 log{(2ze)?| det 5|”/7}. Moreover, for a random 


variable X following the multivariate uniform, normal and Laplace distributions 
(vy = 1,2, +00, respectively), it is 


=p tha, x ~ NP (Hu, x), 
Hy (X) = Pe Slog {(2/eyP?T(4 + D} +hys, X~Nz(u,Z), (71) 
p+ Slog p!+hya, X ~ No oo(u, Z), 


where his = S log{(2zr yP/? (24) POD TP (pt +1)]~!./|det XJ}. For the limiting 
degenerate case of y = 0, we obtain H3(Xo9) = (sgné)( + oo), for 6 4 0 while 
Ho(Xo) = p log v 27re. 


Proof Substituting (52) and (64) into (53), we obtain 


vt (pt +1) 
PR V8 6158-1 6 pi2 (_y_\? ¥ y 
H,(X,) = Blog|2n ey 7 (ah) } + oe (4) peg ; 
and after some algebra we derive (70). In case of 5 = y we have H,(X,) = 
F log{2ze| det Z|”/°?)}. 
Recall Theorem 6. For the order values y = 1, y = 2 and y = +o, the 


6-Shannon entropies Hs of the uniformly, normally and Laplace distributed X,; ~ 
UP? (uw, X), X. ~ NP? (wu, X) and X49 ~ L? (ws, X), respectively, are given by (71). 
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Consider now the limiting case of y = 0. We can write (70) in the form 


& 
r 1)./|det XT] |” 
Hy(X,) = 4(2— 8 + ya) + 4 log ances ta] rae ) _ / 
P 


tule 


post Tr 1 
= log (2n)?? (5) : ls ve a 5 | det X|° ) 
IPS 


-1 
where @ = a We then have, 


k 2 
: ~1\p%1 : pk! 
lim Hy(X,) = log (2 yP/?(21 ps fn. a |det D/°$. (72) 


Using the Stirling’s asymptotic formula (similar as in Theorem 14), (72) finally 
implies 


lim | H3(X,) = log } (27)P/? (+)? ca | det D|° (im nvr) | = (sgnd)(+ 00), 


where sgné is the sign of parameter 5, which proves the theorem. 

Notice that despite the rather complicated form of the Hs(X,,) with 6 # y, the 
generalized Shannon entropy of a 6-order normally distributed X5 has a very compact 
expression. 

Recall now the known relation of the Shannon entropy of a normally distributed 
random variable Z ~ N(w,%), ic. H(Z) = ; log{(2zre)?| det X|}. Therefore, 
H,(X,,) generalizes H(Z) = H2(X2) preserving the simple formulation for every 
y, as parameter y affects only the scale matrix & (as a power). 

Solis interesting fact about H, (X,,) is that, Ho(Xo) = B x log{2z7e} or Ho(Xo) = 

? log v. According to Theorem 14 the Shannon entropy diverse: to +00 for the 
ee Dirac distribution D(z) = No. However, the 0-Shannon entropy Ho (in 
limit) for a Dirac distributed r.v. converges to Ho(Xo0) = log V27re = —5 logy * 
1.4189, which is the same value as the Shannon entropy of the standardized normally 
distributed Z ~ N(0, 1). Thus, the generalized Shannon entropy can “handle” the 
Dirac distribution in a more “coherent” way than the usual Shannon entropy (i.e. not 
diverging to infinity). 

We can mention also that (70) expresses the generalized 6-Shannon entropy of 
the multivariate uniform, normal and Laplace distributions relative to each other. For 
example, the difference between these entropies of uniform and Laplace is nde pen: 
dent of the same scale matrix ©, i.e. Hs(X +0) — H3(X1) = p+2 p 0g p! + 5 while 


for the usual Shannon entropy, H(X+.) — H(X1) = p+ : log ah ie. the Shatisien 
entropies differ in a dimension-depending constant. 
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Theorem 16 The generalized Fisher’s information Js of an rv. X, ~ NP (u,2*) 
where 4 € R,\Oand X* is areal orthogonal matrix with det © = 1, i.e. &* € RY”, 


is given by 
r (20-2) 
—_ (73) 


wr (pe) 


ic 


1s(X)) = (4) 


Proof From (48), we have 
8 
15K) = 8" f [VAC] ax, 
RP 
while from the definition of the density function fx, , In (27), we have 


3 
no) = aC; | [vew|—e ace] dx 


= 'estyce f exp{-toxr~y} var] ax. 4 
RP 
For the gradient of the quadratic form Q(x), we have VQ(x) = AT VI (x — pe) 
E* lx — wT} = 247! d*-! (x — )" while from the fact that &* is an orthogonal 
matrix, we have || &*~!(x — j)™|| = ||x — ||. Therefore, (74) can be written as 


Is(Xy) = ACP | exp {— tw n(x)} Qa (x) x — a de. 


RP 


Applying the linear transformation z = (x — )(AX)*~!/? in Js above, it is dx = 
d(x — p) = JA? |det &*|dz = A”/*dz, the quadratic form Q is reduced to 


Q(x) = (x — WALT — pw) =  — WAD*) 7 — Wary 77" = lIzII*, 


and thus, 


Bu(Xy) = a-PCP | oh? exp {HH e1*| a 
RP 


Switching to hyperspherical coordinates, we get 


+00 


J3(X,) = DNR aig. 4 Je 71 exp [-%=1p7 yt | p?'dp, 
0 
where @p)_| = aD = is the volume of the (p — 1)-sphere, S,_;, and hence 


+00 
6+(p—l\(y—-1) = an 
Is(Xy )=25 re ah ne? | oa exp |—%p7™"| dp. 
0 
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From the fact that de prt) = p"dp and the definition of the gamma 


function, we obtain successively 


+00 
xP! dH(p—D(y—)__L y y 
= (p-8)/20P =I =1 _rcl 57 Yehaya 
IK) = 2a MCE fp TT exp (Hp ast p7) 
- 0 
+00 
qP/? S+py-y—P y y 
= (p—8)/2 OP = ie haat oF = y-1 oy 
— "TH" cf f pM exp [150%] ary 97) 
gr P/? d-y+py-1) 
= 2 P82 CP x 
M5) : 


2 


+00 
5-y+p(y—)) 


[ee ’ exp | p7| ator) 
0 


zr /2 
= 2—— ae Oa 
M5) . 


5-y+p(y-)) 
Y 


Pp dstpeyv—D 
net), 


and, finally, applying the normalizing factor C? as in (28), we derive (73) and the 
theorem has been proved. 


Corollary 2 The generalized Fisher’s information J; of a spherically contoured rv. 
Xy ~ NP? (uw, 071)) where o € Rx, \ 0, is given by 


(75) 


In the following proposition, we provide some inequalities for the generalized 
Fisher’s entropy type information measure J; for the family of the y-GND distributed 
r.v. considering parameters a, y > 1. We denote I,,;, ~*~ 1.4628 the point of 
minimum for the positive gamma function, i.e. min,er, {(x)} = PC nin). 


Proposition 4 The generalized Fisher’s information Js ofan rv. X, ~ N} (“,AX*) 


where 4 € R,\ 0 and X* € R!”? with order value y > Vp = a a 
satisfies the inequalities 
> pr?, ford >y, 
Is(Xy) y= pd", ford = y, (76) 
3/2 


< pr, forg,<d<y, 


where gp = y(To — p) +p © $3 —2 p)+ p. 
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Proof For the proof of the first branch of (76), it is assumed that 5 > y, Le. ° > 1. 


Then, it is =22—" > 1 + p¥—. This implies, 


P(e) > r+ pX) = pX“T(p), (77) 


if 1+ pi > TPmin- That is, if the inequality x = 1 + pi > TPnin holds, then 
T(x) > VW min), as the gamma function is an increasing function for x > Vp. 


Inequality, 1 + pi > TPnin, is equivalent to, y > pa ea ~ SOIR > 1.Asa 
result, (77) holds indeed, for order values y > ae ae and so, 
pee) 
Y— > pr. (78) 
Ra) . 


Our assumption : > 1, together with the fact that ra > 1 for all defined order 


values y € R \ [0, 1], leads us to ( oa)” Ys ae Then, inequality (78) provides 


6+p(y-1) 
pre) 


r > 
(35 Tp) y-1P Y 
and, using (73), it holds that J3(X,,) > pr” ford > y > Yp» where y, = aes 
i.e. the first branch of (76) holds. The order of inequalities, 6 > y => yp > 1, 1s 
valid, as yp > 1 is valid. This is true, because I’,,;, > 1 implies p+ 1—To < p, Le. 


Vp= rag > 1. The values of y, is decreasing and 1 < yp < y; © 1.8615 < 2 


= P ~ P p_ _ 2p 
for all p > 1. Moreover, y, = ae ee oe 


For the proof of the third branch of (76), it is assumed now that 6 < y, Le. ; <1, 


ei ae i pe. This implies, 


r(Feed) < P+ po) = pH rp), (79) 


if Vnin < : + is That is, if the inequality Pyyi, < : + pr = x holds, then 
Tin) < P'(@), as the gamma function is an increasing function for x > Dypin. 
Inequality, yin < : + p>, is equivalent to 6 > y(Mmin — p) + p. AS a result, 


(79) holds indeed, for order values y such that, y(T nin — p) < 6 — p, and so, 


b+ —1 
rr py ) 


Tip) 


es pe (80) 


From the assumption - < 1, together with the fact that a > | for all defined 
order values y, leads us to Cee Ye rare Then, inequality (80) provides 


6+p(y—)) 
a p(Seen)) 


y w Pp 
(4 rp) yal y 


and, using (73), it holds that Js(X,,) < pr for y(@min — P) + p <5 < y, ie. the 
third branch of (76). These inequalities have a valid order when y (nin — DP) +P < VY 
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is valid, ie. if y > Yp = ae assumed. Therefore, gy < 5 < y, where 
8p = YO min ~ P) + pyr ae = 2 P) + p as Pinin © 1.4628 © 3/2. 

Finally, assuming 6 = y, it holds from (73) that Js(X,) = pir, i.e. the middle 
branch of (76) holds true. In this case, the restriction of y > yp is not needed. 

Therefore, Proposition 4 shows that, as the quantity pA~® is in fact the known 
Fisher’s information with respect to the multivariate normal distribution, the 6-GFI 
accepts values greater than pA~*® when 6 > y and lower than pA~*® when &p < 
é<y. 

From the above Proposition 4, recall (76). As the number of the involved variables, 
p, increases then y, — 1; for example, yo ~ it ~ 1.09. Moreover, g, < 1 as p 
increases. Therefore, Proposition 4 holds, without practically the restrictions of 
y > yp and g, < 4, for large enough values of dimension p. 


Corollary 3. The generalized entropy type information measure Js of a random 
variable X, ~ N?} (wu, 4%), A € Ry \ 0, E* € RY”? and with y > 2 and p > 2, 
satisfy the inequalities 


> phr 
Js(X,y) = pr? for 5 =; 


< pars? for’ < y. 


ford> y, 


Proof Applying Proposition 4 for p = 2, we get g, = YU min — p) + p < 1, 
because, when y([ — p) + p > Litholds y < a < PES ea ra = 2 (a8 
l< yp < ; holds for p > 2), which is not valid due to the assumption y > 2. 
Moreover, y > 2 > ¢ > Yp, and therefore, from Proposition 4, Corollary 3 indeed 
holds. 

Due to the classification as in (32) and the above Corollary 3, depicted in Fig. 3, 
the following result is obtained for the multivariate Laplace distribution, in contrast 
with the multivariate normal distribution. 


Corollary 4 The generalized Fisher’s information measure Js of an r.v. X following 
the p-variate, p > 2, Laplace distribution L(t, XX*), A € Ry \O and X* € RV?, 
is always lower than pr~ for all the parameter values 6, i.e. 


J3(X) < pa ®?, 5 >1. 


For the normal case, i.e. for X ~ N?(t,AZ) with p => 2, we have 


ph? fori > 2, 
J3(X) Sx 
< pa? ford <2, 


while J2(X) is reduced to the known Fisher’s information for the multivariate normal, 
Le. Jax) = pa 
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Proof The normal case is straightforward from Corollary 3. For the Laplace case, 
as NEZ(w,AD*) = L?(w,AD*) from 32, it is Js(X 0) < pA for 5 < 00, ie. the 
inequality holds for all the values of 6, and the corollary has been proved. 


Theorem 17 For the y-GFIJ; ofa random variable X, ~ N}(u,rX*), A € Ry \0, 
L*eE Ri? and with y > 2 and p = 2, it holds that 


r(A) 


Re) JO < pV AX. (81) 
2 


1 < min{Js(Xy)} < 


Proof From the proof of the Proposition 4, Js(X,,) is an increasing function for all 
6 > 1, provided that y > 2. Thus, 


min{Js(Xy)} = li(Xy), (82) 


and J\(X,) < Js(X,) for 6 > 1, and therefore, together with (76), we get 
mins {J3(X,)} < pat, 

It is assumed now that, y > p/(p — Tmin) © 2 p/(2 p — 3) with Pmin€( © 3/2) 
being the minimum value point of the positive gamma function. Equivalently, 
pi > Twine Then, it is . + pi > pi > Tynin, and thus, we + pi) > 


r(p). As aresult, from (73), 


iT +p) 
Ji(X)) = (Fy)? Tite > 


? 


AW yy > 


and using (82), the left-side inequality of (81) holds for y > of — > 4. Moreover, 
it is true that 
min{Js(X,)} > “2, 


not just for y > 4 but for y > 2. We have hk) = y 7API(X,), where 


Pp 1 y-l y-l 1 y-l 
a == OM a Pe yr ee (83) 


with y > 1 and p > 1. The fact that, W(x) < log x for every x > 0, (83) provides 
that 


p 1 y—=lyp-1 y-l\p 1 y-l 
A Wer Pe) lig(p i Gag eS 


1 1 -1 
< plog (saby + 1) =i + log a , 


while using the known logarithmic inequality log (x + 1) < x, x > 0, 


1 1 
pP(y-1) y-1 


P y=l _ Jog Y=! 
Ay ep IGE = 0g Se 


as a < | for any positive order value y > 1. Thus, A? < 0, and so ili(Xy) — 
ApJ (X,) < 0, as J;(X,) > 0 for every y > 1. Therefore, J;(X,,) is a decreasing 
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Fig. 3 Graphs of J,(X,,) 
across a > 1, for various 
bivariate y-ordered normally 
distributed r.v. 

X, ~ N3(u,b) 


Jo(X. 
—J.(X2) 
Ja(X7=3,4,...,10) 


0 1 1 I I 1 la 
| é 3 4 5 6 7 8 § 0 


function of y > 1. As a result, J)(X,) > Ji(X4o0) = limy. 400 Ji(X,) = 1 holds 
for any order value y > 1. Therefore, using (82), the left-side inequality of (81) 
indeed holds for y > 2. 

Finally, due to the fact that J;(X,,) is a decreasing function, we have 


re) 
J,(X,) < i(X2) = Tey V2 (84) 
2 
for y > 2. Using Corollary 3, we get Jj(X2) < p, and applying (82) to (84), it is 
concluded that the right-side inequality of (81) indeed holds for J;(X2) < p, see 
Fig. 3. 
From the proof of the above theorem, notice that 
+1 
rey 


) 
V2/r4 <p 
We) 


holds for all the positive order values y > 1, i.e. without the restriction of y > 2, as 
J\(X,,) is a decreasing function of any y > 1. 

Figure 3 depicts the generalized information measure J3(X,) with X, ~ 
N. ois I) where J;(X,,) expressed as a function of the involved parameter 6 > 1. This 
figure confirms Theorem 17, for the positive integer order values y = 2,3,..., 10. 
Moreover, it clearly shows (at least for the bivariate case p = 2) that the boundaries 
as in (81) hold, not only for order values greater than the “normal” order y = 2, but 
for all positive orders y > 1. 


1<I(X,) < 


Corollary 5 Let X, ~ Ny (u, 07 Ip) with p > 2. The lower bound of the gener- 
alized entropy type information measure Js(X,) with 5 = 2, is the known Fisher’s 
entropy-type information measure J(X,,) while it is the upper bound of J3(X,,) for 
1<6 <2. 


Proof From the proof of the Proposition 4, Js(X,,) is an increasing function for all 
6 = 1, provided that y > 2. Thus, Jo(X,) < Js(X,) for 5 > 2, while Jo(X,) > 
Js(X,) for 1 < 6 < 2. Therefore, corollary has been proved, as Jz coincides with the 
usual Fisher’s entropy type information measure J. 
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7 Discussion 


The LSI [28] as well as the PI [2] provide food for thought and a solid mathemat- 
ical framework for statistics problems, especially when the normal distribution is 
involved. Briefly speaking the PI is of the form 


Var (F) S cp f IV FP dy (85) 


for f differentiable function on R? with compact support while jz is an appropriate 
measure, and is related to Fisher’s parametric form of information. The constant c, 
is known as the Poincaré constant. The Sobolev inequality is of the form 


Isla SollVf la, a= 55. (86) 


The constant c,; is known as the Sobolev constant, related to the Fisher’s entropy 
type information. Both PI and LSI are applied to information theory so that to evaluate 
the appropriate bounds for the variance, entropy, energy, i.e. on statistical measures, 
see [16, 18]. 

One of the merits of the family of y-GND is that includes a number of well-known 
distributions while the singularity of the Dirac distribution being also one of them. 
Moreover, the extra parameter y offers, in principle, different shape approaches and 
therefore heavy-tailed distributions can easily obtained altering parameter y which 
effects kurtosis. 

Although a number of papers were presented on the generalized normal, [11, 
12, 23], we are still investigating more extensions. We believe we can cover all the 
possible applications extending the normal distribution case. Recall that there are 
cases (for example when non-negative time is considered) where a “truncation” of 
the Normal distribution is needed. Such cases might be possible either for truncation 
to the right or to the left. We extend this idea to the y-GND. Let X be a univariate 
r.v. from Ni, 07) with p.d.f. f as in (27) and c.d.f. F, as in (43). We shall say 
that X follows the y-GND truncated to the right at x = p with p.d.f. fy, when 


0, if x>, 
fy io(X) = fyi Cc! : ye (87) 
: ya) __ Cy) yal |x-K| ya ; 
fia = emer (FE. if xe. 
Similarly, it would be truncated to the left at x = t 
; if x <T, 
Sy) => fy) _ Cy(o) ex y-1 [254 | ya F a (88) 
1 Fy (s£) = 4 F, (252) p y = oe od xX = Tb, 


The lognormal distribution can be also nicely extended to the y-order lognormal 
distribution or y-GLND, in the sense that if X ~ Ny (LL, a”) then e* will follow the 
y-GLND, i.e. e* ~ LN,(u, 0) with p.d.f. 


log x—yu 
o 


oe ae 
eis + f, (log x) = Chast exp | =! ie \ xéeR}. (89) 
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Moreover, if X ~ LN (4,0) then log X ~ Ny (LL, o”). These afore mentioned 
cases are under investigation for a future work. 

In practical problems, such as in Economics where heavy-tailed distributions 
are needed [10], the y-GND seems useful. The large positive-ordered GND’s pro- 
vide heavy-tailed distributions as V;)(w, 2) approaches the multivariate Laplace 
distributions, while further heavier-tailed distributions can be extracted through the 
negative-ordered GND’s especially close to zero-ordered GND, i.e. close to the Dirac 
case. Nevertheless, the higher the dimension gets the heavier the tails become for all 
multivariate y-GND’s unless y-GND is considered close to the NV? (z, 3), i.e. close 
to the (elliptically contoured) uniform distribution. 
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Applications of Functional Equations to Dirichlet 
Problem for Doubly Connected Domains 


Vladimir Mityushev 


Abstract The Dirichlet problem with prescribed vortices for the two-dimensional 
Laplace equation can be considered as a modification of the classical Dirichlet prob- 
lem. The modified problem for doubly connected circular domains is reduced to the 
Riemann-Hilbert boundary value problem and solved by iterative functional equa- 
tions. The solution of functional equations is derived in terms of the absolutely and 
uniformly convergent series. The obtained solution can be applied to the minimization 
of the Ginzburg—Landau functional. 


Keywords Multiply connected domain - Riemann—Hilbert boundary value problem - 
Iterative functional equation - Ginzburg—Landau functional 


1 Introduction 


The Dirichlet problem for multiply connected circular domains bounded by mutually 
disjoint circles on the complex plane is one of the fundamental problem of mathemat- 
ical physics. This problem and the general Riemann—Hilbert boundary value problem 
were solved in [6, 9]. The crucial point in solution was reduction of the problem to 
iterative functional equations for analytic functions. The application of successive 
iterations to the functional equations yields the famous Poincaré 0,—series associ- 
ated to the Schottky group [7]. Iterative functional equations in classes of analytic 
functions were discussed in [4]; see also extended review in the book [9]. 

In the present paper, we discuss the Dirichlet problem for doubly connected 
circular domains in a class of functions having prescribed vortices. Let d be a given 
real constant. Let d/dn denote the outward normal derivative when Ly, = {z € 
C: |z—a,| = r;,} is positively oriented, i.e., leaves the mutually disjoint disk 
Dy = {2 € C: |z—agl < rg} (K = 1,2) on the left. Consider the following 
problem for the function U(z) continuously differentiable in the closure of the doubly 
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connected domain D = {z€ C: |z—ax| > re, k = 1,2}: 


AU=0, zeéeD, 

U(t)= cx, te Ly (k= 1, 2), 

U(oo) = 0 

1 au aU 

Qn te an ds = sedis an ds = 
where A stands for the Laplace operator, the constants cz are undetermined and have 
to be found during solution to the problem. 

This problem (1) generalizes the modified Dirichlet problem [5, 9] and has direct 

applications to the Ginzburg—Landau functional [1]. Namely, let H'(D; S') denote 


the Sobolev space of functions defined in D and having its values on the unit circle 
S' of the complex plane C. Consider the class of maps 


V = {ve H' (D;S') : deg(v, Ly) = a}, (2) 


() 


where deg (v, L;,) stands for the Brouwer degree, i.e., the winding number of v along 
the curve L;. Following [1], we introduce the energy functional 


1 
Ely] = 5 / |Vv[?dxidx2, (3) 
2 Jp 
where z = x; + ix. andi denotes the imaginary unit. It is demonstrated in [1] that 
1 
inf E[v] = = i |VU|?dx\dxo, (4) 
veV 2 D 


where U is a solution of the problem (1). It is worth noting that the solution U of 
the problem (1) is unique up to an arbitrary additive constant and U minimizes the 
functional 


1 
Fly] = a |Vvl?dx dx + 2mid (viz, — viz) (5) 
D 


in the class {v € H'(D;R) : v(t) = constant t € Ly}. 

In the present paper, we discuss doubly connected domains to show applications 
of the simple iterative functional equations in classes of analytic functions [4] and 
to demonstrate in details the method of functional equations. The case of general 
multiply connected domains will be discussed in a separate paper. 


2 R-Linear Problem 


The second condition in the problem (1) for doubly connected domains can be 
presented in the form 


Uth=a, |t-al=n, (6) 
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U@t)=c, |t-—a|=r. (7) 


The function U(z) as a function harmonic in the doubly connected domain D can 
be presented in the form [9] 


Z—a 
U(z) = Re y@) = Re (v1 + Aln = =) ; (8) 
—a 
where A is a real constant, the functions g(z) and ¢(z) are analytic in D and con- 
tinuously differentiable in the closure of D, ¢(z) is single-valued. A branch of the 
logarithm is arbitrary fixed. It does not impact on the result (8) since U(z) depends 
only on 


Z—- ay 
In | ——— 


Z— a 


The functions g(z) and ¢(z) vanish at infinity: p(co) = (oo) = 0. 

We now demonstrate that A = d in (8). Let g(z) = U(z) +iV(z), where U(z) and 
V(z) stand for the real and imaginary parts of p(z). Let s denote the natural parameter 
of Lx. It is related with the complex coordinate t € Ly by formula 


t=a,+r, exp (=) ‘ (9) 
Vk 
The Cauchy—Riemann equations imply [2] that 
dU aV 
—_— = —_, (10) 
on Os 


Calculate the integral 


1 f au 1 f av 1 
ds = ds=<1V 1k ll 
Qn [ dn On a og “ 


where [V];, denotes the increment of V along L;. Equation (8) yields 


1 1 
—I|[V =A, =I[V]l_L, =—-A, 12 
5, Vlas > 57 WV Ile (12) 


jin = = 277i. 
Z—-Q4J1, 
Equations (10)—(12) and the fourth condition (1) yield A = d in the representation 


(8). 


Using (9) we can calculate the differentials 


since $(z) is single-valued and 


. fag e ; ( 
dt =i ——ds, dt=-i ds, teéElLx, (13) 


Vk Vk 
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where the bar denotes the complex conjugation. Using (8), we can write the boundary 
condition (6)—-(7) in terms of the analytic function 


gt) + 9) = 2c, |t-al=n, (14) 
P(t) + Gt) = 202, |t—ao| = 12. (15) 


One may differentiate the boundary conditions (14)—(15) on the natural parameter 
s. Application of (13) yields 


t-— 


Ft y(t) “T= 0, tél, k=1,2), (16) 
k 


where the function y(z) = g’(z) is single-valued in D. Using the relation 


2 


i- = , tel, k=1,2 (17) 
t — ak 


we atrive at the Riemann—Hilbert problem [8] 
Im (t-—a,) W(t) =0, t © Ly (kK = 1,2) (18) 


on the function y(z) analytic in the domain D and continuous in its closure. Following 
[8], one can reduce the Riemann-Hilbert problem to the R—linear problem 


(t — ag) W(t) = (t — ag) Y(t) + E — a) Wat) + Be, | -—ak| =r, k= 1,2, 
(19) 


where yy are analytic in |z — ax| < rz and continuous in |z — ax| < rg; By are 
undetermined real constants. 


Lemma 1 [8] The boundary value problems (18) and (19) are equivalent in the 
following sense: 


G) If W(z) and ;(z) are solutions of (19), then w(z) satisfies (18). 
Gi) If (Zz) is a solution of (18), there exist such functions ¥,(z) and real constants 
By (k = 1,2) that the R-linear condition (19) is fulfilled. 


3. Method of Functional Equations 


We now proceed to solve the R-linear problem (19) written in the form 


VO) = Vt) + (= -) Wt) + a Ital =re, kK=1,2. (20) 


The R-linear problem (18) is reduced to functional equations. Consider the 
inversion with respect to the circle Lx 


is Th 
Z(k) = p= + ax, (k = 1,2). (21) 
— €k 
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Introduce the function 


2 
n@- (25) 2) - 4 k-alsn, 
@) I= } Wolo) - (; a)’ Wi @) - Bes eal <r, 


Z—-a\ 


W(z) _— 2 ie (<2) Yin (Zn) — a 1,2 fn »ZE D. 


The function ®(z) is analytic in the disk |z—a,| < r; and continuous in |z— a | <r; 


since all their components are analytic therein including the function yy (zéy) analytic 
in |z — a2| > ro. Along similar lines ®(z) is analytic in |z — a2| < 72, D and 
continuous in the closures of the considered domains (in one-side limit topology 
separately introduced for |z — a,| <1, |Z — a2| < rp and D). 

Calculate the jump of ®(z) across the circle Ly 


Ay = ®*(t)— P(t), |t — ax| = re, 


where ®* (t) := lim,.;zep ® (z), ®™ (t) := limz.; zep, & (z). Using (20), we get 
A, = 0. It follows from the Analytic Continuation Principle that (z) is analytic 
in the extended complex plane. Moreover, w(oo) = 0 yields ®(co) = 0. Then, 
Liouville’s theorem implies that ®(z) = 0. The definition of ®(z) in |z — ax| < rz 
yields the following system of functional equations 


2 
WZ = (=) Wr (zy) + : — |e—a| Sri, (22) 


Bi 


» |2— @2| S12. (23) 


2 
ry) 
= -} Wi (ein) + 


It follows from the definition of ®(z) in D that the general solution of the Riemann— 
Hilbert problem (18) is constructed via w,(z) 


2 ————— 
¥Z= > (—) Wn (zi) + ». Bn Z€ YU 0 . (24) 


- —a 
m=1,2 z Am m=1,2 z m 


Yo(z) = ( 
Z 


Introduce the space C_4(D,) of functions analytic in the domain D, = {ze C: 
|Z—ax| < rg} and continuous in its closure. This is a Banach space endowed with the 
norm || f|| = maxj—a,\=r;| f (t)|. Maximum Principle convergence in C_4(D,) means 
uniform convergence in D,. 


Lemma 2 ((9, Lemma 4.8, p. 167]) The systems (22) and (23) have a unique 
solution in C_4(D,) (k = 1,2). This solution can be found by the method of successive 
approximations. 

Let w;(z) be a solution to the system of functional Eqs. (22) and (23). Let w € D 
be a fixed point. Introduce the functions 


om) = Um dt + Gly m= 1,2 (25) 


Win) 
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and 


oZ=- >> [on (Zny) — Pm (win) | + ee In = os (26) 


m=1,2 m=1,2 


Here, the following relation is used [9] 


d [— d m 
rate (@s)|= ( eo ) iL (zt)> l@— aul > re. (27) 


g— ak 


The functions w(z) and g,,(z) belong to C_4(D) and to C_4(D,,,), respectively. One 
can see from (25) that the function @,,(z) is determined by w,,(z) up to an additive 
constant which vanishes in (26). The function @(z) vanishes at z = w. The function 
a(z) differs from the function g(z) introduced in (8) by an additive constant. One 
can see that 


o(Z) = (Zz) — gw). (28) 


Therefore, these functions have the same logarithmic coefficients: 6} = A = d 
and B; = —A = —d. Therefore, the systems of functional Eqs. (22) and (23) become 


2 
d 
WZ) = (=) Yr (zi) - ere IZ-—al <n, (29) 


z 


2 
d 
Yr@) = (= =) Wi (zy) + =, |Z — a2| < ro. (30) 


We now demonstrate that the systems (29)—(31) are closely related to the simple 
iterative functional equation [4]. It follows from (29) that 


2 
Yo (Zé) = (- e Wilo(z)] + 1 Ie ag| 2 73, (31) 
Za) — 41 Za) — a1 
where 
ré(Z— a) 
a(Z) = ()a = 7 mae a) +a). (32) 


The Mobius function a(z) maps the disk |z — a;| < 7; into the disk |z— a,| < 11, 
since the inversion 2) maps |z — a;| < r; onto a disk lying in |z — az| < rz and the 
latter disk is mapped by z/) onto a disk in |z — a\| < r). The next iterations yield 
a sequence of shrink disks convergent to a fixed point of a(z). The fixed points z 
and z2 of a(z) can be found from the quadratic equation a(z) = z (or equivalently 
Za) = 21) (Fig. 1): 


2 
tite aa) f Goa, aed fon 
2 2 Alaz — a,|* lag—a|?_ jag —ay|? |’ 


(33) 
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Fig. 1 Two circles (bold 
lines) and level lines of a(z) 
(solid lines) transformed onto 
concentric circles 

|| = constant by (50) 


a 


; 2 
ata a—-a (a EG Ey = 
2 = 5) 2 A _ 4 _ 2 = 2 
|az — a) | |az — a | |az — a) | 


One can see that the fixed point z; belongs to |z — a;| < 11, Z2 belongs to 
|Z — a2| < ro and 


(eo = 22 (a) = Z- (34) 
Substituting (31) into (29) yields 
Wi(z) = o'(z)vila(z)] + g(@), lz-alsn, (35) 


where 


2 
, r\r2 
= 36 
“e (= —@ — aye — =) id 


and 


_ 
1 1 1 d(a, — ao) 

=d = ; 37 

a [(,) Za) — 41 A r3 — (a, — a2)(z — a2) i 


Lemma 3 [4] The functional equation (35) has a unique solution inC_4(D). This so- 
lution can be found by the method of successive approximations uniformly convergent 
in |z—a,| <1}. 

Integrating (35) yields (see (25)) 


giz) = gilaZ]+G@)—-Go, le-alsn, (38) 
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where Go denotes a constant of integration and 


G(z) = —d in [rj — (@ — @)(z — a2)]. (39) 


The logarithmic branch can be arbitrarily fixed in |z — a;| < r; since the singular 
point z = (a1) lies out of the disk |z — a;| < r;. Substitution of the fixed point 
Z = Z, into (39) gives formula 


Go = —dIn[rz — @ — a2) — @)]- (40) 
The functional equation (38) can be written in the form 
pi) = gile@]+A@), k-alsn, (41) 
where 


2D Ay aia oe 
(aia ce ts a2)(Z 8 
rz — (ay — a2)(Z1 — a2) 


(42) 


Lemma 4 ([4, 9]) Let a" (z) denotes the nth iteration of a(z). The general solution 
of the functional equation (41) in C_,(D,) is given by formula 


ai) => hle"@I+ho, le-al<n, (43) 
k=0 


where hg is an arbitrary constant. The series (43) converges absolutely and uniformly 
in the disk |z — a,| <r}. 
Differentiating (43) terms by terms yields 


Wi@ => gle"@Mle"@I, |e-al sn, (44) 


k=0 


where 
["(2)]' -T]o"l oe) | (45) 


Further, the function w(z) is calculated by (30) and y(z) is given by formula (see 
(24)) 


2 
wo= D ( im ) Wm (Ziny) + 7 : , zeDuUaD. (46) 


m=1,2 <~ an za z— a2 


The function g(z) is determined by integrating (45) (see formulae (25)—-(28)) up to 
an arbitrary additive constant. 
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Another method to construct the function g(z) is based on the functional equations 
obtained by integrating (29) and (30) (see formulae (25) and (27)) 


Z— a2 

giz) = —@2 (zy) — dn +C), |2-al sn, (47) 
Z1 — 42 
a toe t7 a1 

p22) = —1 (zy) +d In -——— + Ca, [z — al S72, (48) 
2 — G{ 


where C; are undetermined constants. Substituting z = z; into (47) and z = z into 
(48) implies that C7 = C,. The systems (47) and (48) are reduced to the functional 
equation (41). Its solution g;(z) has the form (43). Further, the function @(z) is 
constructed by (48) and g(z) by (27) and (28). 

The function U(z) is calculated by (8) and depends on a real arbitrary additive 
constant. 


4 Case of Equal Radii 


In the present section, we present a method to find U(z) based on a conformal 
mapping. For simplicity, we consider the case of the equal radii r, = r2 = r when 
the centers aj = —a/2 and a) = a/2 lie on the real axis (a > 0). The latter condition 
is not an essential restriction on geometry. Then, formula (33) becomes 


ia ge a (49) 
= 2. a2’ cme a 


The Mobius function 


4 22 
ee (50) 
Zo Si 
maps the domain D onto the annulus 
D ceC ; I¢|<R 
= :=< < : 
R 
where the positive constant R has the form [10] 
r+} (1+/1-#) 
R= (51) 


e+} (1-/1-#) 
The disks |z — a,| < r and |z — a| < r are conformally mapped onto |¢| > R and 


|€| < 1/R, respectively, the imaginary axis onto the unit circle |¢| = 1. The inverse 
function has the form 


Li = 25 
i . 


a (52) 
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Here, we use the property that symmetric points are mapped onto symmetric 
points by the Mébius transformations. The symmetric points z; and z2 (see (34)) 
are transformed onto the symmetric points ¢ = oo and ¢ = 0, respectively, which 
can be symmetric only with respect to the concentric circles. Hence, the circles of 
symmetry |z —a,| = r and |z — a2| = r are transformed onto concentric circles. The 
radii are found by straight calculations. 

Using (52), we introduce the functions ®;(¢) = g)(z), ®(¢) = g(z) and @2(¢) = 
¢2(z) analytic in |¢| > R,1/R < || < Rand |¢| < 1/R, respectively. Then, the 
functional equation (41) becomes 


O\(¢) = 0 (R*E) + AE), [el = R, (53) 


where 


3 - @— a) (252 - a) 


ry — (a) — a3)(z1 — a2) 


H(£) = —d1n (54) 


The shift R*+¢ is composed by two inversions ¢ > £ and¢—> RE It corre- 
sponds to the shift (32) composed by the inversions z(,) and z(}). One can see that 
H (oo) = 0, hence, in accordance with Lemma 4, Eq. (53) is solvable and its general 
solution has the form 


O(6)= A(R“ ¢] + Ao, |gl>R, (55) 
k=0 


where Hp is an arbitrary constant. One can see that the rate of convergence of the 
series (55) is equal to R~*. 

The functional equations can also be solved with the use of the Taylor expansion 
near infinity. Let 


aO= > Aye (56) 
m=1 
Then 
— Ay, —m 
Pi) = apa "tM. Mel > R. (57) 
m=1 


It follows from the Cauchy—Hadamard formula that the series (57) has the same 
radius of convergence that (56). One can find solution of the functional equation 
(53) in terms of the elliptic functions in [3]. 

The function U(z) is constructed by the scheme described at the end of Sect. 3. 
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Sign-Changing Solutions for Nonlinear Elliptic 
Problems Depending on Parameters 


D. Motreanu and V. V. Motreanu 


Abstract This chapter is concerned with parametric Dirichlet boundary value prob- 
lems involving the p-Laplacian operator. Specifically, this chapter gives an account 
of recent results that establish the existence and multiplicity of solutions according 
to different types of nonlinearities in the problem. More precisely, we focus on prob- 
lems exhibiting nonlinearities of concave—convex type and nonlinearities that are 
asymptotically (p — 1)-linear. In each situation, we point out significant qualitative 
properties of the solutions, especially, we establish the existence of sign-changing 
(that is, nodal) solutions. 


Keywords Elliptic equation - Boundary value problem - p-Laplacian - Variational 
method - Upper and lower solutions - Sign-changing solution 

1 Introduction 

Let Q c RY, N > 1, be a bounded domain, 1 < Pp < +00 and consider the p- 
Laplacian operator A, : Wy?(Q) > W-}P'(Q) = Wy? (Q)* (G+ = 1), whichis 


given by A,u = div (\Vul?-2Vu) for all u € Wy? (Q). This is expressed as follows 


(—Apu,v) = / |Vul??Vu- Vv dx for all u,v € Wy’?(Q). 
Q 


D. Motreanu (DX) 
Département de Mathématiques, Université de Perpignan, 
Avenue Paul Alduy 52, 66860 Perpignan, France 

e-mail: motreanu @univ-perp.fr 


V. V. Motreanu 

Department of Mathematics, Ben Gurion University of the Negev, 
P.O.B. 653, 84105 Be’er Sheva, Israel 

e-mail: motreanu @post.bgu.ac.il 


© Springer Science+Business Media, LLC 2014 327 
T. M. Rassias (ed.), Handbook of Functional Equations, 
Springer Optimization and Its Applications 95, DOI 10.1007/978-1-4939-1246-9_15 


328 D. Motreanu and V. V. Motreanu 


In the present chapter, we study the parametric problem 


—Ap,pu= f(x,u(x),r) in Q, 
u=0 on dQ, 


(1) 


where A is a parameter belonging to an interval A := (0,A) with A > 0 
and the right-hand side of the equation in (1) is described through a function 
f:QxRxA-R. 

An important class of problems as in (1) is the one whose right-hand side consists 
of the so-called concave—convex nonlinearities 


f(x, 5,A) = Als|?7s + |s|'"2s with] <q <p<r< p*, (2) 


where p* denotes the critical exponent of p, i.e., p* = ot if N > pand p* = +00 


if N < p. Thisclass of nonlinearities was first studied by Ambrosetti-Brezis—Cerami 
[2] in the semilinear case, i.e., for p = 2. Their study was then extended to the 
case of p-Laplacian equations by Garcia Azorero—Manfredi—Peral Alonso [13] (for 
1 < p < +c) and by Guo-Zhang [17] (for p > 2). In these works, the authors 
establish the existence of two positive solutions and symmetrically two negative 
solutions of the problem provided the parameter A > 0 is sufficiently small. 

This chapter is based on the works [19] and [20], which are actually concerned 
with two generalizations of the nonlinearities in (2). First, our study mainly focuses 
on the case 


f (x, 5,4) = Ah(x,s) + |s|"~2s. (3) 


Here, h denotes a “concave term” that can be typically of the form h(x, s) = |s|7~s 
(see Example 1) but our assumptions also incorporate the case where h is asymp- 
totically (p — 1)-linear near the origin (see Example 2). Second, we target the 
situation 


f(x, 8,4) = Als|47s + g(x, 5), (4) 


where g is a Carathéodory function (typically we can take g(x, s) = |s|"~*s; see also 
Example 3). In fact, here, we consider the more general problem 


—Apu= B(x)|u(x)|9-2u(x) + g(x,u(x)) in Q, 
u=0 on dQ, 


(5) 


where the parameter A is replaced by a nonnegative function 6 € L™({2) \ {0} (with 
sufficiently small L°°-norm). In both cases, we study the existence of constant sign, 
extremal constant sign, and sign-changing (that is, nodal) solutions for the corre- 
sponding problem (1). In this respect, it is worth mentioning that a fundamental 
idea to obtain sign-changing solutions is to seek them between extremal oppo- 
site constant sign solutions. This approach for p-Laplacian equations originates in 
Carl-Perera [8] and Carl—Motreanu [6, 7]. 

Our precise results are formulated in the next section. These results are then proved 
in Sects. 3 and 4. 
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2 Statements of Main Results 


We first recall basic notation and facts that are used in the statements of our results. 
Let A. > A, > O be the first two eigenvalues of the negative Dirichlet p-Laplacian 
—A, on Wo *P(Q). Recall that 4; admits the variational characterization 


_ J lVulle Lp 
A, = inf > ue Wy” (Q), u #0 (6) 


lluil?, 


(where the notation || - ||, stands for the norms in both spaces L?(Q) and L?(&, RY)), 
while A> is introduced as 


Az = inf{A : A is an eigenvalue of —A, and A > 4}. 


By it;, we denote the L’-normalized positive eigenfunction of — A, correspond- 
ing to the first eigenvalue 4. Through the strong maximum principle, we know that 
i € int(C4(Q),), where 


_ = a 
int (CLQ),) = {u € CLO) : u(x) > 0 for all x € Q, sp) <0 forall x € 9Q} 
n 


is the interior of the positive cone C4(Q)4 = {ue C4(Q) : u(x) > 0 forall x € Q} 
of the Banach space Cy(Q) = {u € C'(Q) : u(x) = 0 forall x € 492}, where n(.) 
stands for the outward unit normal on dQ. 

In what follows, we state our main results under different sets of hypotheses on 
the nonlinearity f(x,5,4). We set forth the results into two subsections depending 
on whether the nonlinearity is of type (3) or (4). 


2.1 Results for Nonlinearities of Type (3) 


We start with the existence of solutions for problem (1) in the situation where the non- 
linearity f(x, s, 4) is typically of type (3), in the sense that the considered hypotheses 
are adequate to the situation of (3). 

First we deal with constant sign solutions. Note that, in the following set of 
hypotheses, we only suppose a polynomial growth condition on the nonlinearity 
f with arbitrary exponent, not necessarily subcritical (see H(f); (i) below), and 
nonuniform nonresonance condition at the first eigenvalue A, (see H(f); (ii) below). 


H(f); (i) for every A € (0, d), FC,:,4) is Carathéodory (that is, f(-, 5,4) is mea- 
surable for all s € Rand f(x,-,A) is continuous for almost all x € Q) with 
f(x,0,4) = 0 ae. in Q, forall A € A; moreover, there are a(A) > O with 
a(A) > 0asd J 0, andc > 0,r > p (both independent of 2) such that 


| f(x,s,A)| < a(A) + els|"! for aa. x € Q,alls € R,allA € A; 
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(ii) for every A € A, there exists n, € L™(Q) such that n, > Aj ae. in Q, 
n, % Ay and 


oA uniformly for a.a. x € Q. 


f(x, 5,4) 
RY 


MAX) < na inf 


Symmetrically, we formulate the following conditions: 


H(f); @ f satisfies H(f); @; 
(11) for every A € A, there exists n, € L™(Q) such that n, > A, ae. in Q, 
n, % A, and 


f(, 5,4) 


uniformly for a.a.x € Q. 
|s|?-2s 


n(x) < lim inf 
st0 


Proposition 1 (a) Under H(f);, forall b > 0, there exists \* € A such that, 
for X € (0,A*), problem (1) has a solution u, € int (Cj(Q)4) with ||unlloo < b. 
(b) Under H(f),, forall b > 0, there exists * € A such that, for X € (0,A*), 
problem (1) has a solution v;, € —int (C4(Q),) with ||Vj \loo < D. 


More insight in the study of existence of constant sign solutions is obtained by 
producing extremal constant sign solutions for problem (1). To do this, we rely 
on strengthened versions of hypotheses H(f); which require that the nonlinearity 
f(x,-,4) is asymptotically (p — 1)-linear near the origin (see H(f); (ii). 


H(f)} @_f satisfies H(f)} @: 
(ii) forall A € A, there exist 7,, 7, € L™©(Q) such that n(x) > A, ae. in Q, 
Nr # dq and 


ite mesh 


n(x) < ie, inf —T>— < lim sup ———— < 7, (x) 
sO 


uniformly for a.a. x € Q. 


Symmetrically, we consider: 


H(f)y (i) f satisfies H(f)/ @; 
(ii) forall A € A, there exist ,, 74, € L™(Q) such that n(x) > A, ae. in Q, 
n, % A; and 
PO BI an HPI 2 


< lim sup 


x) < lim inf 
n(x) < sto |s|P—25 -_ 540 |s|P-2s 


uniformly for a.a. x € Q. 
Proposition 2 (a) Under H(f iy , forall b > 0, there exists * € A such that for 


A € (0,A*), problem (1) has a smallest positive solution uy, with ||uy,4 lle < b and 
which in addition satisfies uj. € int (Cj (Q),.). 
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(b) Under H(f)z, forall b > 0, there exists * € A such that for d € (0,*), 
problem (1) has a biggest negative solution v,,- with ||v,,~ loo < b and which in 
addition satisfies v,,_ € —int (C4 (Q),). 


Next, we deal with the existence of a nontrivial solution of (1) that is intermediate 
between the extremal constant sign solutions obtained in Proposition 2. To this end, 
we need to strengthen conditions H(f); (ii) to have nonuniform nonresonance from 
below at the second eigenvalue A (see H(f); (ii.a)). In addition, by strengthen- 
ing conditions H(f); (ii) (see H(f); (ii.b) below), the intermediate solution can be 
chosen to be sign changing. We state: 


H(f)3 (i) f satisfies H(f)y (i); 
(ii) there holds: 
(ii.a) for all A € A, there exists 6, > Az such that 


ye, 
6 tee 


s>0 |s|P-2s 


uniformly for a.a. x € Q; 


or the stronger condition 
(ii.b) for all A € A, there exist 6, > Az and 7, € L™©(Q) such that 
Fes,A) f@5,4) 


6, < lim inf lim sup ————" < 7 (x 
s>0 |s|?-2s > mar |s|?-2s =1 ( ) 


uniformly for a.a. x € Q. 


Theorem 1 (a) Assume that H(f)3 holds. Then, for all b > 0, there exists X* € A 
such that, forr € (0, A*), problem (1) has at least three distinct, nontrivial solutions: 
Uy € int (C4 (Q)4), v, € —int (C}(Q)4), and y, € C4(Q) with 


—b<vye<y, <u < bing. 
(b) If, in addition, H(f )3 (ii.b) holds, then y, can be chosen to be sign changing. 


Next, we are concerned with the existence of additional constant sign solutions of 
(1). This is done in the case where f satisfies a nonuniform version of the so-called 
Ambrosetti-Rabinowitz condition (see H( fq (iii) below) and a uniform unilateral 
sign condition (i.e., in a neighborhood of 0 which is independent of A, see H( f’)y (iv) 
below). Note that hypothesis H( fq (iii) below forces the nonlinearity f to be (p — 
1)-superlinear at infinity, but we do not require that ess inf,<o tn f(x,t,aA)dt > 
0 (contrary to the classical Ambrosetti-Rabinowitz condition). Also, note that a 
nonuniform sign condition (i.e., satisfied by f(x, s, 4) fora fixed A) is already implied 
by hypothesis H(f); (ii). 


H(f)z (i) f satisfies Hf) (i) with r < p*; 
(ii) f satisfies H(f)} (ii); 
(iii) for every A € A, there exist M, > 0 and jz, > p such that 


0 < mw, F(x,5,A) < f(x, s,A)s for aa. x € Q,alls > M,, 
where F(x,5,A) = ib f (x,t, A) dt; 
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(iv) there exists p > 0 such that f(x,5,A) > 0 fora.a. x € Q, alls € (0, :), all 
NEA. 


Symmetrically, we state: 
H(f)q Gf satisfies H(f); (i); 


(ii) f satisfies H(f), (i); 
(iii) for every A € A, there exist M, > 0 and jz, > p such that 


0 < uw, F(x,s,A) < f(x,s,A)s for aa. x € Q, alls < —M,; 


(iv) there exists p > 0 such that f(x,5,A) < 0 for a.a. x € Q, all s © (—:=,0), 
allA € A. 


Theorem 2. (a) Under H(/)i, forall b > 0, there exists * E€ A 
such that, for X € (0,A*), problem (1) has at least two distinct so- 
lutions u,,%, € int(Ci(2)4) with up < & in Q and |wmllo < bd. 
(b) Under H(f),, forall b > 0, there exists * € A such that, for . € (0,A*), 
problem (1) has at least two distinct solutions v,,, >), € —int (Cj(Q)+) with >, < vy 
in Q and ||Vy\loo. < b. 


Combining Theorems | and 2, we obtain the existence of five nontrivial solutions. 
Precisely, we consider the following conditions on f(x, s, 4): 


H(f)s (i) f satisfies H(f) (i); 
(ii) f satisfies H(f)3 (ii.a); 
(iii) f satisfies H(f bi (iii) and H(f), (iit), that is, for every 2 € A, there exist 
M,, > O and jt, > p such that 


0 < wy, F(x,5,A) < f(x, 5,A)s for aa. x € Q, alls € R with |s| > M,; 


(iv) f satisfies H(f y (iv) and H(f), (iv), that is, there exists p > O such that 
f(x, s,A)s > 0 foraa x € Q,alls e[—p,p],allA € A. 


Theorem 3 (a) Assume that H(f)s5 holds. Then, for all b > 0, there exists X* € A 
such that, for . € (0, d*), problem (1) has at least five distinct, nontrivial solutions: 
Ux, Ua, € int (C4(Q)+), Vy, 0, € —int (CL) 2}, and y,, € C4 (2) with 


<<, <u <%inQ, ||Mlloo <b, and |\vyIloo <b. 


(b) If, in addition, H(f)3 Gi.b) holds, then y,, can be chosen to be sign changing. 


Example 1 As announced in (3), a typical nonlinearity fulfilling H(f)5 is of the 
form 


f (x, 5,4) = Ah(x,s) + |s|"~s, (7) 


where p <r < p* andh: Qx R-— Risa Carathéodory function with h(x, 0) = 0 
a.e. in Q, which satisfies the following conditions 


Sign-Changing Solutions for Nonlinear Elliptic Problems Depending on Parameters 333 


(i) there exist Co > 0 and 1 < q < p such that 


|h(x,s)| < €o(1 + |s|4~!) for a.a. x € Q, alls eR; 


h(x, s) 


|s|?~25 
(iii) there exist Mp > 0, & € (p,r), C1,C2 > O and rp € [0,7r) such that 


(ii) lim inf = +00 uniformly for a.a. x € Q; 


—c,|s|" < wH(x,s) < h(x,s)s + co|s|" for aa. x € Q, all |s| > Mo, 


where H(x,s) = fj h(x,t) dt; 
(iv) there exists o > O such that h(x,s)s > 0 fora.a.x € Q, alls € [—p:, p]. 


Under these conditions, it can be seen that f given in (7) satisfies H(f)s for 7 € 
A := (0, aa Thus, Theorem 3 (a) yields five nontrivial solutions for problem (1): 
two positive, two negative, and an intermediate one. A particular case of h fulfilling 
(i)-(iv) above is h(x, 5) = |s|?-25 with g € (1, p), so in this case 


f (x,5,A) = Als|?s + |s|"~2s. (8) 


Therefore, Theorem 3(a) extends the corresponding result in Garcia Azorero— 
Manfredi—Peral Alonso [13] dealing with the case in (8). It also brings new 
information even in the case of (2) by guaranteeing the existence of five nontriv- 
ial solutions for problem (1). In fact, for the particular case of the nonlinearity in 
(8), more insight will be achieved by Corollary 1 below, showing that actually the 
intermediate solution can be chosen sign changing. 


We can obtain an additional sign-changing solution by strengthening H(/)s5: 


H fie @ f: Qx Rx A => Ris such that fC,:+,A4) is a continuous function, 
f(x, 0,4) = 0 forall x € Q, all A € A; moreover, there are a(A) > O with 
a(A) > Oasa | 0, andc > 0,r € (p, p*) (both independent of 2) such that 


| f(x,s,A)| < a(A) + cls|""! for all x € Qalls E RallA € A; 
(ii) for all A € A, there exist 6, > Az and 7, € L™©(Q) such that 


F(x,s,4) aiiaenp f(x, 5,4) 


< 7(x 
Pts 2 ey? spas = 


0 < lim inf 
uniformly for all x € Q; 
(iii) for every A € A, there exist M, > 0 and jz, > p such that 
0 < wy F(x,5,A) < f(x, 5,A)s for all x € Q, all s € R with |s| > M,; 
(iv) there exist p_ < 0 < p; such that for all A © A we have 


f(, p-,A) =0= f(x, o1,A) forall x € Q, 
f(x, s,A)s > 0 for all x € Q,all s € (p_, p+), 5 4 0. 
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Theorem 4 Assume that H(f)6 holds. Then, there exists * € A such that, for all 
NE (0, A*), problem (1) has at least six distinct, nontrivial solutions: Uy, i, € 
int (C4(S2)4), va, Py, € —int (Cj (2)4), and y,,w, € Cy(Q) both sign-changing. 


Example 2 For 4 € (0,+00), we consider the following nonlinearity 


|s\"-25 +1 ifs < —l, 

—O(x,s)min{A,|s|?-!} if—1<s <0, 
f(x, 8, A) = 

O(x, symin{rA, s?-!} if0<s <1, 

shh] ifs > 1, 


where r € (p, p*) and @ : Q x [—1,1] > R is a continuous function satisfying 
A(x, 0) > Az, O(x, -1) = O(x, 1) = O forall x € Q, and 6(x,s) > 0 forall x € Q, 
all s € (—1, 1). For example, we can take 0(x,5) = (e*! + 25) — |s|). Then, the 
function f(x,s,A) fulfills H(f)¢ with op = —1, po, = 1. Therefore, Theorem 4 
implies that, for the above nonlinearity f and 7 > 0 small, problem (1) admits at 
least six nontrivial solutions: two positive, two negative, and two sign-changing. 


As illustrated by Examples | and 2, the sets of hypotheses H(f);-H(f)6 mainly 
address the case where the nonlinearity f(x,s5,4) is of the form (3). In the next 
subsection, we focus on nonlinearities of type (4). 


2.2. Results for Nonlinearities of Type (4) 


In this subsection, we study problem (5), that is, the considered nonlinearity is of the 
form 

B(x)|s14-2s + g(x, 8), 
where 6 € L™(Q) + \ {0} and g is a Carathéodory function. Later in this subsection, 
we will suppose that 6 = A is constant. 

First, we look for constant sign solutions for problem (5). We denote G(x, 5s) = 
i g(x,t)dt. We note that we assume that for a.a. x € Q, G(x, -) is p-superlinear 
near +00 (see H( Hi (iii.a) below), but we do not require the Ambrosetti-Rabinowitz 
condition that is common in such cases. In addition, we assume that near zero, 
g(x,-) satisfies a nonuniform nonresonance condition at the first eigenvalue 4, of 
the negative Dirichlet p-Laplacian (see H(g)} (ii) below). Precisely, we consider the 
following hypotheses: 


H(g)} i) g: Qx R= Ris a Carathéodory function with g(x, 0) = 0, a.e. in Q, 
and there are c > 0 andr € (p, p*) such that 
|g(x,s)| <c(1+|s|"~') for aa. x € Q,alls ER; 
(ii) there exist %, de L®(Q)4 such that 3(x) < A; ae. in Q, 0 F Aj, and 


x,S . x,S 
gC ) etinveip oS ) 
spol 

s{0 


< B(x) 


—(x) < lim inf 
@)s 50 gp-l 


uniformly for a.a. x € Q; 
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(iii) the following asymptotic conditions at too are satisfied: 
(x, 8) 


(iil.a) lim 7 = +oo uniformly for a.a. x € Q, 
s—>+00 gP 
(iii.b) there exist tT € ((r — p)max{*, 1}, p*), tT > g, and yw > O such that 


.. 2 &(X,5)s — pG(x,s) 
lim inf ; 


> yo uniformly for a.a. x € Q. 
s—>+00 Ss 


Theorem 5 Assume that H(g)} holds. Then, there is X* > 0 such that, whenever 
IBlloo < 4*, problem (5) has two distinct solutions uo, u € int (Cj (Q2)4). 


Next we are concerned with existence of a smallest positive solution for a restricted 
version of problem (5) in which 6(-) = A is constant, namely, 
—Apu= Alu(x)|¢-2u(x) + g(x,u(x)) in Q, 
u=0 on dQ, 


(9) 


witha > Oandgq é€ (1, p). We assume that g satisfies an arbitrary polynomial growth 
condition and a stronger hypothesis near the origin, in particular, by requiring a local 
sign condition. Precisely, we consider the following hypotheses: 


H(g)3 (i) g: Q x R > Risa Carathéodory function with g(x,0) = 0 ae. in Q 
and there exist c > 0 andr € [1, +00) such that 


|g(x,s)| <c(1+|s|"~') foraa.x € Q,alls ER; 


g(x, S) 


gP-l 


(ii) ain = 0 uniformly for a.a. x € Q; 


(iii) there exists dg > O such that g(x, 5) > 0 fora.a. x € Q, all s € [0, do]. 


Proposition 3 Assume that H(g)} holds. Then, there is * > 0 such that, for 
A € (0,A*), problem (9) has a smallest positive solution uy € int (C4(Q)+). 
Furthermore, it satisfies |\ua,+|loo < 40. 


Now, we gather the above hypotheses H(g)/ and H(g)} together with their 
counterparts on the negative half-line: 


H(g)3 (i) g satisfies H(g)} (i); 
g(x,5) 


= 0 uniformly for a.a. x € Q; 


(iii) there exist tT € ((r — p) max{*., 1}, p*), T > g, and yp > O such that 


jy OO enti eee = 
s— too s|t 


s—>too |s |? 


uniformly for a.a. x € Q; 
(iv) there exists 59 > 0 such that g(x, 5)s > 0 fora.a. x € Q, all s € [—dp, do]. 


336 D. Motreanu and V. V. Motreanu 


Theorem 6 Assume that H(g)3 holds. Then, there exists X* > O such that, for 
NE (0, A*), problem (9) has at least five distinct, nontrivial solutions: Ux,,t, € 
int (C4(Q)+), Va, 0, € —int (C4(Q)4), and y, € C4(2) sign-changing. 


Remark 1 Thenodal solution y, in Theorem 6 satisfies the a priori estimate || y, ||oo < 
60, With the constant 59 > 0 in hypothesis H(g)3 (iv). In Theorem 6, we can choose 
v,, to be the biggest negative solution and u,, the smallest positive solution, and thus 
we can order the solutions as ), < vy, < y, <u, < mh. 


Example 3 The functions gi(s) = |s|"~?s for all s € R, with p < r < p*, and 


go(s) = |s|?~2s In(1 + |s|?) for all s € R satisfy H(g)3. Note that g; satisfies the 
Ambrosetti-Rabinowitz condition, but g7 does not. 


From Theorem 6 and Example 3, we have: 


Corollary 1 Assume that f(x,s,4) = Als|?~*s + |s|'~*s with1 <q <p<r< 
p*. Then, there exists X* > 0 such that, for  € (0, 4*), problem (1) has at least five 
distinct, nontrivial solutions: u,, i, € int (Cy(Q)4), va, € —int(Cj(Q),), and 
yx € CA(Q) sign-changing. 


3 Preliminary Results 


3.1 Upper and Lower Solutions Method 


This subsection deals with a location result through the upper and lower solutions 
method for problem (1). The basic definition is the following. 


Definition 1 Given A € A, we say that u € W!?(Q) is an upper (resp. lower) 
solution of problem (1) if ulaq > 0 (resp. ulag < 0), f(-,u(-), A) € LT (Q) C sar = 
1) for some g € (1, p*), and 


i |Vul?-?Vu- Vvdx — i: f(x, u(x), A)v(x) dx is > 0 (resp. < 0) 
Q Q 


for all v € Wy’?(Q) with v > O ae. in Q. 


Let A € A, and let u, and u, be lower and upper solutions, respectively, such that 
u(x) < u(x) for a.a. x € &. We define the order interval 


[u,,%] = {ue Wy? (Q): u(x) < u(x) < H(x) for aa. x € Q} 


and the Carathéodory function fy, 7) : &2 x IR > R given by 
F(x,u,(%),4) if s< uy), 


Fu, mie, 8) = 4 f(X,5,A) if u(x) <s <a), (10) 
f(x, 0%), A) if s > u(x) 
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fora.a.x € Q, alls € R. Setting Fu, z,)(4, 5) = fb S(w,.m, t) dt, we introduce the 
functional yu, 7,1 € C!(Wy’?(Q), R) by 


1 p 
Plum) = — I|Vull> _ / Fru, m,\%, u(x) dx for all u € Ww,” (Q2). (11) 
P Q 


We start with the following location result. 


Proposition 4 Assume H(f)y (i) (or H(f), G)). Given % € A, an upper solution 
a, and a lower solution u, of problem (1) with u, < Uy a.e. in Q, ifu € Wy’?(Q) is 
a critical point of Qu, 7) then u € [u,, 0) 9 C4 (2) and u is a solution of (1). 


Proof Let ube a critical point of gjy, 7,), that is u solves the problem 


—Apu= Siu; 1 u(x)) in Q, 
u=0 on dQ. 


(12) 


Then, the regularity theory (see [18]) implies that u € C | (Q). 

We check that u € [u,, #4]. Since u, is alower solution of (1), we have in particular 
that u— u, > 0on dQ, hence, (u—u,)~ € Wy’? (Q) (see, e-g., [9, p. 35]). Acting on 
(12) with the test function (u—u,)~ and using that uw, is a lower solution of (1) yield 


; |Vul? °Vu- Vu — u,) dx = i FO, (x), A)(UuCX) — Wy (x) dx 
{u<u,} 


{u<w,} 


< i [Vu,l?2Vu, - Vu — uy) dz. 
(u<u;} 


Invoking the strict monotonicity of the map € +> |é|?~?& for € € R¥, we obtain 
that the set {x € Q: u(x) < u,(x)} has Lebesgue measure zero. Thus, u, < u, a.e. 
in Q. Similarly, we can show that u < u, a.e. in Q. Thus, u € [u,, a]. 
Finally, we note that u € [u,,%,] implies that fty, a(x, u(x) = f(x, u(x), A) for 
a.a. x € Q. Consequently, from (12), we conclude that u is a solution of (1). 
The next result provides existence of a solution between any lower and upper 
solutions. 


Proposition 5 (a) Assume H( ee Given X € A, an upper solution U, € 
int (C4(Q)+) and a lower solution u, € Wy? (Q) of problem (1) with uy = 
u, > 0, ae. in , there exists a solution u, € int (C4(Q)+) of (1) satisfy- 
ing uy, € [u,,U,] and which is a global minimizer of the functional Qu, x,}- 
(b) Assume H(f),. Given 2 € A, a lower solution v, € —int (CU(Q)+) and an 
upper solution Vv, € Wy? (Q) of (1) with vy, < Vv, < 0, ae. in Q, there exists a 
solution v, € —int (C4(Q)4) of (1) satisfying v, € [v,,V,] and which is a global 
minimizer of the functional Qyy, 7,)- 
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Proof By H(f)} and using that %,u, € L®°(Q), we have | flu,.mj(x,8)| < c, for 
aa.x € Q,alls € R, alld € A, withc, > 0. Using the continuity of the embedding 
Wy? (Q) > L'(Q), we obtain 


1 2 1 ae wee 
Pluym,\U) 2 Fi |Vull, — callull: = 5 I|Vull;, — C||Vullp for all we Wo” (82), 


for some constant ¢, > 0. Hence, gy, 7,1] is coercive. Since ¢jy, 7,] 1S also sequentially 
weakly lower semicontinuous, it has a global minimizer uv, € W, PQ). Hence, u, is 
a critical point of ¢y, 7), and so, by Proposition 4, we have uy € [u,,%,]M Ci (Q) 
and u,, is a solution of (1). 

Let us justify that uw, A 0. It suffices to check this when u, = 0. Letting n, € 
L®(Q), be as in hypothesis H( f i (ii), we have that 


yaaa f mcnincy? dx = f Qa — mGnin(ay? dx <0. 
Q Q 
From H(f)7 (ii) we know that, for each e € (0, —y), there is 5 = d(€) > 0 such 
that 


— (n(x) — €)s? < i f(x,t,A) dt for aa. x € Q,alls € [0,5). 
P 0 


Since m7, € int (C4(Q),), we can find ¢ € (0 
for all x € &. Then, by (11), we have 


) such that O < tity (x) < 0, (x) 


? Tir Tloo Te 


yt? tP 
Pom (ti) < = - ff (n(x) — ey (x)? dx < “¢ + €) <0 = ¢o7,)(0). 


AS u,, is a global minimizer of gjo7,], we deduce that u, 4 0. 
Recalling that u, > 0, from H(f ne we find a constant co(A) > O such that 


A pl, = —fC-, Ua.) < co(Aur | in W>1P'(Q). (13) 


Then, by the strong maximum principle (see [24]), we conclude that 
uy € int (Ch (Q2),.). This proves part (a) of Proposition 5(a). Part (b) can be established 
similarly. 


3.2. Antimaximum Principle 


This subsection is devoted to a version of the antimaximum principle for the p- 
Laplacian operator with weight, which we will need in the proof of Proposition 2. 
This result is related to the following eigenvalue problem: 


—Ap,u= RE(x)[ul?-2u in Q, 
u=0 on dQ. 


(14) 
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Here, € € L™(Q)+ \ {0}. Let h(E) > 0 be the first eigenvalue for problem (14). 
The next result is due to Motreanu—Motreanu—Papageorgiou [19] and states that the 
antimaximum principle of Godoy—Gossez—Paczka [14, Theorem 5.1, Remark 5.5] 
holds L®-locally uniformly with respect to the weight. 


Theorem 7 Given —,h € L™(Q)x \ {O}, there is a number 6 >0 such that, if 
¢ € L™(Q), \ {0} and x € R satisfy ||f — Ella < 6 and h(E) < A < A4(0) + 4, 
then any weak solution of the problem 


—Apu= AC(x)|ul?-2u + h(x) in Q, 
u=0 on 0Q 


belongs to —int cee (Q),). 


Proof Arguing by contradiction, assume that there exist sequences {fn}n>1 C 
L*(Q), with ¢, — & uniformly on Q, {An}no1 C R with A1(n) < An < Ain) + 1, 


and {Un}n>1 C Wy? (Q) such that 


—Apun = AnSn(X) [Un |? Un +h(x) in, 
Un = 0 on dQ 


(15) 


and u, ¢ —int (Cc (Q),). If {un}ns1 were bounded in L®(Q) (note that u, € L®(Q) 
by the Moser iteration technique), then due to the a priori elliptic estimates (see [18]), 
{Un}n>1 would be bounded in C 1.2 (2), for some a € (0, 1), so along a subsequence, 
Uy, > win C!(Q), with u € C!(Q) solving 


—Apu = AiE)E(x)|ulPPut+ h(x) in Q, 
u=0 on 0&2, 


contradicting [14, Proposition 4.3, Remark 5.5]. Thus, along a relabeled subse- 


quence, we have that ||u,||~. > +oo asn > oo. Let vy, = att . By (15), we have 
that 
=A pVn = Antn(X)|Vn/P2vn + Hin Q, 
ll4n Ilo (16) 
Vv, = 0 on dQ. 


The sequence {v,,}n>1 is bounded in C 1.22) for some a & (0, 1) (by [18]), hence, 
up to considering a subsequence, we have v, > v in C!(Q) as n > oo, for some 
v € C!(Q). Passing to the limit in (16), we obtain 


—Apv =MEERWP?v in, 
v=0 on 0Q. 


(17) 
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Moreover, ||V|loo = lim ||vnlloo = 1, hence, v € 0. So, v is an eigenfunction 
noo 


corresponding to até ), and therefore, either v € int(Cj (Q),)orve —int(C4 (Q),). 
The case where v € int(C} (),.) cannot occur because otherwise we would have 
Vn € Cy(Q)4 for n large enough, but then (16) contradicts [14, Proposition 4.3, 
Remark 5.5]. The case v € —int(C}(Q)4) is also impossible because, as we have 
vn — vin C!(Q), it implies that v, € —int(Cd(Q),) for n large enough, which 
contradicts the assumption that u, ¢ —int (Cj (Q),). Thus, the proof of the theorem 
is complete. 


4 Proofs of Main Results 


4.1 Proof of Proposition I 


The proof is based on Proposition 5 and the following lemmas. 
Lemma 1 There exists e € int (C4(Q),) such that —A,e = lin w-}P'(Q). 


Proof The operator —A, : Wy ?(Q) — W—!?'(Q) is maximal monotone and 
coercive, so it is surjective. Hence, there is e € Wy’? (Q), e #0, with —A,e = 1 
in W~!?’(Q). It follows that || Ve~||5 = J, (—e-) dx < 0, thus e > 0 in Q. By the 
regularity theory (see [18]) and the strong maximum principle (see [24]), we infer 
that e € int (C4(Q)4). 


Lemma 2 For all b > 0, there exists X* € A such that, for all X € (0, 4*), there is 
t, € (0, a) satisfying 


a(d) + c(fy|lellooy | < 021, 


where a(A),c > Oandr > p areas in Hf); (i). 


Proof Arguing by contradiction, suppose that there exist b > 0 and a sequence 
{An}n>1 C A such that A, > 0 as n — oo and 


b 
a(n) + c(tllelloo)’ | = t?7! for all t € (0, Tel alln > 1. 
Clloo 
Because a(A,) — O as n — oo (see H(f)7 (i)), letting n — oo in the above 
inequality, we obtain that clje||-5!t’"~? > 1 for all t € (0, Tae Since r — p > 0, 
we arrive at a contradiction. 
In what follows, we fix b > 0. 


Lemma 3. For every i € (0, X*) (with X* in Lemma 2), problem (1) has an upper 
solution u), € int (C4(Q)4) with || |loo < D. 
Proof Fix i € (0, A*) and let t, € (0, ac 
Then, @, € int (Cj(2),), || lloo < b, and we have —A, a, = are in W~!?'(Q). 
By Lemma 2 and hypothesis H( f Hi (i), we see that 

—Apuy > a(aA) + cll lo! = fx, s, A) for aa. x € Q, alls € [0,am(x)]. (18) 


) be given by Lemma 2. We set %, = fe. 
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Thus, % is an upper solution of problem (1). 


Proof of Proposition 1 Part (a) of Proposition 1 follows by applying Proposition 5(a) 
with the upper solution w, and the lower solution 0. Part (b) of Proposition | can be 
similarly deduced by applying Proposition 5(b) with the upper solution 0. 


4.2 Proof of Proposition 2 


We need the following property of lower and upper solutions. 


Lemma 4 Assume H(f); (i) and let r € A. 

(a) If ,,U2 € L©(Q) are upper solutions of problem (1), then, u := min{u, U2} is 
also an upper solution of problem (1). 

(b) If v,,¥, € L°(Q) are lower solutions for problem (1), then, v := max{v,, V5} is 
also a lower solution of problem (1). 


Proof We only prove part (a) because part (b) can be similarly established. Given 
€ > 0, we define 7, : R > R by 


—e ifs <-e 
t(s)=45 if —e<s<e 
E ifs >e. 


Then, for every u € W!?(Q), we have 7,(u(-)) € W!?(Q) and 


a 0 ae.in {x € Q: |u(x)| > e}, 
Vi.(u) = (19) 
Vu ae.in{x €Q: |u(x)| < e}. 


Let Y € CS°(Q) with yw = 0 in Q. Since 7, Z are upper solutions of (1), we have 


[ fom.ne@ — Un) yy dx < (—Apt, t.((4, — tH) )W), (20) 
/ f(x, U2, AME — Te — U2) ))W dx < (—Apita, (€ — Te — tr) ))Y). 
(21) 
Moreover, in view of (19), we have 


(—Apith, te — th) YW) + (—Apin, (€ — T(t — th) ))) 


</ |Vii|? (Vit, « Vy) 2 — th) ) dx 
Q 


oF / |Viio|? * (Vig Vr) (€ — t.( — tr) )) dx. (22) 


342 D. Motreanu and V. V. Motreanu 


Adding (20), (21) and using (22), we obtain 
1 1 
/ f(x, 1,4) = te((1 — thy) dx+} f(x, ib,A) (: = te a= my) wy dx 
Q é Q é 
S / |Vin|? (Via, - VW) : t.((41 — U2) ) dx 
Q 
1 
+ |Viig|?*(Viy - Vy) (1 a t.((M1 -7)) dx. (23) 
Q 


Note that 
— T.((4) — U2) (x)) > Xa, <a} (x) ae. in Qase | 0. 
: 2 


Hence, passing to the limit as e | 0 in (23), we get 
i f(x, i, AW dx < / |Viail?-?Viai- Vw dx. 
re) Q 


Since C%(Q) is dense in Wo PQ), the above inequality holds for all y € Wo PQ) 
such that w > 0, a.e. in &, which completes the proof of the lemma. 
A first step in proving Proposition 2 is to show the existence of extremal constant 
sign solutions between each lower solution and each upper solution of problem (1). 


Proposition 6 (a) If hypotheses H(f){ hold, then for each i € A, each upper 
solution i, € int (C4(Q)4) and each lower solution u, € Wy? (Q) of (1) with 
m > u, > 0, ae. in Q, u, ¥ 0, problem (1) admits a smallest solution uj in the 
ordered interval [u,, 4). In addition, u; € int (C4(2)+). 

(b) If hypotheses H(f), hold, then for each X € A, each lower solution v, € 
—int (C4(Q)+) and each upper solution V, € Wy? (Q) of (1) withy, < v¥, <0, 
a.e. in Q, V, # 0, problem (1) admits a biggest solution vj,» in [v,,V]. In addition, 
Vase € —int (C4 (Q)+). 


Proof We only prove part (a) because part (b) can be obtained similarly. Let A € A, 
and let m, and u, be as in the statement. Set 


S = {u € [u,,u%,]: wis a solution of (1)}. 


By the strong maximum principle of Vazquez [24] (see (13)), since u, > 0, u, A 0, 
we have that S C int(C4 (Q),). Moreover, S is nonempty (by Proposition 5). In 
order to show the proposition, we need to check that S has a smallest element. This 
will be done through the following claims. 


Claim I For every u,, uz € S, there exists u € S such that uw < uw; andu < up. 

Let u;,u2 € S. By virtue of Lemma 4(a), # := min{uj,u2} € Wy? (Q) is an 
upper solution of (1). Applying Proposition 5(a) for the pair {u,,u} of lower and 
upper solutions, we find a solution u of (1) such that u, < u < # = min{u, uz}. This 
shows Claim 1. 


Claim 2. There is a € (0, 1) such that the set S is a bounded subset of C'*(Q). 


Sign-Changing Solutions for Nonlinear Elliptic Problems Depending on Parameters 343 


The claim follows from the regularity up to the boundary result of Lieberman [18] 
because for each u € S, we have ||ullo0 < ||Mlloo- 


Let {xz}x>1 be a dense subset of Q. For each k > 1, we let my, = = u(xz) = 0. 
ue 


Claim 3 For alln > 1, there is u, € S such that 


1 
my < Upn(X~) < me + — forallk € {1,...,n}. 
n 
By definition of m;, we find uj... .Unn € S with upg(x~) < me + i for 
all k € {1,...,n}. By Claim 1, we can find u, € S such that u, < uy, for all 
k € {l1,... ,n}. This function u, satisfies the Claim 3. 


Let {un}n>1 C S be the sequence given in Claim 3. By Claim 2, this sequence 
is bounded in C!“(Q), so up to considering a subsequence we may assume that 
Un — uo in C!(Q) as n —> oo, for some up € C!(Q). It is clear that up € S. 
Moreover, passing to the limit as n — oo in the inequality in Claim 3, we have 
Uo(x,) = mx for all k > 1. Hence, up(x,) < u(x;) for all k > 1, allu € S. Since 
{xx}e>1 is dense in Q, we deduce that uo < u for all u € S. Therefore, uo is the 
smallest element of S. This completes the proof. 

The next step is to produce positive lower solutions and negative upper solutions. 


Proposition 7 (a) Under H(f)}, for eachx. € A andeacht, € int (Cj (Q),.), there 
exists a lower solution u, € int (C4(Q)4) of (1) satisfying U, — u, € int (C4(Q),). 
Moreover, for every € € (0, 1), €u, is a lower solution of (1). 

(b) Under H(f),, foreachi € Aandeachy, € —int (Cc; (Q),), there exists an upper 
solution V;, € —int (ct (Q),) of (1) satisfying V, — Vv, € int (G (Dx), Moreover, for 
every € € (0, 1), ev, is an upper solution of (1). 


Proof Let V := {u € Wy?(Q) : Ts it?'udx = 0}. We have the direct sum 
decomposition Wo ?(Q) = Ray @ V. We claim that 


ef Valle 
Ay := inf lui? :uEeV,uA0e > AX. (24) 
Ullp 


Indeed, arguing by contradiction, assume that there is a sequence {u,},>1 C V 
such that ||u,||,) = 1 and || Vutn||> —> A, asn —> (see (6)). Then, {up}n>1 is 
bounded in Wy’?(Q), so we may assume that u, —> u in Wy? (Q) and u, > u 
in L?(Q) as n — oo, for some u € Wy? (Q). Hence, u € V, |lul|, = 1, and 
Vullo < A,. Since the inf in (6) is attained exactly on {ti : t € R \ {O}}, we reach 
a contradiction with the fact that uv € V. This yields (24). 

Let 6 > 0 be given by Theorem 7 applied for h := iw?" and € := i,. For 
¢ € L™(Q)4 \ {0}, recall that A(z) > O denotes the first eigenvalue of —A, with 
respect to the weight ¢. Since the map € b> Ate) is continuous on L°({2), \ {0}, 
we find ¢ > 0 such that for all € € L™(Q) with || — Aj |loo < € ae. in Q, we have 
|Ai(£) — 1| < 6. We may assume that 0 < ¢ < min{Ay — Aj,A2 — A1, 6}. We define 
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the weight 
é = min{m, A; + e} € L~(Q),, (25) 


with n, € L°(Q)4 as in H(f)} (ii). Thus, A; < € < Ag, ae. in Q, € A A4, so we 
get 
18 <Ay() < Ay) = 1 = Ag (Aa) < Add), (26) 


where alt ) > 0 denotes the second eigenvalue of —A, with respect to ¢. Here, 
we use the monotonicity properties of Ai(-) and A2(-). We consider the auxiliary 
boundary value problem 


—A pu = C(x)\ul?u— mx)! in, 


u=0 on oQ. 


(27) 


The functional go : Wo ?(Q) > R defined by 
1 p 1 Dp ap-l lp 
Qo(u) = rs |Vull, — Fi Cluj?dx + J u, udx forall ue Wo” (2) 
Q Q 


is of class C! and its critical points are the solutions of (27). 


Claim I @ satisfies the Palais—Smale condition, that is, every sequence {Uy,})p>1 C 
W,’?(Q) such that 


{Yo(Un)}n>1 is bounded and g(u,) > 0 in w-!'(Q) (28) 


admits a strongly convergent subsequence. 

Let {Un}n>1 C Wy? (Q) be a sequence satisfying (28). First, we show that {up }n>1 
is bounded in Wo ?(Q). Arguing by contradiction, we assume that along a subse- 
quence || Vu, ||)» — +ooasn — oo and set y, = Twurlp forn > 1. We may suppose 
that y, —> y in Wy’?(Q) and y, > y in L?(Q), for some y € Wy’?(Q). Since 
oun) — O, it follows that (—ApYns Yn — Y) > Oasn — oo. Because —A, is an 
operator of type (5), we deduce that y, > y in Wy’? (Q), and so ||Vy||, = 1 and 


—Apy = ElylPy in Wo 1P"(Q). (29) 


By (26), we infer that y = 0, which is a contradiction. So {up}na>1 C Wy? (Q) is 
bounded, and along a relabeled subsequence, we have u, + uin Wo ’(Q) and 
Un > uin L?(Q), for some u € Wo? (Q). As before, we deduce that u, — u in 
WwW; P(Q). Claim 1 is thus proved. 


Claim2 @olv = 0. 
This claim follows from the definition of gp since €(x) < Ay +e < Ay, ae. in Q 
(see (25)). 


Claim 3 Fort > 0 large, we have go( + tit;) < 0. 
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Using that ||@:||p = 1, for t > 0, we see that 
t? 
go( + ti) = — Bt, where B := / (Ay — €(x))iy (x)? dx. 
Pp Q 
Since € > Aj ae. in Q, € # A, (see (25)), we have 6 < 0. This yields Claim 3. 


Claim 4 The auxiliary problem (27) has a solution & € int (Cj(&2)4). 

Claims 1-3 allow us to apply the saddle point theorem (see [22]), which provides 
i € Wy’?(Q) such that g/(@) = 0, thus i is a solution of problem (27), hence, & # 0. 
Since ||C—Ai|loo < 5 (by (25) and because 0 < ¢ < 8)andAj(f) < 1 < 44 (C)+6 (see 
(26)), we can apply Theorem 7 to the function —u, which yields that u € int (C, (Q),). 
This establishes Claim 4. 


Since i € int (Cj(Q)+) and &# € Cj(Q), we can find t > 0 such that 
ity — tie € int (C4(Q)4). (30) 
By (25) and hypothesis H(f)} (ii), we can find 6, = 6,(t) > 0 such that 
(€(x) — t?~!)s?! << f(x,s,A) for aa. x € Q, alls € [0,8,]. (31) 
Finally, since u, € int (C; (Q),) and iu € ee (Q), there is p, > 0 satisfying 
i, — prt € int (Co(Q),) and 0 < p(x) < 6, for all x € Q. (32) 
We set u, := p,u. By Claim 4, we have that u, € int (Ch(Q),), whereas (32) 
yields #, — u, € int (Cj(&2)_). Using (30) and (31), we infer that 
— Api = Sul) — ppg < (© — PWR < fCm(),A) ae. in. (33) 
This implies that u, is a lower solution of problem (1) (see Definition 1). Clearly, eu, 


is also a lower solution of (1) for all ¢ € (0, 1). This proves part (a) of the proposition. 
The proof of part (b) proceeds in the same way. 


Proof of Proposition 2 We only prove part (a) of Proposition 2, since the proof of part 
(b) can be performed in a similar way. Let b > 0, and 4* € A be given by Proposition 
l(a), and let A € (0, A*). By Proposition 1(a), we know that problem (1) has a solution 
uy € int (Ch(Q)4) with || |lo. < b. Let u, € int (C4(Q),) be the lower solution 
of problem (1) obtained in Proposition 7(a) applied to the upper solution (in fact 
solution) u,. We fix a sequence {€,},>1 C (0, 1) converging to 0 and, forn > 1, we 
set Uy, = Enl,, which is also a lower solution of (1) by Proposition 7(a). Proposition 
6(a) guarantees that problem (1) admits a smallest solution u; ,, in the ordered interval 
[u, ,, Ua]. From the equality —A pus, = f(-,u3,,(), 4), hypothesis H(f)>3 (i), and the 
fact thatO < Un < uy, we see that the sequence {uy )}n>1 is bounded in Wo ?(Q), so 
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w : 1, 3 
we may assume that u¥,, > u,4 in Wy'?(Q) and ux, > w4 in L?(Q)asn > 0, 


for some 4 € Wo PQ). As in Claim 1 of the proof of Proposition 7, we have 
Uy > Ua4 in W,’?(Q) as n —> 0. (34) 


From (34), it follows that u, 4 is a solution of (1). Moreover, up to considering a 
subsequence, we may assume that we have uj (x) > u),.(x) for a.a. x € Q. This 
implies that uw, 4 € [0, u,] (in particular, ||u.+|loo < ||Ualloo < 5). 


ClaimI w+ #0. 


Arguing by contradiction, suppose that uw, , = 0. Forn > 1, we set y, = : 


TVur lp" 
We may suppose that y, ms yin Wy? (Q), Yn > yin L?(Q) asin — ov, for some 


; amon 
ye Wy? (Q). Denoting h,, := ENS : 
IVuz , lp 


we have 


—Ap¥n = My in W~1?'(Q) for all n > 1. (35) 
Hypothesis H( f si implies that there exists co(A) > 0 such that 
| f(x,8,A)| < co(A)s?~! for a.a. x € Q,all s € [0, |lualloo]- 


Thus, {A,,},>1 1s bounded in L?’(Q). Therefore, acting on (35) with the test func- 
tion y, —y € Wy’? (Q), we obtain lim (—A,y,,¥, — y) = O, thereby y, > y 
noo 


in Wy? (Q) (because —A, is an operator of type (S),) and ||Vyl|, = 1. Since 
Yn(x) > y(x) for a.a. x € Q (at least along a subsequence), we have y > 0, a.e. in 
Q,y £0. 

Since {h,},>1 is bounded in L”’(Q), we may assume that h,, Shin L?’(Q), for 


some h € L?’(Q). For a while, we fix ¢ > 0. Then, hypothesis H(f)> (11) implies 
that for a.a. x € Q, 


(n(x) — €)yn(x)P7! < Anl(x) < (a(x) + 8)yn (ey?! 


for n sufficiently large (recall that UZ , (x) — 0 for a.a. x € Q). Taking into account 


that y, > yin Wy? (Q) and hy, + hin L”’(Q), invoking Mazur’s theorem (see, 
e.g., [5, p. 61]), we obtain 


(n(x) — e)y(x)?! < A(x) < (f(x) + ©) v(x)?! foraa. x € Q. 
As € > Ois arbitrary, we get 
mi(x)y(x)?! < A(x) < rh@)y@y! foraa. x €Q. 


Therefore, h(x) = k(x)y(x)?7! ae. in Q with k € L®(Q) such that n, < kK < fy 
a.e. in 2. Passing to the limit as n — oo in (35), we obtain that y solves the problem 


—Apy=Ky?! ind, 
y=0 on dQ. 
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Since y # 0, we deduce that | is an eigenvalue of —A, with respect to the weight 
« and, since y has constant sign, we deduce that | = di (x). On the other hand, by 
H(f)3 Gi), we see that « > A; ae. in Q with strict inequality on a set of positive 
measure, hence, by virtue of the monotonicity property of 41), we have that A)(«) < 
A1(A1) = 1, acontradiction. This proves Claim 1. 


Claim2 For every nontrivial solution u of (1) belonging to [0, u,,], we have uy 4. <u 
in Q. 

Let u be a nontrivial solution of (1) belonging to [0,u,]. Then, we have u € 
int (C ; (Q).,) (from the regularity theory and strong maximum principle). Using that 
the sequence {€,},>1 converges to 0, for n large enough, we have Uy, = En Sus 
u, in Q. Since uj, is the smallest solution of (1) in [w, ,,, ua], we derive that uz, <u 
in Q. It follows from (34) that uw). <u in Q, which shows Claim 2. 

The proposition is obtained by combining Claims | and 2. 


4.3 Proof of Theorem 1 


Let b > 0 and consider * given by Proposition (a). Fix A € (0, A*). Then, Propo- 
sition | shows that problem (1) admits at least two solutions u,, € int (C, : (Q),.) and 
va € —int (C4(Q)4) such that ||u, loo < Bb and ||v\||oo < b. Moreover, in the case 
(b) of Theorem | (when H(/)3 (ii.b) is satisfied), uw, and v, can be chosen to be the 
smallest positive solution and the biggest negative solution of (1), respectively, given 
by Proposition 2. 

We consider the C'-functionals ¢0,u,}, P[v,,0], ANd Pf», ,u,], obtained by truncation 
with respect to the pairs {0, u,}, {v,, 0}, and {v,, u,}, respectively (see (11)). 

By hypothesis H(f))3 (ii), we find jz € (Az, 6,) and 6 > 0 such that 


f(x, 5,4) 


> wforaa.x € Q, alls € [—46,5],5 £0. (36) 
sis 


For ¢ > 0 with e%(x) < min{6, u(x), —v,(x)} in Q, by (36), we see that 


‘ n eP a 5 
max{Yp,,0)(—E1), Plow, (eu1)} < = | (Ay — pw) (x)? dx < 0. (37) 
Q 


Note that, in case (b) of Theorem 1, the minimality of u, implies that 0, u, are 
the only critical points of go,,,; (see Proposition 4) and similarly, 0, v, are the only 
critical points of ¢,, 0). In case (a) of Theorem 1, we may also suppose that 0, u, are 
the only critical points of gjo,,,; and that 0,v, are the only critical points of gp, 0) 
(because otherwise, we deduce that there is a third nontrivial solution of problem (1) 
belonging either to [0, u,] or to [v,,0], and we are done). From Proposition 5 and 
(37), we derive that 


u, is the unique global minimizer of ¢70,,,;1 (38) 
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and 
v, is the unique global minimizer of @j,, 0). (39) 


Since the restrictions of the functionals @jo,,,; and gp, 4,] to C, (Q), coincide, from 
(38), we infer that wu, is a local minimizer of @,, ,; With respect to the topology of 
C4(Q). Then, it turns out that uw, is a local minimizer of @,, ,,; with respect to the 


topology of W; PQ) (see [13]). Similarly, we can see that v, is a local minimizer of 


Plvyua]- 

Note that we may assume that v,, ua are isolated critical points of gy, 1) (because 
otherwise we find a sequence of distinct solutions of (1) belonging to the order interval 
[v,,u,,], so in case (a) of Theorem 1, we infer the existence of a third nontrivial 
solution y, € [v,, ua] of (1) whereas in case (b) of Theorem | the extremality of vy, 
and u, implies that y, is sign changing). 

From Proposition 5, we know that g,,.,; has a global minimizer z, € [v,, 4] 
and we have @y, 1, )(Z,) < 0 (see (37)), hence, z, A 0. If z, A uy and z, ~ v,, then 
Z, is the third desired solution of (1) (sign changing in case (b) of Theorem 1). 

It remains to study the case where z, = uy or Zz, = va. Say Z, = uy (the other 
case can be analogously treated). Since v,,u, are strict local minimizers of gp), w,| 
and @,,,u,] Satisfies the Palais—Smale condition (because it is coercive and —A,, is 
an operator of type (S),), we can apply the mountain pass theorem (see [1]) which 
yields a critical point y, € Wo ?(Q) of Pry, w,] Satisfying 


Pri JU) FS Pir IVr.) < Pry .I) = inf, max Oy wiv), (40) 
yer te[—i,l] 


where IX = {y € C({[—1, 1], Wy’? (Q)) > v(-1) =v, vy) = uy}. Since y, is a 
critical point of @,, u,], we derive from Proposition 4 that y, is a solution of problem 
(1) belonging to ci (Q) NM [v,, ua] (see [18]). Clearly, (40) implies that y, is distinct 
of v,, u,. If we know that y, ¢ 0, then y, is the desired third nontrivial solution of 
problem (1) (sign changing in case (b) in view of the extremality of v,, u,). Hence, 
to complete the proof of Theorem 1, it remains to check that y, 4 0. To do this, we 
show that 


Pty, 10%) < 0. (41) 


Taking (40) into account, to prove (41), it is sufficient to construct a path vy) € I 
such that 


Piv,,.)(7 o(t)) < 0 for allt ¢ [—1, 1]. (42) 


The rest of the proof is devoted to the construction of a path y) € I" satisfying 
(42). 

Denote S = {u € Wy’?(Q) : |lul|p = 1} endowed with the W,’?()-topology and 
Sc = SMC 4(X) equipped with the Cj(Q)-topology. Since Sc is dense in S in the 
W,'?(Q)-topology, setting Ip = {fy € C([— 1,1], S) : y(—D = —m, yd) =a} 
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and Inc = {y € C([-1, 1], Sc) : y(—1) = —in, yC1) = 1}, we have that Ic is 
dense in Ig . Recall from [11], the following variational characterization of A2: 


Ao = inf max |Vull/. 
velo uey([-1,1)) 


Since ju > Az (see (36)), we can find % € Ipc such that 
max{||Vull) : we yo([—-1,1)} <u. (43) 
We see that there exists ¢ > 0 such that 


llewlloo < 6 and eu € [v;, um] for all u € Yo([—1, 1)). (44) 


Indeed, the set 7o([— 1, 1]) being compact, it is bounded in Ch(Q), and so in 
L™*(Q). Thus, we can find ¢; > 0 satisfying the first inequality in (44). To show 
the second inequality in (44), note that for each wu € yo([—1,1]), we can find a 
constant €, > 0 such that —v, — €,u € int (C4(Q)+) and uy — e,u € int(C}(Q),) 
(because —v,, u, € int (Cy (Q),,)). Then, there exists a neighborhood V, C CQ) 
such that —v, —€,v € int (CA(Q)+) and wm, —é,v € int (Cd(Q),) forall v € V,. Since 


Yo([—1, 1]) is compact, it is covered by a finite number V,,,... , V,, of such neigh- 
borhoods. It follows that the number ¢7 := min{é,,,... , €,,} satisfies the second 


inequality in (44). Thus, taking ¢ := min{é, €2}, we see that (44) holds true. 
Fix ¢ > Oas in (44). Then, from (36), (43), and since yo([ — 1, 1]) C S, we obtain 


eP eP Z 
Pinu (EU) < — ||Vull, — — wllull, <0 for allu € yo([—1, 1)). 
Pp P 


So the path yo := eY joining —en, and ei, verifies 
Piv,.u,\(u) < 0 for all w € yo({—1, 1). (45) 


Next we construct a path y, joining ei; with u, along which gp, ,,) is negative. 
To do this, we may assume that uv, 4 ei, (otherwise the path y, = u, satisfies our 
requirements). Let a = @j0,u,)(Ua) and b = ~on,\(e%). Note that a < b < 0 (see 
(37) and (38)). Moreover, u,, is the only critical point of @o,,,; with critical value 
a (by (37) and (38)) and (a, b] contains no critical value of ¢0,,,) (since 0, uw, are 
the only critical points of ¢0,,,)). These properties together with the fact that @j0,1, | 
satisfies the Palais-Smale condition (because it is coercive) allow us to apply the 
second deformation lemma (see [10, p. 23]), which provides a continuous mapping 
fh: [0,1] X Ge) > Prony» Where o)y,,.) = {uw © Wy? (Q): Pou, \(u) < b}, such 
that for all u € Pou }» we have 


A(O,u) =u, h(1,u) = uy, and You, (At, uw) S Yfou,jW) for allt € [0, 1] 


(recall that Pi0.u3] = {u,}, see (38)). Then, we consider the path y, : [0,1] — 
W,’? (Q) defined by 


y(t) = h(t, em) for all t € [0,1]. 
Clearly, y is continuous and we have y(0) = ei and y;(1) = uy. We see that 


Gpv,u, 1) <0 for all w € y;({0, 1). (46) 
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Indeed, let u € y+({0, 1]), and thus u = A(t, ei,)*, for some t € [0, 1]. Observing 
that Fio.u,)(—A(t, eit1)) = 0, we deduce that gjou,)(4) < Pou,(A(t, €t1)), whence 


Pri.1U) = PponjM) < Ppow A(t, €41)) < GPpow,(€i1) < 0, 


where the last inequality follows from (45). Therefore, (46) holds true. 

Similarly, applying the second deformation lemma to the functional @,, 9), we 
construct a path y_ : [0,1] > Wy? (Q) such that y_(0) = —ea, and y_(1) = wy, 
and satisfying 


Piv,,,)U) < 0 for all u € y_([0, 1]). (47) 


Concatenating the paths y_ , yo, y+, we obtain a path 7) € I” which fulfills (42) 
(see (45)-(47)). This implies (41). The proof of Theorem | is complete. 


4.4 Proof of Theorem 2 


We only prove part (a) of Theorem 2, since the proof of part (b) is similar. Note that, 
while dealing with min{b, o} instead of b, we may assume that b < e where p= is as 
in H(f)q (iv). 

Applying Proposition 1(a) to b yields A* € A such that, for every A € (0,A*), 
there exists uw, € int (C4(Q)4) solution of (1) with ||u ||. < band uy, € [0,m], 
where u%, is the upper solution of (1) constructed in the proof of Lemma 3. 

Fix A € (0,A*). Since uw, < u, in Q, we can consider the truncation fi, 7,} and 
the functional @,,z,) (see (10) and (11)). Applying Proposition 5, we find uw, € 
GF (Q)N [uy, H], global minimizer of  ,,, 7; and solution of (1). 

We may assume that uw, = u, (otherwise u, is a second positive solution of (1)), 
and thus 


uy is a global minimizer of 9, 7,1. (48) 


Claim 1 i, — uy, € int (C}(Q),). 

Using H(f)¢ (iv), the facts that ||u || < b < p and yw, is a solution of (1), 
H(f i (i), the fact that 0 < uw, < m, in Q, Lemma 2, and the construction of 1 in 
the proof of Lemma 3, we have that 


0 < —Apu, = f(x, m(x),a) < t?7| = —Apmh, 


aa 


 Mlelloo 


Now, we consider the truncation 


for some ft, € (0 ). Invoking [16, Proposition 2.2], Claim 1 ensues. 


for,s) = [FOOD ifs sn) (49) 
FOS) Pes) 
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fora.a.x € Q, alls € R, the primitive F(x, j= ib fx, t) dt, and the corresponding 
C!-functional ¢ : Wj’? (Q) > R given by 


1 : 
Plu) = — ||Vull? -[ F(x, u(x))dx for all u € Wy’?(Q), 
P Q 


which is well defined due to the growth condition in H(f i (i) (where r € (p, p*)). 
Let us show that the functional ¢ admits a critical point #, € Wy (Q) with 
i, # uy. First, note that the functionals ¢ and gy, z,} coincide on the set 


V := {ue CyQ): m — ue int (CQQ))}, 


which is an open subset of CG (Q). By (48), we have that uw, is a minimizer of Qu, 7, ] 
on V. Thus, uw, is a local minimizer of ¢ with respect to the topology of C}(Q). 


Therefore u,, is a local minimizer of @ with respect to the topology of Wy PQ) (see 
[13]). In the case where u, is not a strict local minimizer of @, we deduce the existence 
of further critical points of @ and we are done. Hence, we may assume that 


u, is a strict local minimizer of @. (50) 


Claim 2. The functional @ satisfies the Palais-Smale condition. 
Let {Wra}ns1 C Wy? (Q) be a sequence such that {G(w,)}n>1 is bounded and 
¢' (wy) > Oin Ww-}P'(Q) as n — oo. Then, we have that 


1 i 
= ||Vwall> -[ F(x,wn)dx < M, foralln > 1, (51) 
P Q 

for some M, > 0, and 


(—ApWn,v) -[ f(x, wav dx < &||Vvl]p for all v € Wj’?(Q), alln > 1, (52) 
Q 


with ¢, — 0 asn — oo. Acting on (52) with vy = —w, € Wy? (Q) and using (49), 
H(t (iv), and the fact that ||) ||. < b < p, we see that 


Wwe 2 < Vor he + / Fx, wa)wy dx < &ql|Vwy lp forall n > 1. 
Q 
Since p > 1, it follows that {w, },>1 is bounded in Wy? (Q). Let uw, > pand M, > 0 


be as in H(f)j (iii). Taking v = w} in (52), combining with (51), and using (49) and 
H(f yy (i), we obtain 


Mi 
G = i) |Vwr iP +f (fF, Wa, A)Wr ~ [Ly F(x, Wp, A)) dx 
P {wn=Mo} 


< Mx(1 + ||Vw*||,) for all n > 1, 
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with some Mz > 0, where Mo := max{M,, ||ua ||o0}. From H(f)t (iii), we obtain 
that {w*},>1 is bounded in Wy’?(Q). Therefore, {w,},>1 is bounded in Wy? (Q), so 
along a relabeled subsequence we have w,, + uin Wo ?(Q), w, > win L’(Q), for 
some u € Wy? (Q). Taking v = w, —u in (52), it follows that (—A,Wn, Wn —u) > 0 
as n — oo. Then, since —A, is an operator of type (S),, we infer that w, > u 
in W,'?(Q). Therefore, @ satisfies the Palais-Smale condition, and thus Claim 2 is 
established. 


Claim 3 lim @(tity) = —00. 
t—>+00 


Note that hypotheses H( f yy (i), Gii) imply that F(x,s,A) > cys"* — cp for a.a. 
x € Qand all s > 0, with c},c. > 0. Whence 


F(x,s)> cs —& foraa. x € Q,alls > 0, 


for some C2 > 0 (see (49)). We infer that 
Ra BPs osx ee e 
p(t) < 7 [Viel — ct |ay [Ii + €2|2|,y + —oo as t > +00, (53) 


where |{2|, denotes the Lebesgue measure of (2. This proves Claim 3. 


Combining (50) with Claims 2 and 3, we can apply the mountain pass theorem 
(see [1]) which yields a critical point %, 4 u, of the functional g. As in the proof 
of Proposition 4, we can show that #, > u,, and so a is a second positive solution 
of (1). The regularity theory (see [18]) implies that #, € Ch(Q). Since #, > u, and 
uy, € int (C}(Q),), we conclude that i, € int (CU(Q)+). 


4.5 Proof of Theorem 4 


Applying Theorem 1|(b) with b := min{p;, |_|}, we find A* € A such that, for 
4 € (0,A*), problem (1) admits five solutions wm, € int(CJ(Q),), vit, € 
—int (C4(Q),), yx € Ch(Q) sign-changing, and moreover ||y, ||. < b. An addi- 
tional sign-changing solution w, € Ci) such that ||Wallo. => max{p+,|o_|} is 
obtained from Bartsch—Liu—Weth [3, Theorem 1.1] (since hypotheses H(f)¢ are 
stronger than the ones in [3, Theorem 1.1]). The fact that |] ya |lo < b < |lWalloo 


guarantees that y, 4 w,. The proof of Theorem 4 is complete. 


4.6 Proof of Theorem 5 


We need the following preliminary result. 


Lemma 5 Let ¢ € L®(Q), be such that €(x) < A, for a.a. x € Q, with strict 
inequality on a set of positive measure. Then, there exists a constant cj > O such 
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that 


he(u) = ||Vull? — [ C(x)lu(x)|? dx > cy||Vull? forall uw € Wy? (Q). 
Proof From (6), we have that y; > 0. Arguing by contradiction, suppose that the 
lemma is not true. Then, we can find a sequence {Un }n>1 C WwW, PQ) such that 

|Vunllhp = 1 foralln > land Y;(u,) > Oasn > ow. 
By passing to a relabeled subsequence if necessary, we may assume that 
Un + uin WwW,” (Q), Un > u in L?(Q), up(x) > u(x) ae. in Q, 


and |u,(x)| < k(x) ae. in Q, for alln > 1, with some k € L?(&2), . Since 
|Vullf, < lim inf ||Vu,||/, and / E(x)|Un(x)|? dx > / E(x)|ux)|? dx, 
noo Q Q 


from the convergence y;(u,) — 0, we obtain 


|Vull, < [ scowoor dx < dj |lull, . (54) 


From (54) and (6), we infer that 
|Vull) = Alla? , and sou = ti, witht € R. (55) 


If u = O, from the fact that W%;(u,) — O and since ls €(x)|un(x)|? dx — 0, it 
follows that || Vu, ||, — 0, which is a contradiction to the fact that ||Vu, ||, = 1 for 
alln > 1. Thus, u = ti, with t 4 0. Then, from the first inequality in (54) and 
since € < ), ona set of positive measure and i;(x) > 0 for all x € Q, we deduce 
|Vull> < Ayllullf , which contradicts (55). 


Proof of Theorem 5 Let f(x, 5) = B(x)|s|?-25 + g(x,s) foraa.x € Q,alls eR. 
We consider the truncation f(x, 5) = B (x)(st)7—! + g(x, st) and the corresponding 
functional 


1 1 
O.(u) = — || Vell _ -{ B(x)(utyt dx — / G(x,ut)dx forallueé Wy? (Q). 
P qd Ja Q 


Step I Every nontrivial critical point of ¢, is a solution of (5) belonging to 
int (C4(Q),). 

As in the proof of Proposition 4, we can see that a critical point u € Wo P(Q)\ {0} 
of @, is a solution of (5) belonging to Ch (2)... Moreover, by H(g)} (i), (ii) and the 
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boundedness of u, we have that —A,u > —éu?—! in w-!P'(Q), for some c > 0. By 
the strong maximum principle (see [24]), it follows that u € int (C j(&2)4.). 
Step2 @, satisfies the Cerami condition, that is, every sequence {u,},>1 C Wy PQ) 
satisfying 

\@1(uy)| < M, for alln > 1, (56) 
with some M, > 0, and 


(1+ [Vu ll p)@, tn) > 0 in W}?'(Q) asin > 00 (57) 


admits a strongly convergent subsequence. 
Consider a sequence {Up }n>1 C Wy?(Q) such that (56) and (57) hold. From (57), 
we have 


EnllVVIlp 


Saaieae O 
1+ ||[Vunllp 


t —A puns )— f poses vax — f g(x,ut)vdx| < 


for allv € WwW,’ "(Q), alln > 1, with e, > 0. Choosing v = —u, € Wy’?(Q) in (58), 
we obtain ||Vu, 7 p = €n forall n > 1, from which we infer that 


l,p 


u, — Oin Wy” (2) asn > oo. (59) 


Next, we show that 
{ut },>1 is bounded in Wy’?(Q). (60) 
Choosing v = uy € Wy’? (Q) in (58), we have 
= [Va Ee +f B(x)(u; )! dx +f g(x, Uy Uy AX < Ep. (61) 
On the other hand, from (56), it follows that 
Var |e — al B(x)(ut)! dx -{ pG(x,u*)dx < pM, foralln>1. (62) 
Adding (61) and (62), we obtain 
: (g(x,ut)ut — pG(x,ut))dx < Mz + ||Blloo (z _ 1) Iu Ij for alln > 1, 
Q q (63) 


for some M, > 0. By means of hypotheses H (g)p (i), (iii.b), we can find constants 
y € (0, Yo) and M3 > 0 such that 


ys" — M; < g(x,s)s — pG(x,s) foraa. x € Q, alls > 0. (64) 
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Using (63), (64), and the fact that t > q, we find M4 > 0 such that 
villut l= < Ma(1 + lug ||) for all n > 1. (65) 
From (65) and since t > q, it follows that 
{u}n>1 is bounded in L*(Q). (66) 
Choosing v = ut € Wy? (Q) in (58) and using H(g); (i) also show that 
Vor le Sen + Ms + [lu ig + lly ll; for alln > 1, (67) 


for some Ms; > 0. If t > r, then (60) follows from (66), (67), the continuity of the 
inclusion Wo ’(Q) — L4(Q), and the fact that g < p. Thus, we may suppose that 
t <r. The assumption that t € ((r — p)max{%, 1}, p*) implies that we can always 
find £ € (r, p*) such that € > Ss: Since t <r < £, we can find t € (0,1) such 
that 


1 1-t t 
-= ae (68) 
r t L 


By the interpolation inequality (see, e.g., [5, p.93]), we have |u|, < Jur Itt ur Wh 
for all n > 1. Due to (66) and the continuity of the inclusion W, PQ) > L*(Q), 
there is Mg > 0 such that 


lt I, < Moll Vurt|I"" for alln > 1. (69) 


The fact that 2 > ; ae ensures that the number t € (0, 1) from (68) satisfies tr < p. 


Taking into account (69), the continuity of the inclusion Wo ?(Q) & L4(Q), and 
the fact that g < p, we conclude from (67) that (60) holds true. 

From (59) and (60), it follows that {u,},>1 is bounded in Wo ?(Q). Then, along a 
relabeled subsequence, we have 


Un > win Wy’? (Q) and u, > uin L?(Q) asn > ov. (70) 


Choosing v = uy, — u in (58) and passing to the limit as n — oo, we obtain that 


lim (—A pun, Un — u) = 0. Since —A,, is an operator of type (S'),, we deduce that 
n—>oo 


Uy, > uin Wy? (Q). This completes Step 2. 


Step 3 There exists A* > 0 such that for ||B||oo < A* we find p = p(||Bllo) > 0 
with 
fp = inf{G,(u): ||Vullp = p} > 0. 


By hypotheses H(g)f (i), Gi), given ¢ > 0, we can find c, > 0 such that 


1 . 
G(x,s) < —((x) + €)s? +, 5" for aa. x € Q, alls > 0. (71) 
P 
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Then, using (71), Lemma 5, and (6), we have 


nm 1 € p q r lp 
Gx(u) > — (cr — — ) Vall? = Blloo call Vull§ —cecs|Vull’, for allu € Wy"), 
Pp A 


with c},C2,c3 > 0. Choosing e € (0, c,A1), we obtain 


G+ (u) = (C4 = [IBlloo call Vuull? — cs || Vull5,?) Vu? for all w € Wo"(Q), (72) 
P I I 


with constants c4,cs > 0 (depending on the choice of ¢). Consider the function 
o : (0, +00) > R defined by 
a(t) = ||Blloo cot? ? + est” ” for allt > 0. (73) 


There is a unique fy > O such that o(fo) = ae 7 namely 
+00 


— 1 
a (|Plleo ea Da 
es(r = p) 
Then, estimating o (to) (from (73)), we can find A* > O such that o (fo) < c4 whenever 
IBlloo < 4*. From (72), it follows that inf{@,(u) : ||Vullp, = pe} > 0 for p = 
PCB lloo) := to. This completes the proof of Step 3. 


Step 4 For every u € Cj(Q), \ {0}, we have G, (tu) > —0o ast > +00. 
By hypotheses H(g)} (1), (iii.a), given M > 0, we find M7 = M7(M) > 0 such 
that 
G(x,s) > Ms? — M, foraa. x € Q,alls > 0. 

Thus . 

t 

Gx (tu) = — || Vu — Mr? lull? + My|Qly for all t > 0, 
P 


where ||, denotes the Lebesgue measure of &2. Since M > 0 is arbitrary, we can 
choose it such that Mull}, > 5 | Vull> . The conclusion of Step 4 follows. 


Step 5 $4 admits a critical point up € Wy? (Q) \ {0} with G4 (uo) > 0. 
Steps 2-4 permit the application of the mountain pass theorem (see [1]), which 
yields uy € Wy’?(Q) critical point of ¢, such that 
G+(Uo) = Np > O= G+(0). 
This completes Step 5. 
Step 6 G4 admits a local minimizer u € Wy? (Q) \ {0} with @. (a) < 0. 


Let p,7, > 0 be as in Step 3. We consider the ball B,(0) = {u € Wy? (Q) : 
|Vullp < p}. In view of H(g)} (i), we know that inf @4 € (—oo, 0]. Thus, we have 


Bp(0) 
No ‘= fp — inf ~, > 0. Let ¢ € (0,9). By the Ekeland variational principle (see 
Bp(0) 
[12]), there exists v, € B,(0) such that 
P+(ve) < inf G, +e (74) 


B,(0) 
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and 


P+(Ve) <= O+(y) + Ell VOY — Ve)|lp for all y € Bp(O). (75) 


Since € < no, from (74), we have @:(v-) < fjp, hence, ve € B,(0). So, for any 
he Ww,” (&2), we have that vy, + th € B,(0) whenever ¢ > 0 is sufficiently small. 
Taking y = v, + th in (75), dividing by f, and then letting t — 0, we obtain 
—é||Vhl|, < (@'.(ve), 2). This establishes that 


IG. Well Se. (76) 


Consider a sequence ¢, | 0 and denote u, = v,,. Then, from (76), we have 
@! (Un) > 0 in W-}?'(Q) and also (1 + || Vital p)@4.(un) > 0 in W-!?"(Q) as 
n — © (recall that u, € B,(O) for alln > 1). Step 2 implies that we may assume 
that u, > win Wy? (Q) as n — oo, for some i € B,(0). From (74), we have 


$4(a) = inf @, <0. (77) 
Bp(0) 
Since inf $+ = ip > 0, we have u € B,(0), thus i is a local minimizer of @,. 
Bp (0) 
We claim that 


inf @, <0. (78) 
BLO 


By virtue of hypothesis H(g)} (ii), we can find cg > 0 and 5 > 0 such that 
G(x, s) > —cos? for a.a.x € Q, alls € [0, ]. (79) 


Let v € int (C4(Q),) with ||vlloo < 5. Due to (79), for t € (0, 1), we have 


7 t? t? 
Pi(tv) < ri Vv — — f Bix! dx + t? collvll5 - 
Q 


Since g < p, choosing t € (0,1) small, we have g,(tv) < 0 and tv € B,(0). 
This yields (78). Finally, comparing (77) and (78), we obtain that a fulfills the 
requirements of Step 6. 

Theorem 5 follows by combining Steps 1, 5, and 6. 


4.7 Proof of Proposition 3 


Let e € int (C}(Q),) be the unique solution of the equation —A,e = 1 in W~!"(Q) 
(see Lemma 1). We fix € € (0, ae By H(g)3 (ii), we can find 6, € (0, 59) (see 


H(g)t (iii)) such that 


0 < g(x,s) < es?! foraa.x € Q, alls € [0,5,]. (80) 
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Set A* = 627 4(llelloo P _ ¢) > Oand fix A € (0, 4%). It is straightforward to check 
1 
that the number 7, := (Allell%'(1 — ellel[5 ')~!) > satisfies 


0 < mllelloo < 5. and A(mallelloo)™ | + e(mllelloo)? | = me. (81) 
Let uw, = ne € int (Cj (Q),). Then, by (80) and (81), we see that 
—A pt, = np) = Maallelloo)* | + e(mallelloo)? | = AML! + g(x, th) 


in w-!P'(Q), hence, %, is an upper solution of problem (9). Moreover, we have 
It. loo < bs < Sp. 

Note that the function f(x,s, A) = A|s|?~7s + g(x, s) fulfills hypothesis H(f)}- 
Thus, we can apply Proposition 7(a) which yields u, € int(C)j(&2);) satisfying 
u, < WW, in Q and such that éu, is a lower solution of problem (9) whenever é € (0, 1]. 
Then, we fix a sequence {€,},>1 C (0,1] with &, — 0 asn — oo and we let 
UW» = €,U,. From Proposition 6(a), we know that problem (9) has a smallest solution 
ux, in the order interval [w, ,,, 7%] and in addition uz, € int (Cj(Q)+). Thus 


—Apu, = A, + g(x, ui) in w-!'(Q), foralln > 1. (82) 


From (82), the fact that 0 < uz, <u < 6, in Q, and (80), we see that {uj ,}n>1 is 
bounded in W, PQ), thus there is uy, € W, (QQ) such that 


5 SS uy in Wy? (Q) and u;, > u,4 in L?(Q) asin > oo (83) 


along a relabeled subsequence. Acting on (82) with uy, — w+ € Wy ?(Q), then 
letting n — oo and using (80) and (83), we obtain im (=A pW yy Un — Yat) = 0. 


Since — A, is an operator of type (S),, it follows that 
ux, > Wy,4 in Wo'?(Q) asin > ov. (84) 
Passing to the limit in (82) and using (84), we obtain that wu, , is a solution of (9). 


We show that u,,4 € int (C}(Q),). To this end, note that there is # € int (C}(Q),) 
such that 


—A pix) = dix)?! in W>1P'(Q) 


(see [21]). Since uf, € int (Cj(&),), we know that there exists t > 0 such that 
tu < uz, in Q. Lett, = max{t > 0: tu < uz, inQ} forall n > 1. We claim that 
t, => 1 for all > 1. Suppose that there is n > 1 with ¢, < 1. Using H(g)3 (iii) and 
the fact that 0 < US, << do in Q, we have that 


—A pul, =Auj (x)! +8(x, UR, (X)) = Atrix)! > ALPTNaCe)t~! = —Ap (tit) 


a.e. in Q. Invoking [16, Proposition 2.2], we infer that u;,, — fu € int (C4(Q)4), 
which contradicts the maximality of ¢,. Therefore, we obtain that ¢, > 1 for all 


Sign-Changing Solutions for Nonlinear Elliptic Problems Depending on Parameters 359 


n > 1. Hence, we have Up > uin Q for alln > 1. Letting n — oo, we derive that 
U4 > win Q. Since i € int (Cj(Q),), we deduce that uy, € int (C}(Q),). 

Finally, we claim that uw, , is the smallest positive solution of (9). To justify this, let 
u € W,’?(Q) be a nontrivial solution of (9) such that u > 0 a.e. in Q. As in Step 1 of 
the proof of Theorem 5, we have that u € int (C F (),.). In view of Lemma 4, we note 
that % := min{u,@,} is an upper solution of (9). Using that u,m, € int (Cj(2),), 
forn > 1, large we have wu, , = &,U, < Uo in Q. By Proposition S(a), there exists a 
solution u, of (9) in the ordered interval [w, ,,, 40]. Since u; ,, is the smallest solution 
of (9) in [Uy n> Mal, it follows that Un < Un < Up < win Q, which yields uy 4 <uin 
Q. This proves the minimality of u),+. 


4.8 Proof of Theorem 6 


From Theorem 5 and Proposition 3, we know that there exists A* > O such that, given 
X € (0, A*), problem (9) admits two distinct positive solutions u,, a, € int (Cj (Q),) 
as well as a smallest positive solution uw, € int(Cj(Q),) with [ux +llo < 50 
(possibly equal to wu, or m,). Since the hypotheses are symmetric with respect to 
the origin, the same reasoning as in Theorem 5 and Proposition 3 shows that, up to 
choosing A* > 0 smaller, there exist v,,?, € —int (C4(Q)4) distinct solutions of 
(9) as well as a biggest negative solution vy, € —int (Cj(&2);) with ||v,_ Ilo < 40. 
It remains to show that we can find a solution y, € Ch (2) of (9) in the ordered 
interval [v,,_, u,,4] distinct from 0, va,_, uy, because then the extremality property 
of vy, 4,4 Will ensure that y, must be sign changing. 

Recall that we denote f(x,s,A) = Als|9-25 + g(x,s). We consider the 
Carathéodory function fj, _,,) obtained by truncation: 


Alva.) |4-7y,_-(x) + 9X, Va,-(x)) if s < va_(x) 
Fv; 41> 5) = 4 Als|9-75 + g(x, 8) if v(x) <5 < um 4(x) 


Auy(x)?-! + g(x, uy4(x)) ifs > wy4(x) 


and the corresponding C!-functional gj, _,,; defined as in (11). According to 
Proposition 4, it suffices to show that gj, _,,] admits a critical point distinct from 0, 
V,,-» Uy,4. We may assume that @j,, _,,,) has only a finite number of critical points 
(otherwise we are done). 


Claim I yj, and uj, are strict local minimizers of py, u,41- 

We only argue for u,, (the proof in the case of v,,_ is similar). Consider the 
truncation jo, ,} (see (11)). From Proposition 5(a), we know that ¢j0,,.,] admits a 
global minimizer v € Cj (Q)N[0, uy,,]. Arguing as at the end of Step 6 in the proof of 
Theorem 5, we can see that jou, ,)(Wéa,+) < 0 fort € (0, 1) small, which guarantees 
that v 4 0. By the minimality of uw, , and Proposition 4, we get that uw, = v is 
the unique global minimizer of 9, ,}. Since the functionals go...) ANd Pp, 34] 
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coincide on Cc (Q)4, we have that u,,+ is a local minimizer of gp, _.w,_,) with respect 
to the topology of Gi (Q) and so uy,+ is alocal minimizer of gy, _ 4.) With respect to 
the topology of W, *P(Q) (see [13]). In fact, uy, is a strict local minimizer because 


Pvy,-.,4] 18 assumed to have only a finite number of critical points. This proves 
Claim 1. 


The rest of the proof relies on techniques of Morse theory based on the notion 
of critical groups that we recall first. Given two topological spaces A C Y and 
an integer k > 0, we denote by H;(Y, A) the kth singular homology group with 
integer coefficients (see, e.g., [23] for the definition and the properties of the singular 
homology). Given a Banach space X, a functional g € C'(X,R), and an isolated 
critical point x € X of g with g(x) = c, the kth critical group of @ at x is defined as 


Ci(Q.x) = Ayo NU, gp NU \ {x}), 


where yf = {y € X: g(y) <c}, and U C X is any neighborhood of x which does 
not contain other critical points of g (the excision property of singular homology 
guarantees that the definition is independent of the choice of U). 


Claim 2 There is y, € Wo ?(Q) critical point of gp, _,,) which is distinct from 
vy, and u,,4 such that Cy(@p,_ uw, } Ya) FO. 

Say that @p, 4 jO.—) < Pl 4Ja,4) (the analysis is similar in the other 
situation). Since u,4 is a strict local minimizer of g,, _ (see Claim 1), we can 
find 9 > 0 such that 


+] 


Pry, 1) > Plvy,y,4)Ua+) for all u € Boo (ur) \ tua+}- (85) 


Then, there exists p > O such that for all p € (0, 09) we have 


Nh = inf {Pp w,j~ > ||Va- wp = p}> Ply, 3.4 \ Ua). (86) 


To see this, we argue by contradiction. Assume that 7, = @y,_w,,,)(a,+) for some 
p € (0, po). It follows that we can find a sequence {up}n>1 C W; *(Q) such that 


IV (un om Un )|lp =p and Pv», 1,4] Un) < Ptvy,-.1n.4]Ur,4) r 2. for all n ze L. By 
the Ekeland variational principle (see [12]), there is a sequence {v,},>1 such that 


1 
Plvy, 0,41 n) < Ply...) Un)» Vn = Un Il p < A > and Pir, ay. 41 Pnl < " 
(87) 


foralln > 1.Forn > —~, wehave IVOn—Uaw lp < Vn —W4)Ilp+2 < 0, 


pop” 
and so Opry, 1,4] Ur,4) < Ply, 094.1 n) < Pivy,- 9,4 \Un) < Pivy, 1,4 }U,4) + +. 
It follows that Plvy,—atr, On) > Plvy,.ty, ,J@,,4) as n — oo. From this and the 
third relation in (87), since 9p, _.«, ,] Satisfies the Palais-Smale condition (because 
it is coercive), we obtain that the sequence {v,},>, admits a strongly conver- 
gent subsequence {v,,}x>1 whose limit, denoted by vo, satisfies Qj, uw, ,)(Vo) = 
Plvy,.t,,,](Ua,+). Moreover, by the second relation in (87), un, — vo ask — oo, 
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hence, ||V(vo — 4,4)||p = e, which contradicts (85). This establishes (86). Now, 
Claim 2 follows in view of (86) (see [10, p. 90]). 


Claim 3 Ck(@py,_.15,4.) 9) = 0 for all k = 0. 
By H(g)3 (i), (ii) and the boundedness of v,,_ and u,,,, we have 


: A q A q P 
Foyt.) Ss) = Siva sag Xs t) dt = q s| + G(x,s) = q |s| — Ci |s| 
0 


for a.a.x € Q and alls € [v,,_(x), ua,4(x)], with a constant cy > 0. Recalling that 
Ux4,—Va,— € int (Cj (Q),), for each u € Wy’? (Q), we can find t* = t*(u) > 0 such 
that v,_(x) < tu(x) < uy 4(x) for aa. x € Q and all t € (0,f*). Since g < p, 
corresponding to each u € W,’?(Q), u 4 0, we choose t* = f*(u) > O smaller if 
necessary such that 


1 Xr 
Pv; )tU) < —t?||Vull — —t4 \lullZ + cit? llullf < 0 for allt € (0, 2"). (88) 
— P q 
Setting 


vy,-(x) ifs < vy (x) 
Ty(s)= 45 if v(x) < 5 < wy) 
U+(x) if wy4(x) <s, 
we note that |7;.(s)| < |s| and 
Firs 8) = B(x, Te(s)) + AIT <(5)| 7 Te(5). 


Fix pw € (q, p). Using hypotheses H(g)s (ii), (iv), there exist constants c2,c3 > 0 
and 6 € (0, 59) such that 


[A 
MP iy, uy. 1O 5) nas Fy, J SS = zy (é _ i) |T,(s)|4 ~ a(x, T,(s))T,(s) 
> €|T,(s)|* — ¢3|T,(s)/? = 0 


for aa. x € Q and all |s| < 6. Then, taking into account H(g)3 (i), as well as the 
boundedness of v,,_ and u,,4, we obtain 


MFiy, 410055) — for_41%, 8)s > —c4ls|” foraa. x € Qandalls ER, 


for a constant cq > 0. Then, for u € W,?(Q) with Yy, _w,,)() = 0, we have 
d f 
Fi Pena wice OO| ar S (Piva, 1!) u) ~ HPLy;,_,4) 
bb 
= (: = “) | Vull> +f (HP ivy 1X, UX) = Svat, JOC, UX ))u(x)) dx 
Q 


UL : 
> (1 ™ “) Vull? — es|lVull’, 
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with cs > 0. Since r € (p, p*), we can find p > 0 such that 


d ; 
7 Pr,-m.4)tu)| _, > 0 for all wu with 0 < ||Vul|, < p and gy, 1,)@ = 0. 
(89) 


We claim that 


B,(0) 9 @py_ ws, ) is contractible in itself, (90) 


where B,(0) = {w € Wy? (Q) > Vw, < ep} and (gp, ..p° = {w € Wy? (Q) ; 
Pv4,-.1n.4J0W) < O}. Let u € W,y?(Q) with 0 < ||Vullp < p and gy, w,j@ < 0. 
We show that 


Qo» —az.4(tU) < 0 for all t € [0, 1]. (91) 


Arguing indirectly, assume that there exists fo € (0, 1) such that gj, 4, ,}@ou) > 0. 
Since @, _w,,)@) < 0 and gp, _ w;,,] 18 continuous, we can define 


tf = min{t € (4,1): Op,_,,)tu) = O} > to > 0, 
which results in 
Pivy,-,,4]¢U) > O for all t € [f, f1). (92) 


Let v = thu. We have 0 < ||Vv||p < ||Vullp < p and gp, w,)(v) = 0. Therefore, 
by virtue of (89), we have 


d 

ht Pr-m4ItV)|_) > 0. (93) 
On the other hand, from (92), we have py, w.j(iu) = 0 < Op, .w,,)(tu) for all 
t € [to, t,), and thus 


d d : Pv —U j(tu) 
ae Ph, 41tV) |, => Pir, KCU)| = t lim — 


<0. (94) 
dt dt tht t-—t 


Comparing (93) and (94), we reach a contradiction. This proves (91). 

Let h : [0,1] x (B,(0)N (Ptv,,-.4D°) —> BON (ee be defined by 
h(t,u) = (1 — t)u. By (91), we see that h is well defined and continuous, so h is a 
homotopy between /9(0,-) = id BpOWI, ay 41 and ho(1,-) = 0. This establishes 
(90). 

Given u € B,(O) \ {0} such that gp, (4) > 0, we claim that there exists 
t(u) € (0, 1] (necessarily unique) such that gy, 4, )(¢(@)u) = O and 


Psy. (tu) < Oif t € (0, t(u)) and gp, w,..\(tw) > Oift € (tw), 1]. 95) 


Indeed, set t(u) = sup{t € (0,1) > Op, 1,)@u) < O}. By (88), we have that 
t(u) € (0, 1]. By construction we have gp, _w,_.j(¢(w)u) = 0 and gp, ww, )(tu) > 0 
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for t € (t(u), 1], whereas (91) implies that gp, u,,)(tu) < 0 fort € (0,r(u)). If 
there is f € (0, t(u)) such that Pv... (EU) = 0, then, using (91), we see that 


d A Vy,—U. ttu) — Va,— Ua. tu 
77 Pennie CW), = lim Por soot = = tne) <0 
which contradicts (89). We have shown (95). 

We further set t(v) = 1 if u € B,(O) \ {0} is such that gp, ,)4) < 0. The 
so-obtained map ¢t : B,(0) \ {0} — (0, 1] is well defined. 

We claim that the map u +> f(u) is continuous on B,(0) \ {0}. It is sufficient to 
check the continuity of ¢ on the closed subsets {u € B,(0)\ {0}: @py,,_.,4)(4) < O} 
and {u € B,(0) \ {0}: @p,,_.,4)@) = 0} of B,(O) \ {0}. The continuity on the first 
subset is immediate, so it remains to check the continuity on the second subset. Let 
{Un}n=1 C Bp(O) \ {0} be such that gy, .]Un) = 0 for alln = 1 and lim u, = 


no 


u € B,(0)\ {0}. Up to taking a subsequence, we may assume that t(u,) > f € [0, 1]. 
Assume by contradiction that f < t(u), hence fixing t € (@f,t(u)), for everyn > | 
large enough, we have t(u,) < ft, and so (95) implies @y, (fun) > 0. Thereby, 
CN im Ply, u..)tUn) => 0, which contradicts (95). This yields f > 


> 


t(u), and similarly we can prove that f < t(u), sof = t(u). This proves the continuity 
of ut t(u) on B, (0) \ {0}. 

By the continuity of u +> t(u), the map ¢ : B,(0) \ {0} > B,(0)N (Ptvy,—n.41)° \ 
{0} defined by ¢(u) = t(w)u is a well-defined retraction. Since Wo ?(Q) is infinite 
dimensional, B,(0) \ {0} is contractible (see [4]). From this and (90), for o > O small 
enough, we derive that 


City, 4,1 0) = HBO) 0 (Ptvy,-.t3.4))°» BoO) 1 Ptr;,-.2.41)" \ (0) = 0 (96) 


for all k > 1 (see e.g., [15, p. 389]). Claim 3 ensues. 
Comparing Claims 2 and 3, we obtain that y, is a critical point of gj), _u,_,) distinct 
from v,,_, Ua,4,0. The proof of Theorem 6 is complete. 
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On Strongly Convex Functions and Related 
Classes of Functions 


Kazimierz Nikodem 


Abstract Many results on strongly convex functions and related classes of func- 
tions obtained in the last few years are collected in the paper. In particular, Jensen, 
Hermite-Hadamard- and Fejér-type inequalities for strongly convex functions are 
presented. Counterparts of the classical Bernstain—Doetsch and Sierpinski theorems 
for strongly midconvex functions are given. New characterizations of inner prod- 
uct spaces involving strong convexity are obtained. A representation of strongly 
Wright-convex functions and a characterization of functions generating strongly 
Schur-convex sums are presented. Strongly n-convex and Jensen n-convex functions 
are investigated. Finally, a relationship between strong convexity and generalized 
convexity in the sense of Beckenbach is established. 


Keywords Strongly convex (midconvex, Wright-convex, Schur-convex, h-convex, 
n-convex) function - Jensen (Hermite—Hadamard, Fejér) inequality - Inner product 
space - Generalized convex function 


1 Introduction 


Convexity is one of the most natural, fundamental, and important notions in math- 
ematics. Convex functions were introduced by J. L. W. V. Jensen over 100 years 
ago and since then they were a subject of intensive investigations. There are many 
papers, books, and monographs devoted to the theory and various applications of 
convex functions (cf. e.g., [19, 20, 27, 35, 48] and the references therein). 

In this paper we investigate strongly convex functions, that is functions satisfying 
the following condition stronger than the usual convexity. 

Let (X, || - ||) be a normed space, D be a convex subset of X, and c be a positive 
constant. A function f : D — R is called: 
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¢ Strongly convex with modulus c if 


f(tx+(—dy) < tf@) +d -dfQ) - ctl — tIlx — yl? (1) 


for all x, y € Dandt € [0, 1]; 
¢ Strongly midconvex (or strongly Jensen convex) with modulus c if (1) is assumed 
only for t = s, that is 


(3) IOP I) 6, 48 
2 2 4 

We say that f is strongly convex or strongly midconvex if it satisfies the condition 
(1) or (2), respectively, with some c > 0. The usual notions of convex and midconvex 
functions correspond to relations (1) and (2) with c = 0, respectively. 

Strongly convex functions have been introduced by Polyak [44] and they play an 
important role in optimization theory and mathematical economics. Many properties 
and applications of them can be found in the literature (see, for instance, [22, 32, 43, 
44, 48, 53, 55)). 

The aim of this chapter is to collect and bring together many results on strongly 
convex functions and other related classes of functions obtained by the author with 
coauthors in the last few years in the papers [4—6, 18, 30, 31, 40, 41]. In Sect. 2 
we present a support theorem and counterparts of the discrete and integral Jensen 
inequalities for strongly convex functions. We give also conditions under which two 
functions can be separated by a strongly convex function and, as a consequence, ob- 
tain a Hyers—Ulam-type stability result for strongly convex functions. In Sect. 3 we 
discuss properties of strongly midconvex functions. We present, in particular, some 
versions of the classical theorems of Bernstein—Doetsch, Ostrowski, and Sierpiriski. 
We give also a counterpart of the theorem of Kuhn, stating that strongly t-convex 
functions are strongly midconvex. Section 4 contains new characterizations of inner 
product spaces among normed spaces involving the notion of strong convexity. In 
particular, it is shown that a normed space (X, || - ||) is an inner product space if 
and only if every function f : X — R strongly convex with modulus c > 0 is of 
the form f = g+cl|- ||? with a convex function g. Section 5 is devoted to the 
Hermite—Hadamard and Fejér inequalities for strongly convex functions. In Sect. 6 
we introduce, motivated by recent results of S. VaroSanec, the notion of strongly 
h-convex functions and present a Hermite-Hadamard-type inequality for them. Sec- 
tion 7 is devoted to strongly Wright-convex functions. We present there an Ng-type 
representation theorem for such functions. In Sect. 8 we establish a relationship be- 
tween strongly Wright-convex functions and the strong Schur-convexity. Referring 
to the classical result of Hardy, Littlewood, and Polya, we show that strongly convex 
functions generate strongly Schur-convex sums and prove a counterpart of the Ng 
theorem on functions generating strongly Schur-convex sums. In Sect. 9 the notion 
of strongly n-convex functions is investigated. Relationships between such functions 
and n-convex functions in the sense of Popoviciu and characterizations via deriva- 
tives are presented. Some results on strongly Jensen n-convex functions are also 
given. Finally, in Sect. 10, a relationship between strong convexity and generalized 
convexity in the sense of Beckenbach is shown. 


, x,ye Dz (2) 
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2 Strongly Convex Functions 


Strongly convex functions have properties useful in optimization, mathematical 
economics and other branches of pure and applied mathematics. For instance, if 
f : I — R is strongly convex, then it is bounded from below, its level sets 
{x € I : f(x) < A} are bounded for each A and f has a unique minimum on 
every closed subinterval of J (cf. [48, p. 268]). Since strong convexity is a strength- 
ening of the notion of convexity, some properties of strongly convex functions are 
just “stronger versions” of known properties of convex functions. For instance, a 
function f : J > R is strongly convex with modulus c if and only if for every 
xo € intI there exists a number / € R such that 


f(x) = cx — x0)? +(x — x0) + f(xo), x TF, (3) 


i.e., f has a quadratic support at x. For differentiable f, f is strongly convex with 
modulus c if and only if f’ is strongly increasing, i.e., (f’(x) — f’(y))(x — y) = 
2c(x — y)*, x,y € I. For twice differentiable f, f is strongly convex with modulus 
c if and only if f” > 2c (cf. [48, p. 268]; see also [20] for counterparts of these 
properties in R”). In this section we present further properties of strongly convex 
functions. 

We start with a useful characterization of strongly convex functions defined on 
a convex set D C X in the case where X is a real inner product space (that is, the 
norm || - || in X is induced by an inner product: ||x ||? = (x, x)). In the case X = R” 
this result can be found in [20, Proposition 1.1.2]. 


Lemma 1 [40] Let (X, || - ||) be a real inner product space, D be a convex subset 
of X, and c be a positive constant. A function f : D — R is strongly convex with 
modulus c if and only if the function g = f — c\\ - ||? is convex. 


Proof Assume that f is strongly convex with modulus c. Using elementary 
properties of the inner product we get 


g(tx + (1 —t)y) = f(tx + (1 — dy) — elltx + (1 — dy? 
< tf(x) + —n f(y) — et — dix — yl? — elltx + — yl? 
< tf (x) + (1-2) f(y) — e(tC — Hx? — tly) + Hy?) 
+ t7||x||? + 2¢1 — 2)(x|y) +. — 1) Ilyll”) 
= tf (x) +(1—)fQ) - et\lx||? — cA — llyl? 
= tg(x) + (1 — t)g(y), 


which proves that g is convex. Conversely, if g is convex, then 


f(tx +1 — dy) = gtx +(1 — fy) + elltx +1 — dy? 
< tg(x) + (1 —f)g(y) +e (ex)? + 200. — (ely) + — 7 III’) 
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= 1t (g(x) + cllx|l’) + — 2) (g() + cllyll’) 
— ct(1 = #) (IIx Il? — 2(x1y) + Wy’) 
= f(x)+( —N f(y) — ect —d)llx — yIP, 


which shows that f is strongly convex with modulus c. 


Remark 1 Itis shown in Sect. 4 that the assumption that (X, || - ||) is an inner product 
space is not redundant in the above lemma. Moreover, the condition that for every 
f:D—R, f isstrongly convex if and only if f — || - ||? is convex, characterizes 
inner product spaces among all normed spaces. 

Now, recall that a function  : D — R is said to be a support for the function 
f :D-— R ata point xo € D, if h(xo) = f(xo) and h(x) < f(x) forall x € D. 

As a consequence of Lemma | we get the following support theorem. In the case 
where X = R this result reduces to (3) and can be found in [48, p. 268]. 


Theorem 1 Let (X, || - ||) be a real inner product space, let D be an open convex 
subset of X , and letc > 0. A function f : D — R is strongly convex with modulus 
c if and only if, at every point x9 € D, f has support of the form 


h(x) = ellx — xoll? + L@ — x0) + f (x0), 


where L : X — R is a linear function (depending on xo). 


Proof Suppose that f : D > R is strongly convex with modulus c and fix x9 € D. 
Then, by Lemma 1, there exists a convex function g : D > R such that 


f(x) = gx) + ell? 
for all x € D. Being convex g has support at x9 of the form 
hy(x) = Li — x0) + g(o), x € D, 
where L, : X — R isa linear function. Hence, the function h : D > R defined by 
h(x) <= cll? + Lia — x0) + g(ao) 
supports f at xo. Since g(xo) = f (xo) — c||xo||?, we can express h in the form 
h(x) = ¢ (lo? — llxoll?) + LiGe — x0) + FG) 
= cllx — xoll? + 2¢ (xo, x — xo) + Li — x0) + fo) 
= ella — xoll” + LO — x0) + FG), 


where L := L; + 2c (xo,-) is also a linear function. 
To prove the converse, fix arbitrary x,y € D andt e€ (0,1). Put zy := tx + 
(1 — t)y and take a support of f at zo of the form 


A(z) = ellz — zoll? + Lz — 2) + f(zo), z€ D. 
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Then 
f(x) = € (lx — zoll”) + L@ — 20) + fo) 
and 
f(x) = ¢ (lly — zoll?) + LO — zo) + fo). 
Hence 


tf(x)+(—a f(y) = e(tllx - zoll? + — Olly — zoll?) 
+ t(L(x — z) + (1 — t)L(y — 20)) + f (Zo). 
Since 
t\|x — zoll? + —2)lly — oll? = #0 —dIlx — yl, 
and the linearity of L implies that 
tL(x —z%)+d —tHLOy — 2) = 0, 
we conclude that 
f(tx +(1— ty) = f@) < f(x) + (1 — Df) — ctl — Dlx — yl, 


which proves that f is strongly convex with modulus c. 
Now we will present Jensen-type inequalities for strongly convex functions. 
Let x},x2 € J,t € [0,1] and x = tx; + (1 — f)xp. Since 


t(1 — t)l|x1 — x2||? = tl]x1 — 21? + — d)]laxo — ZIP 
we can rewrite condition (1) in the definition of strongly convex functions in the form 
f (tay + (1 — tm) S tf Gn) + A — 1) fF G2) — € (tlle — 21)? + — Dll — 217). 


Extending this relation to convex combinations of n points we obtain the following 
version of the classical discrete Jensen inequality (for X = R see [30]). 


Theorem 2 Let (X, || - ||) be a real inner product space, let D be an open convex 
subset of X , and letc > 0. If f : D > R is strongly convex with modulus c, then 


: es ix] < ya fla) = St Gia, 
i=1 i=l i=l 


forallx,,...,%, € D, ti,... ,t, > Owitht) +---+t, = 1 and % = tx; +--+ -+tyXn. 


Proof Fix x1,...,%, € Dand t,...,f, > 0 such that tf, + --- +14, = 1. Put 
X = tx; +---+,x, and take a function g : D —> R of the form g(x) = c||x — 
x||? + Le — ¥)+ f(*) supporting f at x. Then, for every i = 1,... ,n, we have 


f (xi) = g(xi) = ella: — XI? + ai — %) + fF). 
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Multiplying both sides by ¢; and summing up we get 


n 


Yoaf Oi) =e tll — x? ta ui — 2) + f@). 
i=1 


i=l i=l 


Since )7y_, ti(x; — X¥) = 0, we obtain 


£@) <u foi—e¢ Dilla: — x7, 


i=1 i=1 


which was to be proved. 
In a similar way we can prove a counterpart of the integral Jensen inequality for 
strongly convex functions defined on J C R. 


Theorem 3 [30] Let (X, X’, 2) be a probability measure space, I be an open interval 
and p : X — I be a Lebesgue square-integrable function. If f : I + R is strongly 
convex with modulus c, then 


F( / oldu) < : F@(x))du —e i (v(x) — myY°dy, 
xX x xX 


where m = de g(x)du. 


Proof Putm = Je y(x)d and take a function g : J > R of the form g(x) = 
c(x — my +1(x —m)+ f(m) supporting f atm. Then f(g(x)) => g(g(x)), for all 
x € X. Integrating both sides over X, we obtain 


1 FW(x))du > c / (v(x) — mYdp +1 i Gai—niais / Flm)du. 
xX xX xX xX 


Hence, using the fact that 
[eo - may =o and f fomau = fom, 
we obtain 
fim) < [ flo(x))du = c i (g(x) — mYdy, 


which finishes the proof. 

We will present also a probabilistic characterization of strong convexity obtained 
recently by Rajba and Wasowicz [46]. Given a random variable X we denote by 
E[X] and D?[X] the expected value and the variance of X, respectively (in what 
follows we assume that E[X] and D?[X] do exist). It is known that if a function 
f : 1 = Ris convex then for every random variable X taking values in / 


F(ELX) = ELf(X)]. (4) 
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Conversely, if (4) holds for every X, then f is convex. For strongly convex 
functions we have the following counterpart of this result. 
Theorem 4 [46] A function f : I > R is strongly convex with modulus c if and 
only if 
f(E[X)) < ELf(X)] — eD*[X] (5) 
for any random variable X taking values in I. 


Proof By Lemma | f is strongly convex with modulus c if and only if g(x) = 
fQ@)- cx? is convex. By (4) this is equivalent to 


f(E[X) — ¢ (EX) < ELf(X)] — cE[X?1. 


Because E[X?] — (E[X])* = D?[X], the proof is finished. 

Now we will present a sandwich theorem and a Hyers—Ulam stability theorem for 
strongly convex functions. It is proved in [7] that two functions f, g : J — Rcan 
be separated by a convex function if and only if 


f(tx + (1 — ty) Ss tg@x) + 1 — tay), x,y €T, t € [0, 1). 
The following theorem is a counterpart of that result for strongly convex functions. 


Theorem 5 [30] Let f,g : 1 > Randc > 0. There exists a strongly convex 
functionh : I — Rsuch that f <h < gon] if and only if 


f(tx +(1— dy) < te(x) + (1 -— Dey) — ctl — a — yy, 
x,y el, te [0,1]. (6) 


Proof The “only if” part is obvious. To prove the “if” part assume that f, g satisfy 
(6) and consider the functions f), g; : J — R defined by 


fix) = f(x) — ex’, gi(x) = g(x)— ex”, x El. 
Using (6) we get 
fidx +(1—y) = fx + —ny)—e(tx +1 — ny)? 
< tg(x) + (1 — A)g(y) — ct(1 — x — yy? — ctx +(1 — dy)’ 
= tge(x)+(1 — t)g(y)—etx? -—c(1 — ty? = tgi(x)+C1 — tgi(y), 


for all x, y € I, t € [0,1]. Hence, by the Baron—Matkowski—Nikodem theorem [7], 
there exists a convex function h; : J — Rsuchthat f; < h; < g; on J. Define 
h(x) = hy(x) + cx”, x € 1. Then, by Lemma 1, / is strongly convex with modulus 
cand f<h<gonl. 

As aconsequence of the above sandwich theorem we obtain the following Hyers— 
Ulam-type stability result for strongly convex functions (see [21] for the classical 


372 K. Nikodem 


Hyers—Ulam theorem). Let « > 0. We say that a function f : J > Ris e-strongly 
convex with modulus c_ if 


fitx+(—dy) <tf@)+U-n f(y) - ct -—H@-yP +8, 


for all x,y € J, t € [0,1]. 


Corollary 1 [30] If f : I — R is e-strongly convex with modulus c, then there 
exists a function h : I — R strongly convex with modulus c such that 


If) AG) <5, x7. 


Proof Put g = f +e. By the e-strong convexity of f it follows that f and g satisfy 
(6). Hence, according to Theorem (5), there exists a function h; : J > R strongly 
convex with modulus c and such that f <h, < g = f+eon/. Puttingh = hi —5, 
we get 


If@)— AWS 5, xT, 


and, clearly, h is also strongly convex with modulus c. 


3 Strongly Midconvex and ¢-Convex Functions 


In this section we present some results on strongly midconvex functions. Condition 
(2) defining such functions appears in [48] and [54], but no properties are stated. 
Obviously, every strongly convex function is strongly midconvex, but not conversely. 
For instance, if a : R > R is an additive discontinuous function and f : R > R is 
given as f(x) := a(x) + x’, then f is strongly midconvex with modulus 1, but it is 
not strongly convex (with any modulus) because it is not continuous. In the class of 
continuous functions, strong midconvexity is equivalent to strong convexity because 
of the following lemma. 


Lemma 2 [6] Let D be aconvex subset of anormed space (X, || - ||) and letc > 0. 
If f : D > R is strongly midconvex with modulus c_ then 


Fok lia:\y ere be fee (ta feel 
f an* 2" oe ie Qn ics Qn FY Fn 28 na 
(7) 


for allx,y € Dandallk,n € N such that k < 2”. 


Proof The proof is by induction on n. For n = | (7) reduces to (2). Assuming (7) 
to hold for some n € N and all k < 2”, we will prove it for n + 1. Fix x, y € D and 
take k < 2”+!, Without loss of generality we may assume that k < 2”. Then, by (2) 
and the induction assumption, we get 
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k 1 k _ 1/k 1 k 1 
Cras eos to lg aye? 
22f 2 291 ys a IP 
Z —x egees _ — —||—x pais a 
ae ae 5 i le ea ae: 1S eed 
1-<) poy-e= (1- £) ix -yP 
Qn y Fn Qn ve » 
llx — yl? 


k k k k : 
= Qn+l FQ) We 1 gnt+l f(y) Conti 1 Qn+1 I| x yl Fy 


which finishes the proof. 
Since the set of dyadic numbers from [0, 1] is dense in [0, 1], we get the following 
result as an immediate consequence of Lemma 2 . 


IA 
WN] 
a 
Q| > 
YW 
= 
+ 


Corollary 2 [6] Let D be a convex subset of a normed space and c > 0. Assume 
that f : D — R is continuous. Then f is strongly convex with modulus c if and 
only if it is strongly midconvex with modulus c. 

In fact, strong convexity can be deduced from strong midconvexity under condi- 
tions formally much weaker than continuity. We present a few results of such type. 
They are versions of the classical theorems of Bernstein—Doetsch, Ostrowski, and 
Sierpinski (see [27, 48]). 


Theorem 6 [6] Let D be an open convex subset of a normed space and let c > 0. 
If f : D> R is strongly midconvex with modulus c and bounded from above on a 
set with nonempty interior, then it is continuous and strongly convex with modulus c. 


Proof Being strongly midconvex, f is also midconvex. Since f is bounded from 
above on a set with nonempty interior, it is continuous in view of the Bernstein— 
Doetsch theorem. Consequently, by Corollary 2, itis strongly convex with modulus c. 


Theorem 7 [6] Let D be an open convex subset of R" and letc > 0. If f : D> R 
is strongly midconvex with modulus c and bounded from above ona set A C D with 
positive Lebesgue measure, then it is continuous and strongly convex with modulus c. 


Proof Suppose that f < M on A. Since f is strongly midconvex 


(AP). eee c 


; ; zie? s 


for all x,y € A. This means that f is bounded from above on the set 


Since A(A) > 0, it follows, by the classical theorem of Steinhaus (cf. [27]), that 
i nt(At4) # %. This proves the theorem in view of Theorem 6. 


Theorem 8 [6] Let D be an open convex subset of R" andletc > 0. If f : D> R 
is Lebesgue measurable and strongly midconvex with modulus c, then it is continuous 
and strongly convex with modulus c. 


A+A 
7 
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Proof For each m € N, define the set An := {x € D: f(x) < m}. Since 
D = UAn, there exists mo € N such that A(A,;,,) > 0. Hence, f is bounded 
from above on a set of positive Lebesgue measure, which in view of Theorem 7 
completes the proof. 

Lett bea fixed number in (0, 1) andletc > 0. We say thatafunction f : D—> R 
is strongly t-convex with modulus c if 


f(tx + —dy) < tf) + -df) — ctl — dIlx — yl’ (8) 


for all x, y € D. It is known by Kuhn’s Theorem [28] that t-convex functions (i.e., 
those that satisfy (8) with c = 0) are midconvex. The following result is a counterpart 
of that theorem for strongly t-convex functions. In the proof we apply the idea used 
in [12]. 


Theorem 9 [6] Let D be a convex subset of a normed space X, and lett € (0,1) 
be a fixed number. If f : D > R is strongly t-coe.g.nvex with modulus c, then it is 
strongly midconvex with modulus c. 


; a ey 
Proof Fix x,y € D and putz := =. 


Consider the points vu := tx + (1 —ft)z and v:=tz+(1 —1)y. Then, one can 
easily check that 


z=(1—-f)ut+ty. 


Applying condition (8) three times in the definition of strong t-convexity, we 
obtain 


f@ = A-HfW+t fo) —ct(—d|lu-v|)? 
<(l-n[t f@)+d-N) f@—etd—-4|lx- 217] 
+t f@+0-H fO)-—ctd—4llz—- yl] 

— t(1 —t) lu — vl]? 
=10-a[f(@@)+ fo] + [d-9’ +2] f@ 
et(L—1)[(—2) |x — zi? + tllz— yl? + lle v7, 


and from this last inequality, after regrouping and simplifying, we get 


2 f(z) < f®)+fQ) — eld -4 |x - 2? +4llz—yI? + llu—vI7). 9) 


lx=yll 


Now, since ||x —z|| = |lz— yl] = llu—vl| = , we have 


lx — yl? 
(11) bx 21? +2llz — yl? + lav? = —=—. 


Consequently, inequality (9) can be written as 


6 (AE) = fo < OO Se, 
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which shows that f is strongly midconvex with modulus c. This finishes the proof. 

It is well known that convex functions are characterized by having affine support 
at every point of their domains (see e.g., [48]). An analogous result for midconvex 
functions, stating that they have Jensen support (that is, an additive function plus 
a constant), is due to Rodé [49] (cf. also [26, 38] for simpler proofs). We present 
a counterpart of that result for strongly midconvex functions. In the proof we will 
use the following characterization of strongly midconvex functions in inner product 
spaces. 


Lemma 3 [39] Let X bean inner product space, let D be a convex subset of X and 
letc > 0.A function f : D > R is strongly midconvex with modulus c if and only 
if the function g = f — cll - \\* is midconvex. 


Proof Assume first that f : D > R is strongly midconvex with modulus c. Define 
g(a) = f(a) — ell. 


Then, applying the Jordan—von Neumann parallelogram law, we obtain 


x+y _ x+y X+Y 5 
«( 5 )=r( 5 ) cl— | 
_ f@+fQ) 
o 2; 
_ f@)+fO) _ 
7 2 
_ 8) + 80) 
7 2 


which proves that g is midconvex. 
The converse implication follows analogously. 


c 
lx — yl? — Fle + YIP? 


(2\lx|l? + 2Ilyll’) 


AISA BIO 


Remark 2 It is shown in the next section that the assumption that (X, || - ||) is an 
inner product space is essential in Lemma 3. Moreover, the condition that for every 
f :D—>R, f is strongly midconvex if and only if f — || - ||? is midconvex, 
characterizes inner product spaces among all normed spaces. 

Using the above lemma we obtain the following support theorem. 


Theorem 10 [6] Let (X,(-,-)) be a real inner product space, let D be an open 
convex subset of X and letc > 0.A function f : D > R is strongly midconvex with 
modulus c if and only if, at every point xy € D, f has support of the form 


h(x) = ellx — xoll” + ae — x0) + fo), 
where a: X — R is an additive function (depending on xo). 


Proof Suppose that f : D — R is strongly midconvex with modulus c and fix 
xo € D. Then, by Lemma 3, there exists a midconvex function g : D > R such 
that 


f(x) = g(x) + ellx|/? 
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for all x € D. By Rodé’s Theorem, the function g has support at xo of the form 
h(x) = ay(x — x0) + go), x € D, 


where a, : X — R is an additive function. Hence, the function h : D > R defined 
by 


h(x) = clla|? + aie — x0) + gQ0) 
supports f at xo. Now, since g(xo) = f (xo) — ¢llxoll?, we can express h as 
h(x) = ¢ (Ilo? — llxoll?) + a1@ — x0) + fo) 
= ella — xoll? + 2¢ (x0.x — x0) + aie — x0) + FOr) 
= cllx — xoll? + a(x — x0) + f (x0), 


where a := a; + 2c (Xo,-) is also an additive function. 
. . + 
To prove the converse, fix arbitrary x, y € D, put zo := > and take a support 
of f at zo of the form 


A(z) = ellz — zoll? + a(z — 20) + f(z), zE D. 


Then 
f(x) = c(llx — zoll?) + ae — 20) + f@) 
and 
f(y) = ely — zoll?) + a(y — 20) + fo). 
Hence 
FOO LO” E(x oll? + lly — zal) + 5 (a0 — 20) + a(y — 20)) + Fo). 


Finally, since 
c ay =), Se aA 
5 (lx — zoll? + lly — z0ll?) = Fle — yIP, 
and the additivity of a implies that 
a(x — Zo) + aly — 20) = 9, 


we conclude that 


(72) = ta = fei) Sle — IP, 


2 


which proves that f is strongly midconvex with modulus c. 
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As an application of the above support theorem we get the following version of 
the Jensen inequality for strongly midconvex functions. 


Theorem 11 [6] Let D be an open and convex subset of an inner product space 
X. If f : D — R is strongly midconvex with modulus c, then for all n € 
Nand x,,X2,...,X%, € D: 


n Xj 1 n Cc n 4 
(2) < nD Fa) nl = s\|?, 


i=1 


n 
4 
where s = — >) Xj. 
i=l 


Proof Fix x1,%2,...,X, € D and puts := i x x; . By Theorem 3 there exists an 
additive function a such that f has ats siphon of the form 
h(x) = ellx — sll? + ae —s) + FO). 
Thus, for each i = 1,2,...,n, 
f(%i) = h@i) = ellx; — 8? + a(x; — 5) + f(s). 


Summing up these n inequalities, and using the fact that 


we have 


> f@) = ¢>- xi — SI? +nf©), 


i=1 i=l 


or 


i=1 


f (x “) = f(s) < ~ > fox) - = yo lai — SIP, 
i=1 i=l 


which was to be proved. 
Now we extend the above result to convex combinations with arbitrary rational 
coefficients. 


Theorem 12 [6] Let D be an open and convex subset of an inner product space X. 
If f : D> R is strongly midconvex with modulus c, then 


n n n 
f (> as] < Yogi ftai)—¢ )  aillxi — sll, 
i=l i=l i=l 
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n 
forall x1,...,Xn € D, q1,---,4n € QO, 1) with ai+-+:+qn = lands = » GiXi. 
i=l 


Proof Fix x1,...,X. € D and qi = ki/ly....4n = kn/ln € QN(@, 1) with 


git-::-+4n = 1. Without loss of generality we may assume that/; = --- =/, =: 1. 
Then kj +--- +k, =/. Put yyy = 75 = Viky =I X1, Yat = ++ = Yay = X2,..-, 
Val = °° = Yank, =: Xn- Then 


n n 
$=) am = ae 
i=l 


i=l j=1 


Hence, using Theorem 11, we obtain 


n n kj nk; 
(oan) =7 >> et PYF) (9) -2 OY bu - si? 
i=1 


i=1 j=1 i=l j=l i=1 j=l 


n n 
= Va fei)—¢)oaillxi — sll’, 
i=1 i=1 


which finishes the proof. 


4 Characterizations of Inner Product Spaces Involving 
Strong Convexity 


It is well known that in a normed space (X, || - ||) the following Jordan—von Neumann 
parallelogram law 


lx + yl? + Hx — yl? = 2x1? + 2IIyIP, xy € X, 


holds if and only if the norm || - || is derivable from an inner product. In the litera- 
ture one can find many other conditions characterizing inner product spaces among 
normed spaces. A rich collection of such characterizations is contained in the cel- 
ebrated book of D. Amir [3] (cf. also [1, Chap. 11], [2, 47]). In this section we 
present a new result of this type involving strongly convex and strongly midconvex 
functions. 

We already know (see Lemmas | and 3) that for functions defined on a convex 
subset D of a real inner product space (X, || - ||) the following characterization holds: 
A function f : D > R is strongly convex (strongly midconvex) with modulus c if 
and only if the function g = f — cl] - ||? is convex (midconvex). 

The following example shows that the assumption that X is an inner product space 
is essential in that result. 


Example 1 Let X = R? and ||x|| = |x1| + |x|, for x = (x1, x2). Take f = || - |I?. 
Then g = f —||-||? is convex being the zero function. However, f is neither strongly 


On Strongly Convex Functions and Related Classes of Functions 379 


convex nor strongly midconvex with modulus 1. Indeed, for x = (1,0) and y = (0, 1) 
we have 


(242) <1. 02 10400 Lhe = yp 


which contradicts (2). 

It appears that something stronger can be proved: the assumption that X is 
an inner product space is necessary in Lemmas | and 3. Namely, the following 
characterizations of inner product spaces hold. 


Theorem 13 [40] Let (X, || - ||) be a real normed space. The following conditions 
are equivalent to each other: 


1. Forallc > Oand for all functions f : D > R, f is strongly convex with modulus 
c if and only if g = f — lj - ||? is convex; 

2. For all c > 0 and for all functions f : D > R, f is strongly midconvex with 
modulus c if and only if g = f — cl\ - ||? is midconvex; 

3. There exists c > 0 such that, for all functions g : D — R, g is convex if and only 
if f = g+ell - ||? is strongly convex with modulus c; 

4. There exists c > 0 such that, for all functions g : D > R, g is midconvex if and 
only if f = g + el] - ||? is strongly midconvex with modulus c; 


5. || - |]? : X = Ris strongly convex with modulus 1; 
6. || - ||? : X — R is strongly midconvex with modulus 1; 
7. (X, || - ||) is an inner product space. 


Proof We will show the following chains of implications: / > 3 > 55 7=> 1 
and 254565752. 

Implications / > 3 and 2 => 4 are obvious. To show 3 => 5 and 4 => 6 take 
g =0.Then f = c|| - ||? is strongly convex (resp. strongly midconvex) with modulus 
c. Consequently, 1 f = || - |? is strongly convex (resp. strongly midconvex) with 
Modulus 1. 

To see that 5 = 7 and 6 => 7 also hold, observe that, by the strong convexity or 
strong midconvexity with modulus 1 of || - ||? we have 


xty)2_ Wixi? +llyl? 1 
| |< lx — yll? 
2 2 4 

and hence 


lx + yll? + lle = yll? < 2lbell? + 2ilyI? (10) 


for all x, y € X. Now, putting uw = x + y and v = x — y in (10), we get 


2Ilull? + 2ilvll* < lat vi? +llw—vIP, ve X. (11) 
Conditions (10) and (11) mean that the norm || - || satisfies the parallelogram law, 
which implies that (X, || - ||) is an inner product space. 


Implications 7 => J and 7 = 2 follow by Lemmas | and 3. 
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5 Hermite-—Hadamard and Fejér Inequalities 


In this section we present counterparts of the classical Hermite-Hadamard and Féjer 
inequalities for strongly convex functions. If a function f : J > R is convex then 


b 
f(*) x —/| f(x)dx < f@+t fe) (12) 
2 —aJq 2 


for all a,b € I, a < b. This classical Hermite-Hadamard inequality plays an 
important role in convex analysis and in the theory of inequalities, and it has a huge 
literature dealing with its applications, various generalizations, and refinements (see 
for instance [9, 14, 35], and the references therein). It is also known that if f is 
continuous, then each of the two sides of (12) characterizes the convexity of f 
(cf. [10, 35]). In this section we present a counterpart of the Hermite-Hadamard 
inequality for strongly convex functions. 


Theorem 14 [30] /fa function f : I > R is strongly convex with modulus c then 


LO+ 10) _ 6 _ op 


(13) 


a+b Cc 2 1 
z( ; )+ fo a sz— | fwars 


foralla,beT,a<b. 


Proof The right-hand side of (13) (denoted by (R)) follows by integrating the 
inequality (1) over the interval [0, 1]. 

To prove the left-hand side of (13) (denoted by (L)), fix a,b € I, a < b, and put 
i ah Take a function g : J > Rofthe form g(x) = c(x— sY+m(x—s)+ Sts) 
supporting f at s and integrate both sides of the inequality g(x) < f(x) over [a, b]. 


Remark 3 Similarly as in the case of the classical Hermite-Hadamard inequality, 
each of the two sides of (13) characterizes strongly convex functions under the 
continuity assumption. Indeed, if f is continuous and satisfies (L) or (R), then 
g: I — R given by g(x) = f(x) — cx”, x € I, is also continuous and satisfies 
the left- or the right-hand side of the Hermite-Hadamard inequality, respectively. In 
both cases this implies that g is convex. Consequently, by Lemma 1, f is strongly 
convex with modulus c. 

Now we present a refinement of the above Hermite—Hadamard-type inequalities 
(13) for strongly convex functions. A similar result for convex functions can be found 
in [35, Remark 1.9.3]. 


Theorem 15 [5] Jf a function f : [a,b] — R is strongly convex function with 
modulus c, then 


at+b c > 1 3a+b a+ 3b c 4 
r( 5 )+ 50 op e5|r( zi )er{ ri )]+ e a) 


1 b 
= —/ f(x)dx (14) 
b—-a J, 
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_! E (“+*) ¢ fort) c 2 f@+/O_¢ 


b b a 
=3 2 2 m4? - 2 ao 


Proof Applying the Hermite-Hadamard-type inequalities (13) on each of the 


intervals [a, ath) and [o, b| we obtain 


3a+b c 9 2 a f@+f(#) c 2 
r( )+ 50 ay < -/ f(x)dx< 5) 74? a) 


4 = 
and 

a+3b\ c x, 2. £7 f (S2)+f®) 3 
r( 7 )+£e asp; J, fears . <b - ay. 


Summing up these inequalities we get 


b 
5 (2) + 1(4*)+ Ze ied 2 / Aids 
48 b—al, 


4 4 
fla) + f(b) at+b\ 2c : 
< 5 + r( 5 ) 54? ay. (15) 


Now, using the strong convexity of f and (15), we obtain 


a+b c . BE wae c 7 
r( )+ fo oa s( + 75 a) 


2: 2. 
1 3a+b a+3b c (b-a a Cc 2 
<5|7( 4 Jeri 4 )| at 2 ) +5e _ 


_1f, (3a+5 a+3b c ne ae in 
=r (Eb) +r (22) Ser sf peoan 


Similarly, using once more (15) and the strong convexity of f, we get 


—) oe c 


b 


1 tice: 
of soa <r 


b—-a Ja 


2 2 


1[/f@+f) fia@+fbh) c 2 c 2 
=) 2 v 2 go) ia 
_S@+fO _¢ 


——. 
5 6! a)’, 


which finishes the proof. 
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Remark 4 As aconsequence of the above theorem we obtain that in the Hermite— 
Hadamard-type inequalities (13) the left-hand side inequality is stronger than the 
right-hand one, that is 


t a+b, c 5 f@+fb) c¢ ‘5 
sag | teva Ei 5 ha a] =| 5 z(b a | 


1 b 


It follows immediately from the third inequality in (14). For the classical Hermite— 
Hadamard inequalities an analogous observation is given in [42, p. 140]. 

It is known (see [45]; cf. also [42, p. 145]) that if a function f : 7 > Ris convex 
and x; < x2 <... < X, are equidistant points in J then the following discrete 
analogues of the Hermite-Hadamard inequalities are valid: 


xi + Xn i f(x1) + fn) 
(28) 19° pays Sveti 


The following theorem is a counterpart of that result for strongly convex functions. 


Theorem 16 [5] Let f : [a,b] > R be a strongly convex function with modulus c 
and a = xX, <X2 <...<X, = b be equidistant points. Then 


a+b c(n+1) ,_1x . 
r( 5 +e a) nF) 


IA 


+ f(b —2 
y flayt+ f(b) — c(n > ay. (16) 
2 6(n — 1) 
Proof Since the points x;,... ,xX, are equidistant, we have + n 2% = ae Hence, 


by Theorem 11, we get 


5 (*4*) - (2 Sox) 5 SP sa) £9 oF a 


where s = 1 y= ath To finish the left-hand side inequality in (16) we will 
i=l 


show that 
1 n is 1 
YG —s =" a. 
i 12(n — 1) 
Putting h = pea we have x} =a+(i— Dh, i=1,...,n. From here 


n n n 


* yc sys . ays = ~ (a? + 2ahti - V+G—17 a" 


i=l i=] i=1 
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2ah — — 
ie . : 2 2 
=a + a D G@—1)+ - D (i — 1)" —s*. 


Consequently, using the formulas 


ibs n(n — 1) ee ag (= Dn(2n — 1) 
y é-D)=———_ and DOG-1P= ; 
i=1 2 i=1 


6 
we obtain 
te a 2n—1 » fate’ 
= ,-sv= b b 
nt Ss) a“ +a( a+ a) a) 5 
1 
=a ba), 
12(n — 1) 
which was to be proved. 
To show the right-hand inequality in (16) note that 
i-1 
xj =(1-—q)at+qib, where gq; = not? i=l,...,n. 
n— 


Hence, by the strong convexity of f, 
f(x) = f( = gia + qib) < A - gi) f@ +4: f) — cgi — qi(b - a)’. 


Summing up the above inequalities and using the fact that the numbers (1 — 
gi) f(a) + qi f(b) are terms of an arithmetic sequence, we get 


1 n f@ + f(b) c n . 
Fa > fi) S 5 an IP 26 Gr=2ie =a, 
Now, applying the formula 


Ye -pa-p= SP 
i=1 


we obtain 


n 


1 fay+ f(b) — cn—2) 
7 LAWS G 6(n — 1) 


(b—a)’, 


i=1 


which finishes the proof. 


Remark 5 Note that the sums boa >> f(@;) are the Riemann approximate sums 
i=l 

of the integral r f(x) dx. Therefore, letting n — oo in (16), we get the Hermite— 
Hadamard-type inequalities (13). 
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The Hermite—Hadamard double inequality (14) was generalized by Fejér [16] by 
proving that if g : [a,b] — [0,00) is a symmetric density function on [a, b] (that 
is, g(a+b—x) = g(x) forall x € [a,b], and ae g(x) dx = 1), and a function 
f : [a,b] — Ris convex then 


b b ; 
. (S ) < | f@)g@)dx < ees Ags 


Of course, if g(x) = +, then (18) coincides with (14). 


However, the example below shows that the Fejér-type generalization of (13) of 
the form 


SO+O ey _ oy 


(19) 


b 
1(*)+ Se arf fEcids= 


does not hold, in general, for any symmetric density function g : [a,b] — [0, 00) 
and a strongly convex function f : J > R. 


Example 2 Let f(x) = x? and [a,b] = [—1,1]. Clearly, f is strongly convex 
with modulus c = 1. Take the density function g on [—1, 1] given by 


1, if xe [—4, 5] 


ae | if xe [-1,-4u(4, 1]. 


Then 


: 2 1 1 -1+1 1 
2 2, 2 
x)dx = x“dx = = + 1+ 1), 
[oe a [ 12 > 3 r( 2 ) oh ) 


z 


which shows that the left-hand side inequality in (19) does not hold. 
Now, take the density function g on [—1, 1] defined by 


1, ifr e [—1,-4]U [4,1 
g(x) = ; [ i 2] Is ] 
0, ifx € (-3; 5). 
Then 
; ; 7 1_ f(-1)4+fdq) 1 
2: _ 2 _ i 2 
ie eindx=2f, dr=5>5= 5) pes 


which shows that the right-hand side inequality in (19) does not hold. 
The following theorem is a counterpart of the Fejér inequalities for strongly convex 
functions. 


Theorem 17 [5] Let g : [a,b] — [0,c) be a symmetric density function on [a, b] 
and f : [a,b] > R be a strongly convex function with modulus c > 0. Then 


b 2 b 
AS) +e] f vaenar- (254) |< f S(x)g(x) dx 
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2 2 b 
—f@+ 10) aE Te e(syas]. (20) 


2 2 


Remark 6 Using the Fejér inequalities (18) for the function f(x) = x”, we get 


b 2 b 2 b2 
(< ) <| 2 g(x)dx < 


for every symmetric density function g on [a, b]. Therefore the terms 


b b\2 2 4 7 b 
[ 8 ear- (2) and — -[ x? g(x) dx 


on the left- and the right-hand side of (20) are nonnegative. Consequently, inequalities 
(20) are a strengthening of the Fejér inequalities (18). Note also that inequalities (20) 
generalize the Hermite—Hadamard-type inequalities (13). Indeed, for g(x) = = 
we have 


b 2 2 2 2 b 2 
9 a+b\" (b—a) a~ +b i > _ (b—a) 
/ x g(x) dx ( 5) ) aT and 5) : x g(x) ee 


and then (20) reduces to (13). 


Remark 7 If g is any symmetric density function on [a, b], then 


b 
b 
i xg(x) dx = ceed 
- 2 
atb 


Indeed, putting s = “~ and using the fact that g(2s — x) = g(x), we obtain 


b Ss b 
/ Xxg(x) ax= | xg(x) ax+ f yg(y) dy 


a Ss 


a+b 


=f seeyax+ [ 2s—oewadr=2s [gay =s= _ 


Proof of Theorem 17 To prove the left-hand side of (20) put s = at and take a 
function A : [a,b] > R of the form A(x) = c(x —s)? +m(x —s)+ f(s) supporting 


f ats. Then 


b b 
[ seovware | h(x)g(x) dx 


a 


b b 
= cf x? g(x) dx + (—2es + m) | xg(x) dx 


a 


b 
+ (cs? — ms + rosy f g(x) dx. 
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Hence, using the integrals 


b b 
; g(x) dx =1 and i xg(x) dx = aa = 5S, (21) 


a 


we obtain 


b b 
/ Fa)g(x) dx => cf x? g(x) dx — cs? + f(s) 


a 


b 2 
=1(5*) +e] f ? g(ayas - (“S") |: 


In the proof of the right-hand side of (20) we use inequality (1). 


7 b b-—x x-a 
/ are / f (F=-a4 = *s) seas 
a a b-a b-a 


> /b—x x—a (b — x)\(x — a) 
< | (Jo +10) c (b—ay2 (b a?) g(x) dx 


_ [ (tha —af(b) , fb)- f@ 
— + 5G 
p b-a b-a 


c((a + b)x — ab — ) g(x) dx. 


Now, using the integrals (21), we get 


Pa aE), FIST) a+b 
b-a b-a 2 


2 b 
Cc [S ) ab i: x g(x) ax] 


2 2 b 
pf OEHO, _ Ee iesai). 


b 
i F(x)g(x)dx < 


This finishes the proof. 


Remark 8 Using the probabilistic characterization of strong convexity given in 
Theorem 4 we can derive, alternatively, the left-hand side inequality of (20). Indeed, 
if X is arandom variable with values in [a,b] having a symmetric density function 
g: [a,b] — [0, ov), then 


b 
ELX]= i xe() dx = 44? 


a 


b 
E[X?] = i x? g(x) dx, 


b 2 
D?[X] = E[X?] — (ELX)? = / x? g(x) dx — (¢ * 2) 
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b 
ELf(X)] = / Fer eces 


Thus, if a function f : [a,b] — R is strongly convex with modulus c then, 
substituting the above values to (5), we obtain the left-hand side of (20). 


6 Strongly h-Convex Functions 


In this section we introduce the notion of strongly h-convex functions and present 
a Hermite—Hadamard-type inequality for such functions. Let J be an interval in R 
andh : (0, 1) > (0, co) be a given function. Following S. VaroSanec [53], a function 
f : I = Ris said to be h-convex if 


f(tx +d — dy) shOfG) + hd — 1 f(y) (22) 


forallx, y € J andt € (0, 1). This notion unifies and generalizes the known classes of 

convex functions, s - convex functions, Godunova—Levin functions, and P-functions, 

which are obtained by putting in (22) h(t) =t, h(t) =t', h(t) = i, and A(t) = 1, 

respectively. Many properties of such functions can be found, for instance, in [14]. 
We say that a function f : J > R is strongly h-convex with modulus c if 


faxt+(—Dy) <hAOF@)+hd -—ONfQ)-—et—Ha@- yy — (23) 


for all x, y € Dandt € (0, 1). 
The following result is a counterpart of the Hermite-Hadamard inequality for 
strongly h-convex functions. 


Theorem 18 [4] Leth : (0,1) > (0,00) be a given function. If a function f : I > 
R is Lebesgue integrable and strongly h-convex with modulus c > 0, then 


1 a+b c : lf? 
spl ($2) + 50-0] ea [ro 


1 
<G¢@t+ roy | h(t) dt — 5b —ay 


foralla,beT,a<b. 


Proof Fixa,b € I,a < b, and take u = ta+ (1 —1t)b, v= (1 — t)a + tb. Then, 
the strong h-convexity of f implies 


2 
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Integrating the above inequality over the interval (0, 1), we obtain 
a+b 
(S) 


1 1 
2; (5) [/ flta+(1—nb)at +f f= Ha +tb)dt] 
2 0 0 


1 
i ((2t — 1a + (1 — 28)b) dt 
0 


i\ 2 c ‘ 
=h (5) — / fodx - Fb - ay, 


which gives the left-hand side inequality of (18). 
For the proof of the right-hand side inequality of (18) we use inequality (23). 
Integrating over the interval (0, 1), we get 


b 1 
—/ foods = f f(A —ta + tb)dt 
b-a a 0 
1 1 1 
< fa na — dr ff ninat—o(b ~ ay f (1 —t)dt 
0 0 0 


1 
=(f@+ f)) [ A(t)dt — 5b ay, 


which gives the right-hand side inequality of (18). 
Remark 9 


1. In the case c = 0, the Hermite-Hadamard-type inequalities (18) coincide with 
the Hermite-Hadamard-type inequalities for h-convex functions proved by M. Z. 
Sarikaya, A. Saglam, and H. Yildirim in [51]. 

2. Ifh(t) = t,t € (0, 1), then the inequalities (18) reduce to the Hermite-Hadamard- 
type inequalities (13) for strongly convex functions. For c = 0 we get the classical 
Hermite—Hadamard inequalities. 

3. If h(t) = t*, t € (0, 1), then the inequalities (18) give 

a+b 


rls 


For c = 0 it reduces to the Hermite—Hadamard-type inequalities for s-convex 
functions proved by S. S. Dragomir and S. Fitzpatrik [13]. 
4. If h(t) = i, t € (0, 1), then the inequalities (18) give 


c 7 | i fa+fO)_¢4 
)+qp@-a¥|s5— |] fede = a. 


1 ja+b c 4 1 ? 
b < id < : 
real 5 peas a) <,-, | feds ( < +00) 
The case c = 0 corresponds to the Hermite-Hadamard-type inequalities for 


Godunova-—Levin functions obtained by S. S. Dragomir, J. Peéari¢, and L. E. 
Persson [15]. 
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5. If h(t) = 1, t € (0, 1), then the inequalities (18) reduce to 


1 
2 


a+b 
2 


(oF) + So-ar< is f(ndx = fla) + f(b) — 5b -ay 
24 ~b-a Jaq ~ 6 

In the case c = 0 it gives the Hermite-Hadamard-type inequalities for P-convex 

functions proved by S. S. Dragomir, J. Pecari¢, and L. E. Persson in [15]. 


7 Strongly Wright-Convex Functions 


Let (X, || - ||) be a normed space, D a convex subset of X and let c > 0. A function 
f :D— Ris called strongly Wright-convex with modulus c if 


fax+(—dy)+ fl — px + ty) < FO) + fQ) — 2ct — Dlx — yl? 24) 


for all x, y € Dandt € [0, 1]. 

We say that f is strongly Wright-convex if it satisfies condition (24) with some 
c > 0. The usual notion of Wright-convexity correspond to the case c = 0. Note 
that every strongly convex function is strongly Wright-convex, and every strongly 
Wright-convex function is strongly midconvex (with the same modulus c), but not 
the converse. 


Example 3 Let a : R — R be an additive discontinuous function and f)(x) = 
a(x) +x”, x € R. By simple calculation one can check that f; is strongly Wright- 
convex with modulus 1. However, f; is not strongly convex (even it is not convex) 
because it is not continuous. Now, take the function f2(x) = |a(x)| + x7, x € R. 
Clearly, f2 is strongly midconvex, but it is not strongly Wright-convex (even it is 
not Wright-convex) because it is discontinuous and bounded from below (see [37, 
Proposition 2]). 

In [33] Ng proved that a function f defined on a convex subset of IR” is Wright- 
convex if and only if it can be represented in the form f = f; + a, where /f| isa 
convex function and a is an additive function (see also [37]). Kominek [24] extended 
that result to functions defined on algebraically open subset of a vector space. In 
this section we present a similar representation theorem for strongly Wright-convex 
functions. We start with the following useful fact. 


Lemma 4 [31] Let D be a convex subset of anormed space and c > 0. If a function 
f : D => R is convex and strongly midconvex with modulus c, then it is strongly 
convex with modulus c. 


Proof Fix arbitrary x,y € D, x # y, andt € (0, 1). Since f is strongly midconvex 
with modulus c, it satisfies the condition 


f(qx+(—qy) < gfx) + Ud —- gf) -— cqQ — gyllx — yl’, (25) 
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for all dyadic g € (0,1) (see Lemma 2). Consider the function g : [0,1] ~ R 
defined by 


g(s) = f(sx+(1—s)y), s € [0,1]. 
By (25) we have 


e(q) < qg(1) + (1 — 4)g(0) — cq — glx — yIP, (26) 


for all dyadic g € (0, 1). Since f is convex, also g is convex and hence it is continuous 
on the open interval (0, 1). Take a sequence (q,,) of dyadic numbers in (0, 1) tending 
to t. Using (26) for g = q, and the continuity of g at t, we obtain 


g(t) < tg(1) + (1 — Ag) — ct(1 — dI|x — yl. 


Now, by the definition of g, we get 


ftx+U—dy) <tf@) +0 -—d)fO)— ctl —dIlx — yIP?, 


which finishes the proof. 


Theorem 19 [31] Let D be an open convex subset of anormed space X and c > 0. 
A function f : D — R is strongly Wright-convex with modulus c if and only if there 
exist a function f; : D — R strongly convex with modulus c and an additive function 
a: X — R such that 


f(x) = filx) + a(x), x € D. (27) 


Proof Assume first that f is strongly Wright-convex with modulus c. Then f is also 
Wright-convex and hence, by the result of Kominek [24], f can be represented in the 
form f = f; +a, with some convex function f; and additive function a. Since f is 
strongly Wright-convex with modulus c, the function f — a is also strongly Wright- 
convex with modulus c and, consequently, it is strongly midconvex with modulus c. 
Hence, by Lemma 1, f; = f —a is strongly convex with modulus c, which proves 
that f has the representation (27). The converse implication is obvious. 

Using the above theorem and the representation of strongly convex functions in 
inner product spaces given in Theorem 13, we obtain the following characterization 
of strongly Wright-convex functions in inner product spaces. 


Corollary 3 [31] Let (X, || - ||) be a real inner product space, D be an open convex 
subset of X and c > 0. A function f : D — R is strongly Wright-convex with 
modulus c if and only if there exist a convex function g : D — R and an additive 
function a : X — R such that 


f(x) = g(x) +.a(x) +ellx||?, x € D. 


It is known that if a midconvex function f is bounded from above by a midconcave 
function g then f is Wright-convex and g is Wright-concave. Moreover, there exist 
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a convex function fi, a concave function g;, and an additive function a such that 
f = fitaand g = gi+a (see [25, 34, 36]). In this section we present a counterpart 
of that result for strongly midconvex functions. We say that a function f is strongly 
concave (strongly midconcave) with modulus c if —f is strongly convex (strongly 
midconvex) with modulus c. In the proof of the theorem below we adopt the method 
used in [25]. 


Theorem 20 [31] Let D be an open convex subset of anormed space X and c be a 
positive constant. Assume that f : D — R is strongly midconvex with modulus c, 
g : D —> Riis strongly midconcave with modulus c and f < g on D. Then there 
exist an additive function a : X — R, a continuous function f; : D — R strongly 
convex with modulus c and a continuous function g, : D — R strongly concave 
with modulus c such that 


f(x) = fi@) + a(x) and g(x) = gi(x) + a(x) (28) 
forall x € D. 


Proof Since f is strongly midconvex, it is also midconvex. Therefore, by the theo- 
rem of Rodé [49], there exists a Jensen function a; : D — Rsuch that a,(x) < f(x), 
x € D. This function is of the form 


a(x) =a(x) +b, x € D, 


where a : X — Ris an additive function and b is a constant (see [27]). The function 
81 = g —a is midconcave and 


81(x) = g(x) — a(x) = f(x) — a(x) = b, x € D. 


Therefore by the Bernstein—Doetsch theorem (see [27, 48]), g; is continuous 
and concave. On the other hand, the function f; = f —a_ is midconvex and 
fi < gi, on D. Hence, applying the Bernstein—Doetsch theorem once more, we 
infer that f; is continuous and convex. Using Lemma 1 we obtain that /f, is 
strongly convex with modulus c and g; is strongly concave with modulus c. Thus 
we get the representations (28), which completes the proof. 


8 Strongly Schur-Convex Functions 


In this session we present a relationship between strongly Wright-convex functions 
and the strong Schur-convexity. 

Let J C R be an interval and x = (41,...,%), Y = (1,---, Yn) € I”, where 
n > 2. Following I. Schur (cf. e.g., [29, 50]) we say that x is majorized by y, 
and write x < y, if there exists a doubly stochastic n x n matrix P (ie. matrix 
containing nonnegative elements with all rows and columns summing up to 1) such 
that x = y- P. A function F : J” — R is said to be Schur-convex if F(x) < F(y) 
whenever x < y, x,y Ee 1”. 
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It is known, by the classical works of Schur [50], Hardy—Littlewood—Polya [19] 
and Karamata [23] that if a function f : J — R is convex then it generates Schur- 
convex sums, that is the function F : I” — R defined by 


F(x) = FQ1,...,%n) = fQ1) +--+ + fA) 


is Schur-convex. It is also known that the convexity of f is a sufficient but not neces- 
sary condition under which F is Schur-convex. C. T. Ng [33] proved that a function 
generates Schur-convex sums if and only if it is Wright-convex. In this section we 
introduce the notion of strong Schur-convexity and we present a counterpart of the 
Ng representation theorem for functions generating strongly Schur-convex sums. 

Let (X, ||-||) be a (real) inner product space. We consider the space X” (n > 2) 
with the product norm 


Mall] = Vllail? +--+ + [xnll?, x = Gi... an) € X”. 


Similarly as in the classical case we define the majorization in X”. Namely, given 
two n—tuples x = (%1,...,Xn), Y = O1,---, Yn) € X” we say that x is majorized 
by y, written x = y, if 


(x1,---,Xn) = O1,---. Yn) P 


for some doubly stochastic n x n matrix P. 

Note that if x < y then ||x|||* < ||| y|ll?. It follows, for instance, from the fact that 
the function ||-||7 : X —> R is convex and so it generates Schur-convex sums (the 
proof is exactly the same as in the classical case of X = R; cf. also the proof of 
Theorem 21 below, where we repeat the argument for the sake of completeness). 

Motivated by the definition of strongly convex functions we propose a strengthen- 
ing of the notion of Schur-convexity. Let D be a convex subset of X,c > Oandn > 2. 
We say that a function F : D" —> R is strongly Schur-convex with modulus c if 


x<y = > F(x) < F(y)—c/(tlyll? — Ill’) 


for all x, y € D. Note that the usual Schur-convexity corresponds to the case c = 0. 

Now, we will prove that strongly convex functions generate strongly Schur-convex 
sums and functions generating strongly Schur-convex sums are strongly Jensen— 
convex. 


Theorem 21 [41] Let D be a convex subset of an inner product space (X, ||-||) and 
c > 0. Ifa function f : D > R is strongly convex with modulus c, then for every 
n > 2 the function F : D" — R given by 


F(x1,--+5%n) = FQ +-+++ fn), O1,---5%n) € D", 


is strongly Schur-convex with modulus c. 


Proof Assume that f : D > R is strongly convex with modulus c. Since X is an 
inner product space, the functionh : D — R given by h(x) = f(x)—e|lx|I?, x € D, 
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is convex (cf. Lemma 1). Let x = (11,...,Xn), y = ()1,---,Yn) € D” andx = y. 
There exists a doubly stochastic n x n matrix P = [t;;] such that x = y- P. Then 


n 
a= ye Pa Nyieeg hy 
i=1 


and, by the convexity of h, we obtain 


A(x) +++ + AG) = YA ty) < YO YS Hh) 
j=l i=1 


j=l i=l 
= = Oe = OD Ee = h(y) +++ + hn). 
i=1 j=1 


Consequently, 


F(x) = f@i) +--+ + fn) 
= A(x) +--+ AG) +e (lla? +--+ + lea’) 
<h(yi) +--+ + AOn) + ¢ (Ilaall? ++ + lheall) 
= f(y) +--+ + £On) =e (Ilyll? +--+ + Mynll?) +e (laa? +--+ [laall?) 
= F(y) —¢(Ily ll? — Ill’). 
This shows that F is strongly Schur-convex with modulus c, which was to be 
proved. 


Remark 10 The converse theorem is not true. For instance, if a : R — R is an 
additive discontinuous function, then f : R — R given by f(x) = a(x) + x’, 
x € R, is not strongly convex with any c > 0 (because it is not continuous) but 
it generates strongly Schur-convex sums. To see this take x = (x),...,%,), Y = 
(1,-+->¥n) € R” (n > 2) such that x < y. Then x = y- P for some doubly 
stochastic n x n matrix P = [t;;]. By the additivity of a we have 


a(x) +++ + a(%n) = a(x +++ +n) = a(D) Do ty) 
j=l i=l 


n n 


=a()_ >> 49) =a D0) = aly) +--+ +a(yn). 


i=l j=l i=1 
Hence, 


FQ) +--+ + fGn) = ae) +++ +46) tap te ty 
= a(y)t-++aQa) typ te +I OTH te AT a) 
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= f(y) +++ + £On) = (My? = x17). 


This proves that F : R” — R defined by F(x1,...,%) = f(t) +--+: + fxn) is 
strongly Schur-convex with modulus 1. 


Theorem 22 [41] Let D be a convex subset of an inner product space (X, ||-||), 
c>Oand f:D—R. If for some n > 2 the function F : D" > R given by 


F(x1,.--5%n) = f@i) +--+ fn), G1,---5%n) € D” 


is strongly Schur-convex with modulus c, then f is strongly Jensen-convex with 
modulus c. 


Proof Take y;, y2 € D and put x; = x2 = $(y1 + y2). Consider the points 


Y = (1,25 Y25-++5 V2) X = (%1,X2, Y2,---, V2) 


(ifn = 2, then we take y = (y1, yo), X = (%1, X2)). Now, if 


1 
5 5 0 -- 0 
1 1 
5 4 0: 0 
P=] 0 0 0 
0 0 0 


then x = y- P and x = y. Therefore, by the strong Schur-convexity of F, 


F(x) < F(y) — ce (Illyill? — tell’), 
whence 
yutry yty 
= ey), 


< f(y) + £02) — (lly? + lhoall? = 25 


2f (29) 


By the parallelogram law we have 


1 1 
llyill? + lly2ll? = 5 ll + yall? + zi — yl’. 


Consequently, by (29), 


f (2 +) e food + fOr) 


c 2 
3 lly — yall’, 


- 2 4 


which means that f is strongly Jensen-convex with modulus c. 


Remark 11 The converse theorem is not true. For instance, let a : R — R be an 
additive discontinuous function such that a(1) = 0 and let t € (0, 1) with a(t) £ 0. 
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Then the function f : R > R given by f(x) = |a(x)| + x”, x € R, is strongly 
Jensen-convex with modulus | (because x > f(x)— x? = |a(x)| is aJensen-convex 
function, (cf. Lemma 3), but it does not generate strongly Schur-convex sums with 
modulus 1. Indeed, ifn = 2, x = (t, 1 — t) and y = (1,0), then x = y, but 


F(x) = |a(t)| + lad —)| +740 -1) > P+ -1°=F(y)— (lly? = x17). 


The following result is a counterpart of the theorem of Ng [33]. It characterizes 
the functions generating strongly Schur-convex sums. 


Theorem 23 [41] Let D be a convex subset of an inner product space (X, |\-|l), 
f :D— Randc > 0. The following conditions are equivalent: 


(i) For every n > 2 the function F : D" — R defined by 
F(x1,.--.Xn) = fi +--- + fn), (x1,.--,Xn) € D", (30) 


is strongly Schur-convex with modulus c. 

(ii) For some n > 2 the function F given by (30) is strongly Schur-convex with 
modulus c. 

(iii) The function f is strongly Wright-convex with modulus c. 

(iv) There exist a convex function g : D — Rand an additive function a : X > R 
such that 


f(x) = g(x) +a(x) +ellx||?, x € D. (31) 


Proof The implication (i) ==> (ii) is obvious. 
To prove (ii) = > (iii) fix y1, v2 € Dandt € (0,1). Put 
xy =H=ty tty, x =UA-t)y 4+ ty 


and, ifn > 2, take additionally x; = y; = z € D fori = 3,...,n. Then, by the 
similar argumentation as in the proof of Theorem 22, we have 


x= (Xiy202g ey) xy= (Y1,-+->Yn)- 
Therefore, using the strong convexity of F’, we obtain 
F(x) < FQ) = (Illy? = Ie’), 


and hence 


f(y +d —t)y2) + f (A - dy + ty) <= fOr) + fOr) 
—ce(Ilyil? + lly2ll? = on + = Dyell? — 1d —)y1 + lI). G2) 


Using elementary properties of the inner product we get 


llyill? + Hy2ll? = Ilty1 + = yall? = I = Dy + ty? 
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= lly? + yall? 
= (lly? + = 27 Iyell? + =O? yl? + Allyl? + 44 — 2)(yily2)) 
= 24(1 — 1) (Ilyill? — 201192) + ILyall?) = 2 — Olly — yell”. 


Consequently, from (32) we get 


f(ty: + —t)y2) + f(A — ty + ty) < FO) + FO) — 2ctd — Dllyi — yell’, 


which means that f is strongly Wright-convex with modulus c. 

The implication (iii) = > (iv) follows from Corollary 3. 

To see that (iv) = > (i) assume that f has the representation (31). Then the 
functionh = g+c|l-||* is strongly convex with modulus c and hence, by Theorem 21, 
it generates strongly Schur-convex. Therefore, for any x = (X),...,%)) < y = 
(O1,---, Yn) we have 


h(x) +++ + hn) < h(i) + +++ + AOn) = € (Ilyll? = Ile?) 
Consequently, using the additivity of a (similarly as in Remark 10), we arrive at 


F(x) = far) +++ Gn) = AQ) +--+ + AGn) + a1) + + an) 
< h(i) +--+ +.AOn) = € (lly? = [ell?) + av) +++ + a0n) 
= fot + £0) =e (ily? = Hel?) = FO) — e (Ilyll? = Mell?) 


which shows that F is strongly Schur-convex with modulus c. This finishes the proof. 


9 Strongly Convex Functions of Higher Order 


In the classical theory of convex functions their natural generalization are convex 


functions of higher order. Let us recall the definition. Let n € N and Xxo,... ,X, 
be distinct points in 7. Denote by [x,... ,x,3 f] the divided difference of f at 
Xo,--- »Xy defined by the recurrence 
[xo; f] = fo), 
[xo.- Xn fl _.. oa Xn3 f] _ [Xo,. oe »%nmts FY a N. 
Xn — X0 


Following Hopf and Popoviciu a function f : J > Ris called convex of order n 
(or n-convex) if 


[xo,.-- Xn413 f] = 0 


for all x9 < ... < X,4, in J. It is well known (and easy to verify) that 1-convex 
functions are ordinary convex functions. Many results on n-convex functions one 
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can found, among others, in [45, 27, 48]. In this section we introduce the notion of 
strongly n-convex functions and investigate properties of this class of functions. Let 
c be a positive constant and n € N. We say that a function f : J] > R is strongly 
convex of order n with modulus c (or strongly n-convex with modulus c) if 


[xo,--. Xn413 ff] = c, (33) 
for all xp < ... < x,4) in J. Note that for n = 1 condition (33) reduces to 


f (Xo) as fx) f (x2) 


(x9 — X1)(X0 — X2) (X41 — X01 — 2) (X2 — X0)(X2 — 1) 


> 


or 


X2—X 1 


~ f (xo) + 


x 
X2 — Xo X2 


fa) <s 


= 
x S (x2) — e(x2 — x1)(%1 — x0), X09 < X1 < XD. 
— Xo 


Hence, putting = 21 and, consequently, 1 —¢ = 5—) and x; = txo + (1 — 
t)x2, we get 


f (txo + (1 = t)x2) < tf x0) + A = 1) f 2) — etl = 1) — x0)? 


for all x9,x2 € ZT and ¢ e€ (0,1), which means that f is strongly convex with 
modulus c. 

The following theorem gives a relationship between strongly n-convex and n- 
convex functions. It plays a crucial role in proving results of this section. Forn = 1 
it reduces to Lemma 1. 


Theorem 24 [18] Let C Rbeaninterval,n € Nandc > 0.A function f : I > R 
is strongly n-convex with modulus c if and only if the function g(x) = f(x)—cx"*}, 
x € TI, is n-convex. 

The proof of this theorem is based on the following simple facts whose proofs are 
straightforward. 


Lemma 5 For each distinct xo,... ,X, € R the operator [xo,... ,Xn3 +] is linear. 


Lemma 6 [x0,... ,X,3 x"] = 1 for eachn € N and distinct xo,...,X, ER. 
Proof of Theorem 24 If f is strongly n-convex with modulus c and g(x) = 
f(x) — cx"*!, then, by Lemma 5 and Lemma 6, we get 


. . . 1 
[xo,-- + 5 X%n213 8] = [xo --. » Xnai fl — Leo... tneriex” ] = e—c=0, 


which means that g is n-convex. Conversely, if g is n-convex then for f(x) = 
g(x) + cx"*! we have 


7 : 7 1 
[XG Xn4ii f] S [Xo,..- Xn413gl+[%,... te eT eal ] = O+c=c, 


which proves that f is strongly n-convex with modulus c. 
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It is known that a function f : J — R defined on an open interval J is n-convex 
withn > 1 if and only if it is of the class C"~! in J and its (n — 1)th derivative f"~)) 
is convex (see [27, Thm. 15.8.4]). Moreover, if f is of the class C” in J then it is 
n-convex if and only if f is increasing in /, and also if f is of the class C"*! in 
I then it is n-convex if and only if f+” is nonnegative in J (see [27, Thm 15.8.5, 
Thm 15.8.6]). The following theorems are counterparts of these results for strongly 
n-convex functions. 


Theorem 25 [18] Let J C R be an open interval, c > 0, andn > 1. A function 
f : 1 = Ris strongly n-convex with modulus c if and only if it is of the class C"—! 
in I and its (n — 1)th derivative f—" is strongly convex with modulus suit I)t. 


Proof (=) Assume that f is strongly n-convex with modulus c. By Theorem 24 f 
can be represented in the form f(x) = g(x) + cx"t!, x € I, where g is an n-convex 
function. Hence 


FOP) = gD) + san +1 x2, x1. 


Since g—") is convex, this representation means that f“~) is strongly convex 
with modulus 5(n + 1)!. 
(<) By the assumption and Theorem 24 f"~ is of the form f“~ P(x) = g(x) + 
pea! x’, x € I, with a convex function g. Integrating both sides n — 1 times, 
we obtain 


f(x) = G(x) +ex"!, x eT, 


where G is an n-convex function. Thus, by Theorem 24, f is strongly n-convex with 
modules c. 

The next theorem shows that f is strongly n-convex if and only if its nth derivative 
is strongly increasing in some sense. 


Theorem 27 [18] Let J C R be an open interval and f : I > R be of the class 
C" in I. Then f is strongly n-convex with modulus c if and only iff satisfies the 
condition 


(FR) — FPONG — y)z cla + DIG — yY, ay EL. eC 


Proof (=>) By Theorem 24 f is of the form f(x) = g(x) + cx"*!, x € 1, with an 
n-convex g. Hence 


fe) = gM) tent Dix, x EI. 
Since g) is increasing, we have 
(8@) — BON) —y) 20, xy ET. 
Thus, for all x, y € J, 


(FH) — FPONA — y) = (8M) — gO) — y) + e(n + DW — yy? 
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>c(n+ Dix — yy. 
(<) Assume (34) and put g(x) = f(x) — ex"*!, x € J. Then 
(g(x) — EON — y) = (FM@ — FP ONG — y)-— cn + DIG — y)? = 0, 


which means that g is n-convex. Thus, by Theorem 24 again, f is strongly n-convex 
with modulus c. 


Theorem 27 [18] Let I C R be an open interval and f : I > R be of the class 
C"*! in I. Then f is strongly n-convex with modulus c if and only if f°” > 
cn+ 1)! x el. 


Proof (=>) Since f(x) = g(x) + cx"*!, x € J, with an n-convex g, we have 
FM) = gM) + e(n + I> cn +1) x El. 
(<) Put g(x) = f(x) — cx"*!, x € J. Then 
g(x) = FM) —cn4+ I! >0, x ET, 


which means that g is n-convex. Hence f is strongly n-convex with modulus c. 
Now, we recall the definition of Jensen n-convex functions and extend it to strongly 
Jensen n-convex functions. 
Let A‘ be the difference operator of nth order with increment h > 0 defined by 
the recurrence: 


AR F(x) = f(x), ARF(x) = AR! fe +h) — AT! f@), n EN. 


A function f : J — R is said to be n-convex in the sense of Jensen (or Jensen 
n-convex) if 


Ae Fay =O 


for all x € J andh > Osuchthatx+ (n+ 1h € I (cf. e.g., [27, 48]). 
We say that a function f : 1 > Ris strongly n-convex with modulus c > 0 in the 
sense of Jensen (or strongly Jensen n-convex with modulus c) if 


ANT F(x) = cn + Dh"! (35) 


for all x € J andh > O such that x + (n+ 1h € I. Note that for n = 1 condition 
(35) reduces to 


AG fx) = 2c? 
or 


f(x + 2h) —2f (x +h) + f(x) = 2ch’. 
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Putting uv = x and v = x + 2h, we obtain 


which means that f is strongly Jensen convex with modulus c. 


Remark 12 Every function f : J — R strongly n-convex with modulus c is 
strongly Jensen n-convex with modulus c. It follows from the fact that if points 
Xo <... <Xn41 are equally spaced, thatis x; = x9 +ih, i = 1,...,n+1, with 
some h > O, then 


Ant! f (x0) 


[xo,..- Xn4is SI] = (n+)! Artt 


(see Kuczma [27, Lem. 15.2.5]). If f is strongly n-convex with modulus c, then 
[xo,--- .Xn¢1; f] = ¢ forall x9 < ... < X,4, in J. In particular, for equally spaced 
points we get 


ANT f (x0) = [X0.--- ngs fin + DEA"! > c(n + tn", 


which means that f is strongly Jensen n-convex with modulus c. 
The next result is analogous to Theorem 24 and gives a relationship between 
strongly Jensen n-convex functions and Jensen n-convex functions. 


Theorem 28 [18] Let J C R be an interval, n € N andc > 0.A function f : 
I —> R is strongly Jensen n-convex with modulus c if and only if the function 
g(x) = f(x) —cx"*!, x € I, is Jensen n-convex. 

The proof of this theorem is based on the following simple facts. 


Lemma 7 [27, Lem. 15.1.1] The operator Aj, is linear. 


Lemma 8 Aj x" =nth", foreveryn € N,x €R and h>0. 
Proof of Theorem 28 (=>) Using the strong Jensen n-convexity of f and Lemmas 
7 and 8 we get 


Ant! g(x) = Att f(x) — AR "tl > et DA"! — cnt Dt h™ =0, 


which shows that g is Jensen n-convex. 
(<=) By the Jensen n-convexity of g we have 


Ant f(x) = ART ex) + ART xt > cnt Dh", 


which proves that f is strongly Jensen n-convex with modulus c. 

It is known that Jensen n-convex functions need not be continuous (and hence 
they need not be n-convex). However, for continuous functions the concepts of n- 
convexity and Jensen n-convexity are equivalent. There are also many theorems 
giving relatively weak conditions under which Jensen n-convex functions are con- 
tinuous (cf. e.g., [27, Chap. 15], [11, 17, 48] and the references therein). Similar 
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results hold for strongly Jensen n-convex functions. We present here, as an example, 
a counterpart of the classical theorem of Ciesielski [11] (cf. also Ger [17]). 


Theorem 29 [18] Let I be an open interval andn € N. If a function f : I > Ris 
strongly Jensen n-convex with modulus c > 0 and bounded on a set A C I having 
positive Lebesgue measure (or of the second category and with the Baire property), 
then f is continuous on I and strongly n-convex with modulus c. 


Proof By Theorem 28, f is of the form f(x) = g(x)+ cx"*!, x © I, where g is 
Jensen n-convex. If f is bounded on A, then g is also bounded on A (without loss of 
generality we may assume that A is bounded). Hence, by the theorem of Ciesielski, 
g is continuous and n-convex. Consequently, f is continuous and strongly n-convex 
with modulus c. 


10 Connections with Beckenbach Generalized Convexity 


The fact that a function f : J — R is convex means, geometrically, that for any 
two distinct points on the graph of f the segment joining these points lies above the 
corresponding part of the graph. Beckenbach [8] generalized this idea by replacing 
the segments by graphs of continuous functions belonging to a two-parameter family 
F of functions. The generalized convex functions obtained in such a way have many 
properties known for the classical convex functions (cf. e.g., [8, 39, 48]). In this 
section we will show that strong convexity is equivalent to generalized convexity 
with respect to a certain two-parameter family. 

Let F be a family of continuous real functions defined on an interval J C R. 
Following Beckenbach [8] we say that F is a two-parameter family if for any two 
points (x1, 1), (%2, y2) € J x R with x; 4 x2 there exists exactly one g € F such 
that 


g(x;)=y; for i=1,2. 


The unique function g € F determined by the points (x1, y1), (x2, y2) will be 
denoted by @;,y,), (x3,y2)- A function f : J — R is said to be convex with respect to 
F (briefly, F—convex) if for any x1,x2 € I,.x, < x2 


F(X) SF Peer, foer),00,f02(*) for all x € [x, x2]. 
The definition above is motivated by consideration of the class 
F ={ax+b:a,beR}. 


It is clear that F is a two-parameter family and F—convexity coincides with the 
classical convexity. In a similar way we can characterize the strong convexity.Given 
a fixed number c > 0 define 


Fe = {ex? +ax+b:a,b € R}. 
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Clearly, F,. is also a two-parameter family and the following theorem holds. 


Theorem 30 [30] A function f : I > R is strongly convex with modulus c if and 
only if f is F.—convex. 


Proof Fix x,,x2 € I and take @ = @(x,,f(x1)),@2,f@2)) € Fe. Then g(x) = 
cx? +ax +b, where the coefficients a, b are uniquely determined by the conditions 
y(x;) = f(x), i = 1,2. Hence, for every t € [0, 1], we have 


gGx +0 =f —ctigs =p tay, +e) +b 
=c(t?x7 + 20(1 — t)xyx2 + (1 — 1)? x3) + a(txy + (1 — tx) +b 
= t(ex? + ax, +b) + (1 — tex} + axz +b) — ct(L = t) (xf — 2x1x2 + x3) 
= tf (x1) + (1 — 1) f(%2) — ctl — (x1 — 2). 


From here, if f is F.-convex, then 


Sf (tx, + = t)x2) S Go, F001), fa) (041 + 1 — £)x2) 
= tf(x1) + Ud — 1) f (x2) — ct — G1 — 2)’, 


which means that f is strongly convex with modulus c. 
Conversely, if f is strongly convex with modulus c, then 


f(tx; + (1 = t)x2) < tf) + 1 — Df 2) — ctl — DQ — 22) 
= Px, f(e1),0, fr) (C41 + C1 — £)x2), 


which shows that f is F,-convex. 

Due to Tornheim [52], the idea of Beckenbach has been extended by taking 
n-parameter families. The so obtained generalized convex functions have many prop- 
erties known for n-convex functions (see e.g., [8, 9, 39, 48, 52]). We will show that 
strong n-convexity is equivalent to generalized convexity with respect to a certain 
n-parameter family. 

Let n > 2. A family F of continuous real functions defined on an interval 7 C R 
is called an n-parameter family if for any n points (x), y,),.-- ,(%1.¥n) € J x R with 
x1 <...<X, there exists exactly one g € F such that 


o(xi)=y; for i=1,...,n. 


The unique function g € F determined by the points (x1, y1),... , (Xn, Yn) Will be 
denoted by (x,,51),....(tn.yn) -& function f : J > R is said to be convex with respect 
to the n-parameter family F (briefly, F-convex) if for any xj <...< x, inI 


FX) FS Der, fo) ins fen) Os % © Xn-1, Xn]. 
It is well known that if 


Fn = {anx" +++» + a,x +9: dg,...d, € R}, 
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i.e., F, is the set of all polynomials of degree at most n, then F,, is an (n+ 1)-parameter 
family and the generalized convexity with respect to F,, coincides with n-convexity 
(cf. [48, 52]). In a similar way we can characterize the strong n-convexity. Let c > 0 
be a fixed number and 


1 
Frye = {ex™t! + agx” + +++ + ax + ao 3 a,.-.dn € R}. 


Clearly, F< is also an (n + 1)-parameter family and the following theorem holds. 


Theorem 31 [18] A function f : I > Ris strongly n-convex with modulus c if and 
only if f is Fy. ¢-convex. 


Proof Fix arbitrarily points x,,...,x,4, in J. Let g be the unique polynomial in 
Fn determined by y(x;) = f(x), i = 1,...,n +1. Then y defined by 


w(x) = g(x) — ex™!, x eT, 
belongs to F, and is uniquely determined by (xi) = f(xi) — <e. i= 
1,...,” + 1. Clearly, 


F(x) = 9), X € in, Xnt1] 


if and only if 
f@)—- le = W(x), x € (ns nga |» 


This means that f is F,,,--convex if and only if f(x) — cx"t! is F,-convex. Since 
the F,,-convexity is equivalent to the n-convexity, we obtain, by Theorem 24, that 
Fn -convexity is equivalent to the strong n-convexity with modulus c. 
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Some New Algorithms for Solving General 
Equilibrium Problems 


Muhammad A. Noor and Themistocles M. Rassias 


Abstract In this chapter, we investigate some unified iterative methods for solv- 
ing the general equilibrium problems using the auxiliary principle technique. The 
convergence of the proposed methods is analyzed under some suitable conditions. 
As special cases, we obtain a number of known and new classes of equilibrium and 
variational inequality problems. Results obtained in this chapter continue to hold for 
these new and previously known problems. The ideas and techniques of this chapter 
may inspire the interested readers to explore applications of the general equilibrium 
problems in pure and applied sciences. 


Keywords Variational inequalities - Algorithms - Auxiliary principle - Convergence 
analysis - Fixed point problems 


1 Introduction 


Equilibrium problems theory provides us a natural, novel, and unified framework 
to study a wide class of problems arising in economics, finance, transportation, 
network, and structural analysis, elasticity and optimization. Equilibrium problems 
were introduced by Blum and Oettli [1] and Noor and Oettli [20] in 1994. Since then, 
the ideas and techniques of this theory are being used in a variety of diverse areas 
and proved to be productive and innovative; see [1, 2, 3-22]. Equilibrium problems 
also include variational inequalities and related optimization problems as special 
cases. Inspired and motivated by the recent research work going in this field, Noor 
and Rassias [19] considered and investigated a new class of equilibrium problems, 
which is called mixed quasi general equilibrium problems. There are several meth- 
ods including projection and its variant forms, Wiener—Hopf equations, and auxiliary 
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principle for solving variational inequalities. It is known that projection methods and 
variant forms including Wiener—Hopf equations can not be extended for equilibrium. 
This fact has motivated to use the auxiliary principle technique. Glowinski, Lions, 
and Tremolieres [5] used this technique to study the existence of a solution of the 
mixed variational inequalities, whereas Noor—Noor-Rassias [11] used this technique 
to suggest and analyze an iterative method for solving mixed quasi variational in- 
equalities. It is well known that a substantial number of numerical methods can be 
obtained as special cases from this technique; see [5, 13-15, 17-19]. We again use 
the auxiliary principle technique to suggest a class of new iterative methods for solv- 
ing mixed quasi general equilibrium problems. The convergence of these methods 
requires only the jointly monotonicity of the trifunction in conjunction with skew 
symmetry of the bifunction. Since mixed quasi general equilibrium problems include 
equilibrium, general variational inequalities, and complementarity problems as spe- 
cial cases, results obtained in this chapter continue to hold for these problems. Our 
results can be considered an important and significant extension of the known results 
for solving equilibrium, variational inequalities, and complementarity problems. 


2 Preliminaries 


Let H be areal Hilbert space whose inner product and norm are denoted by (., -) and 
||.|| respectively. Let K be a nonempty and closed set in H. We recall the following 
concepts and notations, which are needed. 


Definition 1 ({3, 21]). Let K be any set in H. The set K is said to be g-convex 
(relative convex), if there exists a function g : K —~> K such that 


g(u) + t(g(v) — g(u)) € K,Vu,v € AH: g(u), gv) € K,t € [0,1]. 


Note that every convex set is a relative convex, but the converse is not true, see 
(3, 21]. In passing, we remark that the notion of the relative convex set was introduced 
by Noor [10] implicitly in 1988. 


Definition 2 The function f : K —~> H is said to be g-convex (relative convex), 
if there exists a function g such that 


f(g) + tg) — gy) < A-Of(g@) + tf(sO)), 
Vu,v € H: g(u), g(v) € K,t € [0,1]. 


Clearly every convex function is relative convex, but the converse is not true; 
see [3, 21]. For the properties, applications and other aspects of the relative convex 
functions and convex sets, see [1, 12, 16, 17] and the references therein. 

For given continuous trifunction F(.,.,.) : K x K x K —> R, continuous 
bifunction g(.,.): H x H — > RU {oo} and nonlinear operators T,g : H — H, 
consider the problem of finding u € H : g(u) € K such that 


F(g(u), T(g(u)), 8(v) + (g(r), 8) — P(g), 8) 20, Wel: gvek, 
(1) 
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which is called the mixed quasi general equilibrium problem with trifunction, 
introduced and studied by Noor and Rassias [19]. 
We now discuss some special cases. 


I. If g = I, where J is the identity operator, then problem (1) is equivalent to 
finding u € K such that 


F(u, T(u), v) + gv, uw) — gu, u) > 0, Wek, (2) 


which is the mixed quasi equilibrium problem with trifunction, introduced and 
studied by Noor [15, 17]. 

II. We note that for F(g(u), T(g(u)), g(v)) = (T(g(u)), g(v) — g(v)), problem (1) 
is equivalent to finding u € H : g(u) € K such that 


(T(g(u)), 8) — g(u)) + G(8@), 8) — (8), 8) 2 O,WV E H: gv) Ee K. 
(3) 


Inequality (3) is known as the mixed quasi general variational inequality, which 
was introduced by Noor [15]. 

Ill. If g(., .) = g(.) is the indicator function of a closed and relative convex-valued 
set K(u), then problem (1) reduces to finding u € H : g(u) € K(u) such that 


F(g(u), T(g(u)), 8(v)) 2 0,Vv € A: g(v) € Ku), (4) 


which is called the general quasi equilibrium problem and appears to be a new 
one. 

IV. If F(g(u), T(g@)), gv) = (T(g(), g(v)— g@)), then problem (4) is equivalent 
to finding u € H : g(u) € K(u) such that 


(T(g()), 8) — g(u)) = 0,Vv € H: g(v) € K(w), (5) 


which is known as the general quasi variational inequality introduced by Noor 
[15]. For the applications and numerical methods of general quasi variational 
inequalities; see [3-20] and the references therein. 

V. If g = I, the identity operator, the general quasi variational inequalities (3) are 
equivalent to finding u € K such that 


(Tu,v — u) + 90), u) — g(u,u) > 0, V ve K, (6) 


which are known as the mixed quasi variational inequalities; see [3-19]. 


VI. We note that for F(g(u), T(g(u)), g(v)) = B(g(u)), T(g()), g(v) — g(v)), 
problem (1) is equivalent to finding u € H : g(u) € K such that 


B(g(u), T(g(u)), gv) — g(u)) + G(s), gu) — (g(u), g(u)) = 9, 
Wel: gvek. (7) 


Inequality (7) is known as the mixed quasi general trifunction variational inequality, 
which appears to be new one. 
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It is clear that problems (2)—-(7) are special cases of the general equilibrium prob- 
lems (1). In brief, for a suitable and appropriate choice of the operators T, g, and 
the space H, one can obtain a wide class of equilibrium, variational inequalities, 
and complementarity problems. This clearly shows that problem (1) is quite general 
and unifying one. Furthermore, problem (1) has important applications in various 
branches of pure and applied sciences; see [1, 2, 3-22]. 


Definition 3 [19]. The trifunction F(.,.,.): K x K x K — R with respect to the 
operators 7, g, is said to be: 


(i) partially relaxed jointly strongly monotone, if there exists aconstant a > 0 such 
that 


F(g(u), T(gw)gv)) + F(g(v), T(g()), 8@)) < allg(@) — gw)’, Wu, v,z € K. 


(ii) jointly monotone, if 


F(g(u), T(g(u)), 8(v)) + F(g(v), T(g(v)), 8) < 0,Vuev € K. 


(ili) jointly pseudomonotone, if 


F(g(u), T(g(u)), gv) + (g(v) — gu) — (gu), g(u)) = 0 
=> 


— F(g(), T(g)), 8) + O(g(), 8) — G(s), BU) = 0,Vu,v € K. 


(iv) jointly hemicontinuous, Vu,v € K,t € [0,1], if the mapping F(g(u) + t(g(v) — 
g(u)), T(g(u) + t(g(v) — g(u)), g(v)) is continuous. 


We remark that if z = u, then partially relaxed jointly strongly monotonicity is 
exactly jointly monotonicity of the operator F(., .,.). For g = /, the identity operator, 
Definition 2.1 reduces to the standard definition of partially relaxed jointly strongly 
monotonicity, jointly monotonicity, and jointly pseudomonotonicity. It is known 
that monotonicity implies pseudomonotonicity, but not conversely. This implies that 
the concepts of partially relaxed strongly monotonicity and pseudomonotonicity are 
weaker than monotonicity. 

Noor and Rassias [19] have proved that problem (1) is equivalent to its dual 
problem under some conditions. We include this result due to its importance. We 
include all the details for the sake of completeness and to convey the main idea of 
the technique involved. 


Lemmal = Let F(.,.,.) be jointly pseudomonotone, jointly hemicontinuous, and 
relative convex with respect to third argument. If the bifunction (.,.) is relative 
convex with respect to first argument, then the general equilibrium problem (1) is 
equivalent to finding u € H : g(u) € K such that 


—F(g(v), T(g(v)), 8) + G8), 8) — (8), 8) 2 0,WV Ee H: giv) Ee K. 
(8) 
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Proof Letu € H: g(u) € K bea solution of (1). Then 


F(g(u), T(g(u)), 8(v)) + 9(8(v), 8) — (gu), g(u)) 2 0,VV Ee H: gv) e K 
which implies 


—F(g(v), T(g(v)), gs) + P(g), 8) — 9(g(u), gu) = O,Wv € H: giv) Ee K, 
(9) 


since F(.,., .) is jointly monotone 
Conversely, let u € K satisfy (8). Since K is a g-convex set, Vu,v € H : 


g(u), g(v) € K,t € [0,1], g(v1) = g@) +t(g(r) — gu) = A — tg) + tg(v) € K. 
Taking g(v) = g(v;) in (9), we have 


F(g(v1), T(g(v1)), 8) S 98x), 8) — G(s), 8) 
< t{(g(v), g(u)) — (gu), g(u))}. (10) 


Now using (10) and relative convexity of F(.,.) with respect to third argument, 
we have 


0 < F(g(%1), T(g(1)), 8%) 
= F(g(;), T(g(1)), 1 — gu) + tg(v)) 
< tF(g(v1), T(g1)), 8) +  — NF (807), T (81), 8) 
StF (gy), Tg), 8) + 1 — D{e(g, sw) — P(g, s@)} 1) 


Dividing (11) by ¢ and letting t —~> 0, we have 


F(g(u), T(g(u)), 8(v)) + (g(r), g(u)) — (gu), gu) 2 0,Vv € K, 


the required (1). 


Remark 1 Problem (8) is known as the dual mixed quasi general equilibrium prob- 
lem. One can easily show that the solution set of problem (8) is closed and relative 
convex set. From Lemma 2.1, it follows that the solution set of problems (1) and 
(8) are the same. This inter relationship has played an important role in the study of 
well-posedness of equilibrium problems and variational inequalities. In fact, Lemma 
2.1 can be viewed as a natural generalization and extension of a well-known Minty’s 
Lemma in variational inequalities theory; see [5, 6, 8]. 


Definition 4 The bifunction g(.,.) : H x H —> RU {+00} is called skew 
symmetric, if and only if, 


plu, u) — pu, v) — pv, u) — ov, v) = 0,Vu,v € A. 
Clearly if the skew-symmetric bifunction @(., .) is bilinear, then 
g(u, u) — plu, Vv) — pv, u) + GV, v) = G(U— v,u—v) > 0,Vu,v € A. 


This shows that the bifunction g(., .) is positive. 


412 M. A. Noor and T. M. Rassias 


3 Main Results 


In this section, we suggest and analyze some new iterative methods for solving the 
problem (1) by using the auxiliary principle technique [5] as developed by Noor 
[13, 15, 17] and Noor et al. [18] in recent years. 
For a given u € H : g(u) € K satisfying (1), consider the problem of finding a 

unique w € H: g(w) € K such that 

pF(g(w), T(g(w)), gv) + (1 — A)(g(w) — gu), 8(v) — g(w)) 

= plo(s(w), g(w)) — o(g(v), g(w))}, WV € Hi give K, (12) 
which is called the auxiliary mixed quasi general equilibrium problem and where 
p > Ois aconstant. 


We note that if w = u, then clearly w is a solution of the nonconvex equilibrium 
problems (1). This observation enables us to suggest the following method for solving 


(1). 
Algorithm 1 For a given uy) € H, compute the approximate solution u,+1 by the 
iterative schemes 

PF (gUn+1)5 T(8(Un+1))s 8) + (A = AMS Un+1 — 8Un))s 8(V) — 8Un+1)) 

= PLP(SUn+1)> 8Un+1) — P(8(Y), 8Un+1))}, VV € H: gv) e K, (13) 


where A > 0 is aconstant. Algorithm 1 is called the implicit method for solving (1). 
We may write Algorithm | in the following equivalent form, which is useful to 
derive other iterative methods for solving (1) and related problems. 


Algorithm 2 For a given uw) € H, compute the approximate solution u,,, by the 
iterative schemes 


PF (gun), T(gUn)), 8) + (8 Qn — 8(Un), 8(V) — 8Un+1)) 

= PLP(E(Vn), Sn) — (SM), Sn} VE) € K 

PF(8(yn), T(8(¥n)), SV) + (8 Un+1 — 8Un) — MEOn) — 8Un)), 8) — 8Un+1)) 
= p{p(gUn+1), §Un+1) — 9(8(Y), 8Un+1))}, VE8(v) € K 


For 4 = 0, Algorithm 2 collapses to: 
Algorithm 3 For a given uy € H, compute the approximate solution u,,,, by the 
iterative schemes 

PF (gun), T(g(un))s 8)) + (8On — 8Un), 8) — &Un+1)) 

= AG(E(Yn)» $n) — PEM)» SOn)}. VE(V) € K 

PF (gyn), T(gQn))» 8) + (8 Unt1 — 8Un), 8(V) — 8Un41)) 

= AG(SUnt1)» 8Un+1) — P(8(Y), 8Unt1))}, VE) € K. 
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Algorithm 3 is analogues of the extragradient method of Korpelevich, see [16] and 
appears to be a new one. 

For A = 1, Algorithm 3.2 reduces to the following two-step iterative method 
for solving (1). Such type of methods have been studied and investigated by Noor 
[16, 17] for general variational inequalities. 


Algorithm 4 For a given uo € H, compute the approximate solution u,,,, by the 
iterative schemes 


PF (gun), T(g(un)), 8) + (8 On — Bn), 8(V) — 8Un+1)) 
= PLP(8(Yn), Sn) — (8), 8On))}. VE) € K 
PF(8(yn), T(8(yn)), 8) + (8 Un+1 — 8 On), 8(V) — 8Un+1)) 
= P{P(gUn+1)> &Un+1) — (8), $Un41))}, V8) € K 

1 


For 4 = 5, Algorithm 2 reduces to: 


Algorithm 5 [17]. For a given uo € H, compute the approximate solution u,+1 by 
the iterative schemes 


PF (gn), T(g@n)), &V)) + (8 On — 8Un), BV) — BUn+1)) 
= PAP(EOn), On) — PCB), BOn)I, VE) € K 


1 
PF (g(yn), T (gyn), 8) + (GUn+1 — 7 (8On) + g(un)), 8(V) — 8(Un41)) 


= p{o(gUn+1), gUn+1) — O(g(V), FUnsi))}, Vey) € K 


Note that if g = J, the identity operator, Algorithm | reduces to a method for 
solving the equilibrium problems with trifunction (2), which are mainly due to Noor 
[17]. 


Algorithm 6 For a given uy € H, compute u,,+,; by the iterative scheme 
PF (Uns; T(Un+1, v) ar (1 a NUn+1 ~~ Un)s nl Un+1) 
= PlPUn+1,Unt1) — PV, Un+i)} 2 0,Vv € K, 


For the convergence analysis of Al; Algorithm 6, see Noor [17]. 
For F(g(u), T(g(u)), (v)) = (T(g@)), gv) — g(u)), Algorithm | reduces to: 


Algorithm 7 For a given uo € H, compute the approximate solution u,,,, by the 
iterative scheme 


(eT (g(Ungi)) + A — Ag (n+ — (8(Un)), 8) — BUn41)) 
= p{o(gUn+1), FUn+1)) — G(8(), Un+1))}, Vv € K, 


for solving mixed quasi general variational inequalities [17]. 

For suitable and appropriate choice of the operators and the space H, one can 
obtain various new and known methods for solving general equilibrium, variational 
inequalities, and complementarity problems. 

We now study the convergence analysis of Algorithm 1. 
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Theorem 1 Let the trifunction F(., .,.) be jointly pseudomonotone. If the bifunc- 
tion g(.,.) is skew symmetric, then the approximate solution u,,.,obtained from 
Algorithm 1 satisfies the inequality 


IIg(u) — g(unsi)I < Ig@ — g@n I? = Ngan) — gOmnevIl’, (14) 


where u is the exact solution of (1). 


Proof Letu € H: g(u) € K bea solution of (1). Then 


F(g(u), T(g(u)), 8(v)) = o(s), 8) — P(g), su))Wv € H: give K, 


which implies that 


—F(g(v), T(g(v), gs) = 9(g(u), 8(u)) — P(g), gu), Vv € A: g(v) € K, (15) 


since F(.,.,.) is jointly pseudomonotone. 
Taking v = u,+1 in (15), we have 


—F(g(Un+1), T(8(Un+1)), 8) = (gu), 8) — P(8Un+1), 8) (16) 
Taking v = uv in (13), we have 
PF (g(un+1), T(8(Un41)), 8()) + (CL = AME Un+1) — 8Un)), 8) = 8Un+1)) 
= Ple(gn+1), $Un+1) — (8), 8Un+1))}- (17) 
From (16) and (17), we have 
(1 = A)(g(Un+1) — 8Un)) 


= p{~(gUn), gUn)) — P(g (n41)s 8) — O(g(), BUn+1) + O(8(Un+1), Un+1))} 
> 0, (18) 


where we have used the fact that the bifunction g(., .) is a skew symmetric. 
From (18) and using the inequality 


2(v,u) = lu + vl|? — |lull? — IIvIl?, Wav € 


we obtain 


IIg(u) — g(ung iI < Ig@) — g@ll? = Ig@un) — gms, 


which is the required result. 
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Theorem 2 Let H be a finite dimensional space. Let the trifunction F(.,.,.) be 
jointly pseudomonotone and the bifunction ¢(., .) be skew symmetric. If u,+1 is the 
approximate solution obtained from Algorithm 3.1, and g~! exists, then 


lim u, =u, 
n— co 


where u € H; g(u) € K is a solution of (1). 
Proof Letu € H : g(u) € K bea solution of (1). From (14), we see that the 


sequences {|| g(u) — g(u,)||} is nonincreasing under the assumptions of Theorem 2 
and consequently {g(u,)} is bounded. Also from (14), we have 


Yo lg@n41 = snd? < Ig = g@n)Il?, 


n=0 


which implies that 
lim ||Un+1 = Un|| = 0, (19) 
n— oo 


since g_! exists. 

Let u be a cluster point of {u,} and the subsequence {u,,;} of this sequence con- 
verges to i € H : g(u) € K. Replacing u, by uy, in (13) and taking the limit as 
n; —> © and using (19), we have 


F(g(u), T(g(@)), g(v)) + 9(g(v), g(@)) — (ge), g(@)) = 0,Vve H: give K, 
which shows that # solves (1) and 
I@@ns1) — g(@Il < Ign) — g@I. 


Thus, it follows that from the above inequality that the sequence {u,,} has exactly 
one cluster point and 


lm =i, 
ti—F Oo 


the required result. 
Algorithm | is an implicit method, which is its difficult to implement. In order to 
overcome this drawback, we again use the auxiliary principle technique to suggest 
an explicit iterative method for solving problem (1). This is the main motivation of 
next Algorithm. 
For a given u € H : g(u) € K satisfying (1), consider the problem of finding a 
unique w € H: g(w) € K such that 


pF(g(u), T(g(u)), g(v)) + (1 — ANg(w) — gu), 8(v) — g(w)) 
= ple(s(w), g(w)) — o(g(), gw) }, Vv € H: ge K, (20) 
which is called the auxiliary mixed quasi general equilibrium problem. we would 
like to emphasize that problems (12) and (20) are quite different from each other. 
We note that if w = u, then clearly w is a solution of the nonconvex equilibrium 


problems (1). This observation enables us to suggest the following method for solving 


(1), 
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Algorithm 8 For a given uo € H, compute the approximate solution u,+1 by the 
iterative schemes 


PF (gUn41)s T(g(n41)), 8) + (CL = AM g (Unt — 8Un)), FV) — 8Un41)) 
= PLP(EUn+1), F<Uns1) — P(E), Unt) VV € A: ge K. 


Algorithm 1 is called the explicit method for solving (1). Using the technique of 
Theorem | and Theorem 2, one can study the convergence analysis of Algorithm 8. 


Conclusion In this chapter, we have suggested some new unified iterative methods for 
solving a class of mixed quasi general equilibrium problems, introduced and studied 
by Noor and Rassias [19]. The comparison of these methods with other methods is an 
interesting and fascinating problem for future research. One may find the novel and 
innovative applications of these general equilibrium problems in various branches 
of pure and applied sciences. 
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Contractive Operators in Relational 
Metric Spaces 


Mihai Turinici 


Abstract In Sect. 1, some fixed point results for altering contractive maps on (amor- 
phous) metric spaces are given, extending the one due to Khan, Swaleh and Sessa 
{Bull Aust Math Soc 30:1-9, 1984]. In Sect. 2, a class of monotone contractions is 
analyzed, via coupled fixed point techniques, in the realm of quasi-ordered metric 
spaces. Note that, a highly unusual feature of the related fixed point techniques is 
that, in many cases with a practical relevance, no coupled starting point hypothesis 
for these operators is needed. Finally, in Sect. 3, some fixed point results are given 
for contractive operators acting on relational metric spaces. 


Keywords Metric space - Picard operator - Altering contractive map - Quasi-order - 
Monotone application - Ran—Reurings theorem - Coupled fixed point - Relation - 
Meir—Keeler contraction 


1 Altering Contractive Maps 


1.1 Introduction 


Let X be a nonempty set; andd : X x X —> R, := [0,00[ be a metric over it. 
Call the subset Y of X, almost singleton (in short: asingleton) provided y,, yz € Y 
implies yj) = y; and singleton, if, in addition, Y is nonempty; note that, in this 
case, Y = {y}, for some y € X. Further, let JT € F(X) be a selfmap of X. 
(Here, for each couple A, B of nonempty sets, F(A, B) stands for the class of all 
functions from A to B; when A = B, we write F(A) in place of F(A, A)). Denote 
Fix(T) = {x € X;x = Tx}; each point of this set is referred to as fixed under T. The 
determination of such elements is to be performed in the context below, comparable 
with the one in Rus [34, Chap. 2, Sect. 2.2]: 

(1a) We say that T is a Picard operator (modulo d) if, foreachx € X,(T"x;n => 0) 
is d-convergent 
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(1b) We say that T is a strong Picard operator (modulo d) if, for each x € X, 
(T"x;n > 0) is d-convergent and lim, (T”x) belongs to Fix(T) 

(1c) We say that T is a globally strong Picard operator (modulo d) if it is a strong 
Picard operator (modulo d), and Fix(T) is an asingleton (hence, a singleton). 

In this perspective, a basic result to the question we deal with is the 1922 one due 
to Banach [2]: it states that, whenever 7 is (d; @)-contractive, 1.e., 


(a01) d(Tx,Ty) < ad(x,y), Vx,y € X, 


for some a € [0, 1[, then T is a globally strong Picard operator (modulo d). This 
result found a multitude of applications in operator equations theory; so, it was the 
subject of many extensions. For example, a natural way of doing this is by considering 
“functional” contractive conditions of the form 


(a02) d(Tx,Ty) < F(d(x, y),d(x,Tx),d(y, Ty), d(x, Ty), d(y, Tx)), 
Vx,yE xX; 


where F : RS — R, is an appropriate function. For more details about the possible 
choices of F, we refer to the 1977 paper by Rhoades [33]; see also Turinici [40]. 
Here, we shall be concerned with a 2004 contribution in the area due to Berinde [4]. 
Given a, A > 0, let us say that T is a weak (d; a, d)-contraction, provided 


(a03) d(Tx, Ty) < ad(x,y)+Ad(Tx, y), forallx,y € X. 


Theorem 1 Suppose that T is a weak (d;a,i)-contraction, where a € [0,1[. In 
addition, let (X,d) be complete. Then, T is a strong Picard operator (modulo d). 

In a subsequent paper devoted to the same question, Berinde [3] claims that 
this class of contractions introduced by him is for the first time considered in the 
literature. Unfortunately, his assertion is not true: conclusions of Theorem | are 
“almost” covered by a related 1984 statement due to Khan et al. [20], in the context 
of altering distances. This, among others, motivated us to propose an appropriate 
extension of the quoted statement. Also, for completeness reasons, we provide a 
“functional” extension of Berinde’s result. 


1.2. Preliminaries 


Let (X,d) be a metric space. We say that the sequence (x,) in X, d-converges to 


x € X (and write this as: x, uty x), iff d(x,,x) — 0; that is 
(b01) Ve > 0, dp = ple): p <n => d(x, x) < €. 


Denote lim, (x,) = {x € X3Xn =n x}; when the underlying set is nonempty, 
(x,) is called d-convergent. Note that, in this case, lim, (x,) is a singleton, {z}; as 
usually, we write lim, (x,) = z. Further, let us say that (x,) is d-Cauchy, provided 
d(Xm,Xn) > Oasm,n > c,m <n; that is 
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(b02) Ve > 0, 4g = q(e): g < m <n => d(Km,Xn) < €. 


Clearly, any d-convergent sequence is d-Cauchy too; when the reciprocal holds 
too, (X,d) is called complete. Concerning this aspect, note that any d-Cauchy 
sequence (x,3” > Q) is d-semi-Cauchy, 1.e., 


(b03) py = dX, Xn41) > O (hence, d(X_, Xn4;) > 0, Vi = 1), asn > ow. 


The following result about such objects is useful in the sequel. Given the sequence 
(7,3 => 0) in R and the point r € R, let us write 


rn — r+ (respectively, r, > r++), ifr, > r and 


rn = r (respectively, r, > 7), for all n > O large enough. 


Proposition 1 Suppose that (x,;n > 0) is d-semi-Cauchy, but not d-Cauchy. There 
exists then n > 0, j(n) € N and a couple of rank sequences (m(j); j = 0), (nC); 
j = 0), in such a way that 


J<m ij) <n), a) = dam, Xn) > 1, Vj = 0 (1) 
n(j)—m(j) = 2, BU) = A(Xm(j)s Xn(j)—1) <n, Vj = Jj(™) (2) 
a(j) > n++4 (hence, a(j) > n) as j > (3) 


Op g(J) = AXn(jp+p.Xn(p+q) > 0, as j > &, Vp,qg € {0, 1}. (4) 


A proof of this may be found in Khan et al. [20]. For completeness reasons, we 
supply an argument which differs, in part, from the original one. 


Proof (Proposition 1) As (x,; > 0) is not d-Cauchy, there exists 7 > 0 with 
AQ) := {(m,n) Ee Nx Nj <m <1n,d(Xm,Xn) > n} 4B, Vj = O. 
Having this precise, denote, for each j > 0, 
m(j) = minDom(A(j/)), n(j) = minA(mn(j)). 


As a consequence, the couple of rank-sequences (m(j); j => 0), (n(j); 7 = 0) 
fulfills (1). On the other hand, letting the index j(7) > 0 be such that 


A(x, Xe41) <1, Vk > j(n), (5) 
it is clear that (2) holds too. Finally, by the triangular property, 
n< (J) < BU) + Pajy-i S1+ Pnjy-1, Vi 2 J); 
and this yields (3); hence, the case (p = 0,g = 0) of (4). Combining with 
a7) — Pay S Ami. Xnyy+i) S HC) + Pay, Vi = I) 


establishes the case (p = 0,q = 1) of the same. The remaining situations are 
deductible in a similar way. 
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1.3 Main Result 


Let (X,d) be a metric space; and g € F(R) be an altering function; i.e., 
(cO1) g is continuous, increasing, and reflexive-sufficient [g(t) = 0 iff t = O]. 
The associated map (from X x X to R+) 
(c02) e(x, y) = yp(d(x,y)), x, ye X 


has the immediate properties 


e(x,y) = e(y,x), Vx,y € X_ (eis symmetric) (6) 
e(x,y) = 0x =y (eis reflexive-sufficient). (7) 
So, it is a (reflexive sufficient) symmetric, under the Hicks—Rhoades terminol- 


ogy [13]. In general, e(.,.) is not endowed with the triangular property; but, in 
compensation to this, one has (as ¢ is increasing and continuous) 


e(x, y) > e(u,v) => d(x, y) > dtu, v) (8) 
Xy “> X,Yn > y implies e(x,, Yn) > e(x, y)- (9) 


Let in the following, T € F(X) be aselfmap of X. The formulation of the problem 
involving Fix(7) is the already sketched one. In the following, we are trying to solve 
it in the precise context. Denote, for x, y € X, 


(c03) Mi(x, y) = e(x, y), Mo(x, y) = (1/2)Le(x, Tx) + e(y, Ty)I, 
M3(x, y) = min{e(x, Ty), e(Tx, y)}, 
M(x, y) = max{M,(x, y), M)(x, y), M3(x, y)}. 


Further, given w € F(R,), we say that T is (d, e; M, w)-contractive, provided 
(c04) e(Tx,Ty) < W(d(x, y))M(Q, y), Vx,yEeX,x Fy. 
The properties of w to be used here write 


(c05) y is strictly subunitary on R§ := ]0, oof: w(s) < 1, Vs € RY 
(c06) w is right Boyd—Wong on R®: lim sup,,,, W(t) < 1,Vs € Ro: 


This is related to the developments in Boyd and Wong [10]; we do not give details. 
The main result of this exposition is as follows. 


Theorem 2 Suppose that T is (d,e; M, w)-contractive, where y € F(R, )is strictly 
subunitary and right Boyd—Wong on RY, In addition, let (X,d) be complete. Then, 
T is a globally strong Picard operator (modulo d). 


Proof First, let us check the asingleton property for Fix(T). Let z1,z2 € Fix(T) be 
such that z; 4 Zo; hence 6 := d(z, z2) > 0, € := e(Z1, Z2) > 0. By definition, 


My, (21,22) = €, M2(z2, 22) = 0, M3(x, y) = €; hence M(x, y) =e. 
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By the contractive condition (written at (z1, Z2)) 
& = e(21,22) = e(T21,T 22) < WO)M(Z1, 22) = We; 


hence, | < w(6) < 1; contradiction; and the asingleton property follows. It remains 
now to verify the strong Picard property. Fix some x9 € X; and put (x, = T”" x0; 
n > 0). If x, = x,+1 for somen > 0, we are done; so, without loss, one may assume 


(CO7) Py := d(Xy,Xn11) > O (hence, o, := e(Xn,Xn+1) > 0), for all n. 


There are several steps to be passed. 
(I) For the arbitrary fixed n > 0, we have 


Mi (Xn, Xn+41) = On, 
Mo(Xn, Xn41) = (1/2)[o,, + On+1] < max{On, On+1}, 


M3 (Xn, Xn+1) = 0; hence, M(Xn.Xn41) < max{oy,On+1}- 
By the contractive condition (written at (X,, Xn41)), 


On+1 < W(Pn) max{on, On+1}, Vn. 


This, by the working condition, yields (as w is strictly subunitary on RD 


Ont1/On < W(Pn) < 1, Va. (10) 
As a direct consequence, 
On > On41 (hence, Py > Pn+1), for all n. 


The sequence (p,; > 0) is therefore strictly descending in R;; hence, p := 
lim, (9,) exists in Ry and p, > e, Wn. Likewise, the sequence (o,, = 9(p,);n > 0)is 
strictly descending in R,; hence, o := lim, (o,,) exists; with, in addition, o = g(:). 
We claim that 9 = 0. Assume by contradiction that p > 0; hence o > 0. Passing to 
lim sup as n — oo in (10) yields 


1 < limsup w(p,) < lim sup y(t) < 1; 


t>pt+ 
contradiction. Hence, p = 0; Le., 
Pn = d(Xn,Xn41) > 0, asn > oo. (11) 


(ID We now show that (x,;n > 0) is d-Cauchy. Suppose that this is not true. 
By Proposition |, there exist 7 > 0, j(7) € N and a couple of rank sequences 
(m(j); j = 0), (nC); j = 0), in such a way that (1)-(4) hold. Denote for simplicity 
€ = p(n); hence, ¢ > 0. By the notations used there, we may write as j — oo 


Aj = CAm pt Anp+y = 11) > F- 
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In addition, we have (again under j — oo) 


Mi(Xmj)> Xn) = P(a(J)) > 
M2(Xin¢j)s Xn) = A/2)1GCOmyy) + PCPngy)] > 0 
M3(Xn(j). Xn) = Min{y(ao,1(J)), P(10CJ)} > 63 


and this, by definition, yields 
Lj = Mini), Xnj)) > F as j > ©. 
From the contractive condition (written at (%n(j), Xn(j))) 
Aj/Mj S We), VI = IDs 
so that, passing to lim sup as j — co 


1 < limsup y(e@(j)) < limsup y(t) < 1; 
i t>nt+ 


contradiction. Hence, (x,;1 > 0) is d-Cauchy, as claimed. 
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(III) As (X,d) is complete, there exists z € X with x, aut z; hence, yy := 


d(%y,Z) > Oasn > ~w. 
Two alternatives are open before us: 


(i) For each h € N, there exists k > h with x, = z. In this case, there ex- 
ists a sequence of ranks (m(i);i > 0) with m(i) — oo asi — oo such that 
Xm(i) = Z (hence, Xmij+1 = Tz), Vi. Letting 7 tend to infinity and using the fact that 


(vi = Xmyiy4151 = 0) is a subsequence of (x;;i > 0), we get z = Tz. 


(ii) There exists h € N such thatn > h = > x, 4 z (whence, y, > 0). Suppose 
that z A Tz; i.e., 0 := d(z,Tz) > 0; hence, w := e(z, Tz) > 0. Note that, in such a 
case, 6, := d(x,,Tz) — 9. From our previous notations, we have (as n — 00) 


An = C(Xn41; Tz) = P(bn+1) > gO) =. 


In addition (again under n — ov), 


Mi (Xn,2) = P(Yn) > 9, M2(%n,2) = (1/2)lon + @] > w/2 


M3(Xn,Z) = min{P(dn), PYn41)} > 9; 


wherefrom, 
(0 < )in = M(xn,Z) > @/2, a8 n > OO. 


By the contractive condition (written at (x), Z)) 


An < W(Vn) en < Ln, Vn = h 


we then have (passing to limit asn — 00), w < w/2; hence w = 0. This yields 


6 = 0; contradiction. Hence, z is fixed under T and the proof is complete. 
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In particular, the right Boyd—Wong on R¢ property of w is assured when this 
function is strictly subunitary and decreasing on R°. As aconsequence, the following 
particular version of our main result is available: 


Theorem 3 Suppose that T is (d,e; M, w)-contractive, where € F(R) is strictly 
subunitary and decreasing on ke In addition, let (X,d) be complete. Then, T is 
globally strong Picard (modulo d). 

Let a,b,c € F(R,) be a triple of functions. We say that the selfmap T of X is 
(d,e;a, b, c)-contractive if 


(c08) e(Tx, Ty) < a(d(x, y))e(x, y) + b(d, y))[e(x, Tx) + e(y, Ty)] 
+ c(d(x, y))min{e(x, Ty), e(Tx, y)}, Vx,yeX,x Fy. 


Denote for simplicity y = a+ 2b +c; it is clear that, under such a condition, 
T is (d,e; M; y)-contractive. Consequently, the following statement is a particular 
case of Theorem 2 above: 


Theorem 4 Suppose that T is (d, e; a, b, c)-contractive, where the triple of functions 
a,b,c € F(R,) is such that the associated function y = a+ 2b +c is strictly 
subunitary and right Boyd—Wong on R. In addition, let (X,d) be complete. Then, 
conclusions of Theorem 2 hold. 

In particular, when a, b, c are all decreasing on R®, the right Boyd—Wong property 
on RY of the function w is retainable; note that, in this case, Theorem 4 is also 
reducible to Theorem 3. This is just the 1984 fixed point result in Khan et al. [20]. 

Finally, it is worth mentioning that the nice contributions of these authors were 
the starting point for a series of results involving altering contractions, like the ones 
in Bhaumik et al. [9], Nashine and Samet [27], or Sastry and Babu [39]; see also 
Pathak and Shahzad [30]. However, according to the developments in Jachymski 
[17], most of these (including the Dutta-Choudhury’s contribution [12]) are in fact 
reducible to standard techniques; we do not give details. 


1.4 Further Aspects 


Let again (X, d) bea metric space, and T € F(X) beaselfmap of X. A basic particular 
case of Theorem 4 corresponds to the choices g = identity and [a, b, c=constants]. 
The corresponding form of Theorem 4 is comparable with Theorem 1. However, 
the inclusion between these is not complete. This raises the question of determining 
proper extensions of Theorem 1, close enough to Theorem 4. A direct answer to this 
is provided as follows. 


Theorem 5 Let the numbers a,b € Rx and the function K € F(R) be such that 


(dO1) d(Tx, Ty) < ad(x, y)+b[d(x, Tx)+d(y, Ty)]4+ K(d(Tx, y)), Vx,y © X 
(d02) a+2b < land K(t) > 0=K(0)ast > 0. 


In addition, let (X,d) be complete. Then, T is a strong Picard map (modulo d). 
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Proof Take an arbitrary fixed u € X. By the very contractive condition (written at 
(T"u, T"*'u)), we have the evaluation 


d(T"*y, T°+2 4) < Ad(T"u, T"t1u), Wn > 0. (12) 
where A := (a+ b)/(1 — b) < 1. This yields 
d(T"u,T"*'u) < "dtu, Tu), Yn = 0. (13) 
Consequently, (T”u;n > 0) is d-Cauchy; whence (by completeness) 


T"u als zi= T™u, for some z € X. 
From the contractive condition (written at (Tu, z)), 
d(T"*!u, Tz) < ad(T"u, z) + b[d(T"u, Tu) + dz, TZ) + K(d(T"*'u, z)), Wn. 


Passing to limit as n — oo gives (by the imposed conditions) d(z,Tz) < 
bd(z,Tz); so that (as 0 < b < 1/2), d(z,Tz) = 0; hence z = Tz. The proof is 
thereby complete. 

In particular, when b = 0 and K(.) is linear (K(t) = At, t € R,, forsome A > 0), 
this result is just Theorem |. Note that, from (13), one has for these “limit” fixed 
points, the error approximation formula 


d(T"u, T©u) < [A"/( —A)]dtu, Tu), Vn € N. (14) 


However, the non-singleton property of Fix(T) makes this “local” evaluation to 
be without practical effect, by the highly unstable character of the map ur Tu. 
In fact, assume for simplicity that T is continuous; and fix in the following up € X. 
Given ¢ > 0, there exists 6 > 0 such that x € X(uo,5) implies Tx € X(Tu0, €); 
here, foreach x € X, p > 0, X(x, ce) = {y € X;d(x, y) < p} (the open sphere with 
center x and radius ¢). The above evaluation (14) gives a “local-global” relation like 


d(T"u, T~u) < [A"/A — A)]u(uo), Vn = 0, Vu € X (uo, 5); (15) 


where, by definition, (uo) = sup{d(x,Tx);x € X(uo,6)}. Now, in practice, the 
starting point ug is approximated by acertain vg € X (uo, 5); with, in general, vo A uo. 
Suppose that the iterates (T" vo; > 0) are calculated in a complete (and exact) way. 
The approximation formula (15) gives, for the point in question, 


d(T" vo, T™vo) < [A"/(1 — A)] (uo), Vn = 0. (16) 


This yields a good evaluation for the fixed point T™ vo; but, it may have no impact 
upon the fixed point Tuo (that we want to approximate), as long as it is distinct 
from the preceding fixed point. 

Summing up, any such contraction T is Hyers—Ulam unstable, whenever Fix(T) 
is not a singleton. But, when Fix(7) is a singleton, T is Hyers—Ulam stable. Some 
related facts may be found in the 1998 monograph by Hyers, Isac and Rassias [14]. 
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2 Monotone Contractive Maps 


2.1 Introduction 


Let X be a nonempty set. Take a metric d(., .) on it; as well as a quasi-order ( < ) 
(i.e.: reflexive and transitive relation) over X. Call the subset Y of X, (<)-almost- 
singleton (in short: (< )-asingleton) provided y,, y2 € Y and y; < y2. imply y1 = yo; 
and ( < )-singleton, if, in addition, Y is nonempty. Further, let T € F(X) be a 
selfmap of X; endowed with the properties 


(a0l) T is (<)-increasing: x < y implies Tx < Ty 
(a02) T is almost (<)-progressive: X(T,< ):= {x € X;x < Tx} #9. 


The determination of elements in Fix(T) is to be performed in the context below, 
comparable with the one in Turinici [42]: 

(1a) We say that T is a Picard operator (modulo (d, < )) if, foreachx € X(T, < ), 
(T"x;n > 0) is d-convergent 

(1b) We say that T is a strong Picard operator (modulo (d,< )) if, for each 
x € X(T, < ), (T"x;n = 0) is d-convergent and lim, (7"x) belongs to Fix(T) 

(1c) We say that T is a globally strong Picard operator (modulo (d, < )) if it is 
a strong Picard operator (modulo (d, < )), and Fix(T) is ( < )-asingleton (hence, 
necessarily, (<)-singleton). 

A useful result in the area is the 2008 one obtained by Agarwal, El-Gebeily 
and O’Regan [1]. This needs some conventions and specific requirements. Given 
gy € F(R), let us introduce the condition 


(a03) T is (d, <; g)-contractive: d(T x, Ty) < g(d(x, y)), forallx,y € X,x < y. 


The functions to be taken into consideration here are as follows. Call g € F(R,) 
(strongly) regressive, provided: g(0) = 0 and g(t) < t, Vt € Rie The class of 
all these will be denoted as F(re)(R+); and the subclass of all increasing gp € 
F(re)(R,) is indicated as F(re,in)(R,). Given g € F(re,in)(R,), let us say that 
it is Matkowski admissible, provided 


(a04) p"(t) a Oasn > ow, forallt € R°; 


here, for each n > 0, y” denotes the nth iterate of gy. This concept is related to the 
developments in Matkowski [24]; we do not give details. 


Theorem 6 Suppose that T is (d,<;)-contractive, for some Matkowski admissible 
function g € F(re,in)(R,). In addition, let (X,d) be complete and one of the 
assumptions below hold: 

(i) T is continuous: x) a x implies T xp a Tx 

(ii) (<) is d-selfclosed: the d-limit of each ascending sequence is an upper bound 
of it (with respect to (<)). 

Then, T is a strong Picard operator (modulo (d, < )). 

Now, for technical reasons (to be explained a bit further) it would be useful for us 
to determine under which conditions upon these data, T is a globally strong Picard 


428 M. Turinici 


operator (modulo d). A basic contribution in the area is the 2004 one obtained by 
Ran and Reurings [32]. 
(A) Let (X, d, < ) be an ordered metric space. Define a relation (<>) on X, as 


(a05) x <> yiffeither x < y or y < x (ie.: x and y are comparable). 


This relation is reflexive and symmetric; but not in general transitive. Further, let 
T bea selfmap of X. The following conditions are to be used here: 


(a06) (X,< ) is (up/down)-directed: Vx, y € X, {x,y} has upper and lower 
bounds 

(a07) T is almost progressive (regressive): x < Tx (x > Tx), for at least one 
xeEex 

(a08) T is almost progressive/regressive: x <> Tx, for at least one x € X 
(a09) T is monotone (increasing or decreasing). 


Finally, given a > 0, let us say that T is (d, <; @)-contractive, if 
(al0) d(Tx, Ty) < ad(x, y), Vx,y € X,x < y; 

note that, by the preceding convention, this may be also expressed as: 
(all) d(Tx, Ty) < ad(x, y), Vx,y € X,x <> y. 
The announced answer may now be written as below: 


Theorem 7 Assume that T is (d,<;«a)-contractive, for some a € ]0,1[. In ad- 
dition, let (X,d) be complete, (X,< ) be (up/down)-directed, and T be almost 
progressive/regressive, monotone, d-continuous. Then, T is a globally strong Picard 
operator (modulo d). 

According to many authors (cf. [1, 28, 29] and the references therein), this result 
(referred to as: Ran—Reurings theorem) is credited to be the first extension of the 1922 
Banach theorem [2] to the realm of (partially) ordered metric spaces. Unfortunately, 
the assertion is not true; some early statements of this type have been obtained two 
decades ago by Turinici [41], in the context of ordered metrizable uniform spaces. 

Now, as Ran—Reurings theorem (expressed in a quasi-order setting) extends Ba- 
nach’s, it is natural to discuss its position within the classification scheme proposed 
by Rhoades [33]. The conclusion to be derived reads: the Ran—Reurings theorem is 
but a particular case of the 1968 fixed point statement in Maia [23]. Further, an ap- 
plication of this result is given to functional type coupled fixed point statements. The 
obtained facts are then applied to fixed point problems involving component-wise 
monotone operators acting on product quasi-ordered metric spaces. 


2.2. Ran—Reurings Results 


In the following, some extended variants are given for the Ran—Reurings result above. 
(A) Let X be a nonempty set. Take a metric d(.,.) on it; and let ( < ) be a 
quasi-order (i.e., reflexive and transitive relation) over X; the triple (X,d,< ) will 
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be referred to as a quasi-ordered metric space. Further, let T be a selfmap of X. 
As before, we are interested to determine sufficient conditions involving these data 
so as T be globally strong Picard (modulo d). Technically speaking, we have: (I) 
conditions upon (X,d, < ), and (II) conditions upon 7. 
The first category of conditions refers to completeness and chain properties. 
(I-a) The following completeness properties of our structure are to be used here: 


(b01) (X,d) is complete: each d-Cauchy sequence in X is d-convergent 
(b02) (X,d) is ( < )-complete: each ascending d-Cauchy sequence in X is d- 
convergent. 


Clearly, the former of these implies the latter; the reciprocal is not in general valid. 

(I-b) The next condition upon the same structure needs a lot of conventions. For 
each x,y € X, denote: x <> y iff either x < y ory < x (ie., x and y are 
comparable). This relation is reflexive and symmetric; but not in general transitive. 
Given x,y € X andk > 2, any element A = (Z,...,Z%) € X* with z} = x, 
Ze = y, and (z; <> z41,7 € {1,...,k — 1}), will be referred to as a k-dimensional 
(<> )-chain between x and y; in this case, k = dim(A) (the dimension of A) and 
A(A) = d(Z1, Z2) +... +d (Z-1, 2) is the length of A; the class of all these chains will 
be denoted as C(x, y; <> ). Further, put C(x, y; <> ) = U{Ck(x, y3 <> ); k = 2}; 
any element of it will be referred to as a (<> )-chain in X joining x and y. Let (~) 
stand for the relation over X 


x ~ y iff C(x, y; <> ) is nonempty. 


Clearly, (~ ) is reflexive and symmetric; so is (<> ). Moreover, ( ~ ) is transitive; 
hence, it is an equivalence over X. Assume in the following that 


(b03) (~) is total: x ~ y, foreach x,y € X. 


The second category of conditions has four basic components. 

(II-a) Concerning the monotone type properties of T, the following conditions 
enter into our discussion: 

(b04) T is (<)-increasing: x < y implies Tx < Ty 

(b05) T is (<> )-increasing: x <> y implies Tx <> Ty. 
Clearly, the former of these implies the latter; but, the reciprocal is not in general 


valid. 
(II-b) Further, the starting type properties of T are being expressed as: 


(b06) T is almost (<)-progressive: X(T, < ) := {x € X;x < Tx} is nonempty. 


(II-c) Passing to the contractive properties of T, the following condition is to be 
used: 


(b07) T is (d, <; g)-contractive: d(Tx, Ty) < g(d(x, y)), Vx, yE X,x < y; 


here, g € F(R) is a function. Note that, by the symmetry of d(., .), this may also 
be written as 


430 M. Turinici 


(b08) T is (d, <>; )-contractive: d(T x, Ty) < g(d(x, y)), Vx,y € X,x <> y. 


The functions to be taken into consideration here are as follows. Remember that 
gy € F(R,) is (strongly) regressive, provided [g(0) = 0 and g(t) < t, Vt € R®). The 
class of all these will be denoted as F(re)(R+); and the subclass of all increasing 
y(re)(R,) is indicated as F(re,in)(R,). Given g € F(re,in)(R+), let us say that it 
is Matkowski (respectively, strongly Matkowski) admissible, provided 


(b09) lim, g”(t) = 0 (respectively, 5°, y"(t) < 00), Vt € Ke 


Note that a strongly Matkowski admissible function is Matkowski admissible 
as well; but the reciprocal is not in general true. These concepts are related to the 
developments in Matkowski [24]; we do not give details. 

(II-d) Finally, the continuity properties of T are to be considered in the perspective 
of conditions below: 


(b10) T is d-continuous: x, = x implies Tx, ae Tx 
(b11) T is (d, < )-continuous: (x,) is ascending and x, aie x implies Tx, 28 


Tx. 


Note that, the former of these implies the latter; but the reciprocal is not in general 
true. 

(B) Having these precise, we may now pass to the question we just formulated. 
Our first main result is as follows. 


Theorem 8 Assume that T is (d, <; ~)-contractive, for some Matkowski admissible 
gy € F(re,in)(R,). In addition, let (X,d) be (<)-complete, (~) be total, and T be 
(<)-increasing, almost ( <)-progressive, (d,< )-continuous. Then, T is a globally 
strong Picard operator (modulo d); precisely, 

(i) Fix(T) = {z}, for some (uniquely determined) z € X, 


(ii) T" x an Zasn — M, for eachx € X. 
Proof Letx,y € X be arbitrary fixed. As (~) is total, there exists a k-dimensional 
(<>)-chain A = (z,...,z¢) € X* (where k > 2) joining x and y. This, along with 
T being (<)-increasing, yields for all n > 0 

T" Zz; <> T" Gai; Vi€ {1, a me = 1}; 
so that, T”(A) = (T"z,...,T"z) € X* is a k-dimensional ( <> )-chain joining 
T”x and T” y. Moreover, by the contractive property, one gets (for the same 7) 
aT a7" Ga) = @ AEG), Yi € {lieing k= I}. 
Taking the triangular inequality into account, gives 


k-1 
d(T"x,T"y) < D> g"(G,z41)), Yn = 0. 


i=l 
As a direct consequence of this, one has, as g is Matkowski admissible, 


lim, d(T"x, T” y) = 0, for each couple x, y € X; (17) 
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referred to as: T is asymptotic constant. In particular, this tells us that Fix(T) is 
a singleton; for, if z1,z2 € Fix(T), we have (by the above relation) d(z),z2) = 0; 
whence, z; = Zz. It remains to establish the strong Picard property (modulo d). The 
argument will be divided into several parts. 


Part1 As T is almost (<)-progressive, X(T, < ) is nonempty. Let xo be an element 
of it; and put (x, = T"xo;n > 0); note that, as T is (< )-increasing, (x,;n > 0) is 
ascending. By the contractive property, 


A(Xn41+Xn+2) S PAAn Xn41))s Vas 
so that, inductively, we get (as ¢ is increasing) 
A(Xn Xn41) SG" (d(x, x1), Wn. 
Combining this with the Matkowski property of @ gives 
A(Xn, Xn41) > 0, asn > od, (18) 


which means (cf. a previous convention): (x,;n > 0) is d-semi-Cauchy. 


Part2 Let us now establish that (x,;n > 0) is d-Cauchy. Fix in the following ¢ > 0. 
By the d-semi-Cauchy property above, there exists a rank j(€) such that 


(Xn, Xn41) < € — VCE), Vn = j(e). (19) 
We now claim that 
Wp = 1): [dn Xn+p) < €, Wn = j(e)]; (20) 


and, from this, the required property is clear. To verify the assertion, an induction 
argument is to be used with respect to p. The case p = | is clear, by the d-semi- 
Cauchy property of our sequence. Assume that the property in question holds for 
some p > 1; we show that it holds as well for p + 1. From the inductive hypothesis 
and contractive condition (applied to (xn, Xn+))), one gets (as ¢ is increasing) 


A(Xn415Xnt p41) = Q(d(Xn, Xn+p)) < ple). 


This, along with the triangular inequality, gives 


A(Xn, Xn+p+1) < A(Xn, Xn41) + d(Xn415Xn+p+1) < o> ple) =F ple) = 6&, 
and establishes our assertion. 


Part3 As (X,d) is (<)-complete, x, aa z for some (uniquely determined) z € X. 
This, along with T being (d, < )-continuous, tells us that (y, := Tx,;n > 0), d- 
converges towards Tz. On the other hand, (y, = X,41; n => 0) is a subsequence of 
(x,3;n = 0); whence, y, ste z. Combining these, gives z = Tz; wherefrom (by the 
singleton property we just derived) Fix(T) = {z}. 
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Part 4 Finally, let x € X be arbitrary fixed. By a preceding step, we have 


lim d(T" x, z) = lim d(T" x, T"z) = 0; 


wherefrom T” x ait z. The proof is complete. 


Remark 1 In particular, ( ~ ) is total whenever (X,< ) is up-directed. For, let 
x,y € X be arbitrary fixed. As (X, < ) is up-directed, there exists u € X such that 
x <u,y <u. This yields x <> u,u <> y; wherefrom x ~ y; so that, (~) is total, 
as claimed. 

Concerning the imposed conditions, it is to be noted that the almost ( < )- 
progressive property of T is a pretty hard one; so, we may ask whether it may be 
removed. An affirmative answer to this is possible; but with the price of the function 
¢ (appearing in the contractive assumption) being strongly Matkowski. 

Precisely, the following variant of the statement above is available, as our second 
main result: 


Theorem 9 Assume that T is (d, <>; )-contractive, for some strongly Matkowski 
admissible y € F(re,in)(R,). In addition, let (X,d) be complete, (~) be total, and 
T be (<>)-increasing, d-continuous. Then, T is a globally strong Picard operator 


(modulo d). 


Proof Letx,y € X be arbitrary fixed. As (~) is total, there exists a k-dimensional 
( <> )-chain A = (z,...,z) € X* (where k > 2) joining x and y. As T is 
(<> )-increasing, we have, for all n > 0 


T"z <> T"z41, Vie (1,...,k — 1}; 


so that, T”(A) = (T"z,...,T"z) € X* is a k-dimensional ( <> )-chain joining 
T”x and T” y. Moreover, by the contractive property, one gets (for the same 7) 


d(T"z;, T" Zia.) < go" (d(Z;, 241), Vi S (hss . ik a 1}. 


This, by the triangular inequality, yields 
k-1 
d(T"x,T"y) < )\ g"(dGi,z41)), Va = 0; 
i=l 
As a direct consequence of this, one has, as g is strongly Matkowski admissible, 


d(T"x,T"y) < ©, for each couple x, y € X; (21) 


referred to as: T is strongly asymptotic constant. In particular, T is asymptotic 
constant (see above); wherefrom, by the same way as the one used in our first main 
result, Fix(T) is a singleton. It then remains for us to establish that T is a strong 
Picard operator (modulo d). 
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Let x € X be arbitrary fixed. From the strong asymptotic constant property of T, 
we have (with y = Tx) 
> d(T" x, T?*'x) < 09: 


n 


wherefrom, the sequence (T"x;n > 0)1is d-Cauchy. As (X,d) is complete, T’x on 
z, for some z € X; and since T is d-continuous, (T’t!x = T(T"x);n > 0), d- 
converges to Tz. On the other hand the sequence (T"*!x;n > 0) d-converges to 
z; because, it is a subsequence of (T"x;n > 0); and this yields (as d is sufficient) 
z = Tz; i.e. (see above) Fix(7T) = {z}. Finally, let y € X be arbitrary fixed. From 


the asymptotic constant property of T we then have T” y ay z; and this ends the 
argument. 

Finally, the following combination of these is our third main result (useful in 
applications): 


Theorem 10 Assume that T is (d, <; ~)-contractive, for some gy € F(re,in)(R+). 
In addition, let (X ,d) be complete, (X, < ) be up-directed, and T be ( < )-increasing, 
d-continuous. Finally, assume that one of the extra conditions below holds: 

(i) T is almost (<)-progressive and g is Matkowski admissible 

(ii) g is strongly Matkowski admissible. 

Then, T is a globally strong Picard operator (modulo d). 

In particular, when ¢ is linear (g(t) = at, t € R,, for some a € ]0,1[), these 
results are directly comparable with the related ones in Turinici [42], established by 
means of the Maia theorem [23]. 


2.3 Coupled Fixed Points 


In the following, a basic application of these facts to coupled fixed point theorems 
is discussed. 

Let (X,d;< ) be a quasi-ordered metric space. Denote, for simplicity, X* = 
X x X; define a quasi-ordered metric structure and a conjugate map over it as: for 
the pair z = (x, y), w = (u,v) in X?, 


(cO1) A(z,w) = max{d(x, u),d(y,v)}; z X wiffx <u, y =v; 2* = (y, 2). 
The basic relationships between these are: for each z = (x, y) and w = (u,v) in 
x2 
A(z, w) = A(z*, w*); z < w if and only if w* ~ z*; (z*)* =z. (22) 
Having these precise, let F : X7 — X be a map; and @ : X* — X? be the 
associated coupled operator 


(c02) ®(z) = (F(z), F(z*)), for z := (x, y) € X?; 


434 M. Turinici 


note that it is compatible with the conjugation 
P(z*) = (®(z))*, for each z € X?. (23) 


Further, let T : X — X be the diagonal operator generated by F, in the sense: 
T(x) = F(x, x), x € X. Denote, as usually, Fix(®) = {z € X?;z = ®(z)}; note that 


Zz = (u,v) € Fix(®) whenever u = F (u,v), v = F(v, u); 


we then say that (u,v) is a coupled fixed point of F. As we shall see below, there 
exists a very strong connection between the fixed points of T and the ones of @. 
This, ultimately, allows us to determine Fix(7) as long as we have information about 
Fix(®). 


Lemma 1 Under these conventions, we have 

(i) Fix(®) is conjugation-invariant: c := (a,b) € Fix(®) if and only if c* := 
(b, a) € Fix(®) 

(ii) if Fix(®) is a singleton, {c = (a, b)}, thena = b; hence, c = (a, a); moreover, 
Fix(T) = {a}. 


Proof (i) Evident, by the compatible property. 

(ii) From the previous part, c* = (b,a) € Fix(®); and then, c = c*; wherefrom, 
a = b and Fix(®) = {(a,a)}. In this case, by definition, a € Fix(T). Suppose 
that b € Fix(T). Then, again by definition, (b,b) € Fix(®); so, by the above 
representation of Fix(®), (a,a) = (b, b); wherefrom a = b. The proof is complete. 

In the following, we list conditions under which an existence and uniqueness 
property for the fixed points of @ is to be reached. These, by the auxiliary fact above, 
yield an existence and uniqueness property for the associated to F diagonal operator 
T. We distinguish between (I) conditions about (X 2 A,~X< ) (expressed in terms of 
(X,d, < )), and (II) conditions about ® (expressed in terms of F). 

(I-a) Suppose that (X,d) is complete. Then, evidently, (X*, A) is complete too. 

(I-b) Suppose that 


(c03) (X,< ) is (up/down)-directed: for each x,y € X, the subset {x, y} has 
upper and lower bounds. 


Note that, in this case (X?, < ) is up-directed. In fact, given z; = (x1, y1), 22 = 
(x2, y2) in X?, an upper bound (modulo ( < )) of {z,, 2} is w = (u,v); where u is an 
upper bound of {x;, x2} and v is a lower bound of {y;, y2}; hence, the assertion. 

(II-a) A basic condition about F' is to be written as 


(c04) F is mixed monotone: (x, y) X (u,v) implies F(x, y) < F(u, v). 
Note that, in such a situation, 
@Pis ( X )-increasing : (x, y) X (u,v) implies (x, y) x Du, v). (24) 


In fact, let (x, y) and (u, v) in X? be such that (x, y) xX U,v)1e.,x <u,y > v. 
Then (by the mixed monotone property) 


F(x,y) < Flu,v), F(v,u) < F(y,x) (hence, F(y,x) = F(v,u)); 


and the claim follows. 
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A simpler way of expressing this is the following. Let us say that the function F 
is (1-increasing, 2-decreasing), if it is increasing in the first variable and decreasing 
in the second one: 


V(a,b) € X?: F(.,b)= increasing, F(a, .)=decreasing. 


Lemma 2 The mapping F is mixed monotone iff it is (1-increasing,2-decreasing). 
Proof (i) Assume that F is mixed monotone; and let (a,b) € X 2 be arbitrary fixed. 
If x1 < x2 then, as (x1,b) < (x2,b), we must have, by hypothesis F(x;,b) < 
F (x2, b). Likewise, take y;, y2 € X with y; > yz; then, as (a, y,) X (a, yz), one gets 
F(a, y,) < FG, y2). 

(ii) Assume that F is (1-increasing,2-decreasing); and let (x1, y1), (%2, y2) in X > be 
such that (41, v1) X (Xo, y2); 1e., X1 < x2, yi => yz. Then (by the admitted property), 
F (x1, 1) < F(%2, y1) < F(%2, y2); and this ends the argument. 

(II-b) Another basic condition imposed upon F' may be written as 


(cO5) F has coupled starting points (u, v), in the sense: u < F(u,v),v > F(v,u). 


Then, evidently, w = (u, v) is ( X )-starting for ®, in the sense: w <x ®(w). 
(II-c) Further, given g € F(re,in)(R,), call F, (d, <; g)-contractive, provided 


(c06) d(F(x, y), Fu, v)) < (AC, y), (U, v))), When (x, y) X (u,v). 


A direct consequence of this is 


@ is (A, X;@) — contractive : 


A(P(x, y), Pu, v)) S (A(x, y), U, v))), When (x, y) X (u,v). 


(25) 


(II-d) Finally, suppose that F is (A, d)-continuous: z, ee implies F(z,) “s 
F(z). Then, ® is A-continuous: z,, —+z implies ®(z,,) + D(z). 

Putting these together we have, by the third main result above (applied to (X?, 
A, x )and @): 


Theorem 11 Assume that F is (d, <; y)-contractive, for some y € F(re,in)(R,). 
In addition, let (X,d) be complete, (X,< ) be (up/down)-directed, F be mixed 
monotone, d-continuous. Finally, assume that one of the extra conditions below 
holds: 

(i) g is Matkowski admissible and F admits coupled starting points 

(ii) g is strongly Matkowski admissible. 

Then, the following conclusions are available: 

(a) F has a unique coupled fixed point (a,a), witha € X 

(b) the associated to F diagonal operator T fulfills Fix(T) = {a}; where a € X 
is the above one 

(c) for each (xo, yo) € X 2. the iterative process 


(Xn41 = F(xn, Yn), Ya+l1 = F(yn,Xn)3n = 0) 


d d 
converges towards (a, a); whence, X, —> a, Vy —> a. 
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In particular, when the second extra condition above is taken as 

(iii) g is strongly Matkowski admissible and F admits coupled starting points, 

this result is just the one in Bhaskar and Lakshmikantham [8]; if, in addition, 
gy is linear. So, according to the authors, only mappings F' with coupled starting 
points may have coupled fixed points. However, as explicitly stated above, existence 
of coupled starting points is superfluous when ¢ is strongly Matkowski admissible; 
hence, all the more linear. Further aspects may be found in Berinde [5]. 


2.4 Monotone Operators 


Let {(X;, dj; <; );1 < i < r} be a system of quasi-ordered metric spaces. Denote 


X = [[{Xi;1 <i <r} (the Cartesian product of the ambient sets); and put, for 
x =(x1,...,xX;) and y = (y1,..., y,) in X 


(dO1) d(x, y) = max{d\(x1, y1),..-,d- Or, Yr)}s 
(d02) x < yiffx; <; y;,i € {1,...,r}. 


Clearly, d(., .) is a (standard) metric on X; and (< ) acts as a quasi-ordering over the 
same. As aconsequence of this, we may now introduce all previous conventions. Note 
that, by the very definitions above, we have, for the sequence (x” = (x},...,x/);n > 
0) in X and the point x = (x,...,x,) in X, 


x” mal x iff dj(x?,x;) > Oasn > on, for alli € {1,...,r} (26) 


(x";n = 0) is d-Cauchy iff (x?;n = 0) is d;-Cauchy, Vi € {1,...,r}. (27) 


Let (7; : X > X;;1 <i <r) bea system of maps; it generates an associated 
selfmap T of X, according to the convention 


(d03) Tx =(T)x,...,7,x), x = (%1,...,X,) € X. 


In the following, some basic monotone conditions upon this map are discussed. 

(I) Let P be a subset of {1,..., 7}; note that, the case of P = Wor P = {1,...,r}is 
not excluded; this is also true for its complement P° := {1,...,r}\P. For each couple 
u = (Uyj,...,Uy), V = (Yj,.-., ¥-) in X, let (u,v; P) be the point w = (wj,...,w,) € 
X, introduced as 


(d04) Wh = un, h €Pswr= Vy, kK e€ P*. 
The following property is almost immediate; so, we do not give details. 
Lemma 3. The mapping (u,v) +> (u,v; P) is continuous in the sense 
(x” = fy. . 5%), " = OF... EX, xy € X, 


d 


a d (28) 
—> x,y" —> y imply (x", y"; P) — (x, y; P). 


n 
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(B) Let i € {1,...,r} be arbitrary fixed; and P; be a subset of {1,...,7} (under 
the general meaning above). Call 7;, P;-monotone, provided: 


(d05) for each pair (x, y), (u,v) € X* with x <u, y > v, 
we have T;(x, y; P;) <; Tj(u, v; P;). 


A characterization of this concept may be given along the lines below. Define the 
quasi-order ( ; ) over X, as: for each x = (%1,...,%,), Y = (y1,---, yy) NX, 


(d06) x C; y iff: Gh Sn Yn, h © Pi), Xk Zk Ye, k © PF). 
Call T;, P;-coupled-monotone, in case 


(d07) x,y € X,x Ej y implies Tj(x) <; T;(y). 


Lemma 4 We have: T; is P;-monotone iff T; is P;-coupled-monotone. 


Proof (i) Suppose that 7; is P;-monotone; and let x, y € X be such that x EC; y. 
This yields a := (x, y; P;) < b := (y,x; P;); hence, b = (y,x; P;) > a = (x, y; Pi). 
By the imposed condition, we have 7;(a,b; P;) <; T;(b,a; P;); or, equivalently, 
T(x) <; T;(y); 1e., T; is P;-coupled-monotone. 

(ii) Suppose that 7; is P;-coupled-monotone; and let the pair (x, y), (u,v) € X > be 
such that x <u, y > v. By definition, (x, y; P;) E; (u, v; P;); so that, by hypothesis, 
T(x, y; Pi) <; T;(u, v; P;); wherefrom, 7; is P;-monotone. 

Another characterization of this property is by means of the component variables. 
Foreach j € {1,...,1r}, letus say that 7; is j-increasing (resp., j-decreasing) provided, 
for each a = (qy,...,a,) € X, 


(d08) x,y € X,x < y imply 
T;(x, a3 {j}) Si Ty, a3 (j}) Cesp., Tix, a3 (7) =i TiO, as (7) 


or, equivalently, 7; is increasing (resp., decreasing) with respect to the jth variable. 
If one of these properties holds, then 7; is called j-monotone; and if this is valid for 
all j € {1,...,r}, we say that 7; is component-wise monotone. Denote, in this last 
case (for each i € {1,...,r}) 


(d09) inc(7;)={j € {1,...,r}; 7; is j-increasing}, 
dec(7;)={j € {1,...,r}; T; is j-decreasing}. 


Proposition 2 The following are valid: 

(i) If T; is P;-coupled monotone, then it is component-wise monotone, with P; = 
inc(T7;), P* = dec(T;) 

(ii) If T; is component-wise monotone, then it is P;-monotone, where P; = inc(T;). 


Proof (i) Suppose that J; is P;-coupled-monotone; and let a € X be fixed in the 
sequel. Further, take some pair x, y € X with x < y. Given j € Pj, the pair u = 
(x,a;{j}), v = 0, a; {j}) in X fulfills u €; v; so that, by hypothesis, T;(u) <; T;(v); 
wherefrom, 7; is j-increasing. Likewise, given j € P*, the pair u = (x,a; {j}), 
v = (y,a; {j})in X fulfills v C; u; so that, by hypothesis, 7;(v) <; T;(u); wherefrom, 
T; is j-decreasing. 
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(ii) Suppose that 7; is component-wise monotone; and denote P; = inc(7;). We 
show that, foreacha € X, 


SSL ay) a, LO asP) (29) 
x > y=—T (a,x; P;) <; Ti(a, y; Pi); 


and, from this, conclusion follows as: for each pair (x, y), (u,v) € X ze. 
(x <u,y = v= T(x, y; Pi) < Tu, y; Pi) < Tu, v; Pi). 


By duality reasons, it will suffice verifying its first half. Let P; = {m,...,mg} 
be the representation of this index set, where m, < ... < mg; and let x,y € X be 
such that x < y. Denote u? = (x,a; P;); clearly, u? = (x, u°;{m}). So, if we put 
u! = (y,u°;{my}), the component-wise property above gives (by the definition of 
P;) T;(u°) <; T,(u'). Further, u! = (x, u!; {m>}); so, if we put u? = (y,u!; {mp}), the 
same component-wise property above gives (by the definition of P;) T;(u'!) <; T;(w’). 
By a finite induction it is clear that, after g steps, one gets the desired fact. 


2.5 Main Result 


Let {(X;,d;; <; ); 1 < i < r} be a system of quasi-ordered metric spaces. Denoting 
X = [[{Xi;1 < i < r}, let us introduce a “product” metric d(.,.) over X and 
a “product” quasi-order ( < ) over the same under the lines we already sketched. 
Further, put X* = X x X; remember that a quasi-ordered metrical structure and a 
conjugate operator over it are to be introduced as: for z = (x, y), w = (u, v) in X? 


A(z, w) = max{d(x,u),d(y,v)}; z x wiffx <u, y > v;2* = (y,x). 


Further, let (7; : X — X;;1 <i <r) be a system of maps; it generates an 
associated selfmap T of X, under the convention 


Tx = (7 x,..., Tx), X = (X1,...,%,) € X. 


In the following, we list the conditions to be imposed upon our data. These, 
roughly speaking, are (I) conditions/properties involving the ambient spaces, and 
(II) conditions/properties imposed upon the introduced operators. 

The first group of conditions involves the ambient quasi-ordered metric spaces. 

(I-a) Assume in the following that (X;, d;) is complete, Vi € {1,...,r}. Note that, 
in such a case, (X,d) and (X?, A) are complete too. 

(I-b) Suppose that 


(e01) foreachi € {1,...,r}, (Xi, <; ) is (up/down)-directed: for each x;, y; € X, 
{x;, y;} has upper and lower bounds (modulo ( <; )). 


Then, by definition, (X,< ) is (up/down)-directed; wherefrom, (X?,< ) is up- 
directed. 
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The second group of conditions refers to the system T = (71,..., T;). 
(II-a) A basic one is related to the monotonicity of our underlying system: 


(c02) for eachi € {1,...,r}, there exists a subset P; of {1,...,7}, such that 7; is 
P;-monotone; 


the system of all such properties will be referred to as: T is (P;,..., P,.)-monotone. 
Remember that this holds whenever 7; is component-wise monotone, for i € 
{1,...,r}; it will suffice taking P; = inc(7;), i € {1,...,r}. An important 
consequence of the described fact is as follows. For each i € {1,...,r}, denote 


(e03) Fix, y) = T(x, y; Pi), x,y € X. 
This is a mapping in F(X7, X;), endowed with the property (cf. the preceding 
part) 
(x,y), (uv) € X?,x < uy > v= F(x, y) <i Fi(u,y). (30) 
Note that, as a consequence, the mapping in F(X’, X) introduced via 
(c04) F(x, y)= (Fix, y),..., F(X, y)), xy € X 
is mixed monotone; i.e., (see above) 
(x,y), (u,v) € X?,x <u,y > v=>F (x,y) < Fu,v). (31) 
(II-b) Another basic condition to be considered upon T = (7\,..., 7;) writes 


(e05) T has (P\,...,P,-)-coupled starting points (u = (w,...,u;),Vv = 
(\1,...,V,)), in the sense: u; <; T;(u,v;P;), v; >; T;(v,u; P;), for alli € 
(AL sester hs 


Note that, in such a case, the associated map F admits (u, v) as coupled starting 
point: u < F(u,v),v > F(v,u). 

(II-c) A special condition upon T = (7},..., T) is of contractive type; there exists 
gy € F(re,in)(R,), such that 


(e06) Vi € {1,....r}: dix), Ty) S od, y)), Vx, y € X,x Ei ys 


referred to as: T is (P},..., P;¢)-contractive. Note that, as a direct consequence, 
one has an evaluation like: 


Vi € {1,...r}: d(Fi@, Fw)) < G(AG,w)), Vz,w € X?,z < w. (32) 


Indeed, take some i € {1,...,r}; and let (x, y), (u,v) € X? be such that (x, y) x 
(u, v). Then, (x, y; P;) €; (u,v; P;); so that, by the contractive hypothesis, 


dj(F;(x, y), Fi(u,v)) < o(d((x, y; Pi), Uv; Pi))) < P(ACx, y), (u,v); 
hence, the claim. Passing to the “vectorial” map F, it results from this that 


d( F(z), F(w)) < g(A(z, w)), Vz, w € X?,z < w; (33) 
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or, equivalently (see above): F is (d, <; g)-contractive. 
(II-d) Suppose that 


(e07) for eachi € {1,...,r}, T; is (d, d;)-continuous (on X). 


Note that, in such a case, by the continuity properties of the maps (x, y) > (x.y; P) 
discussed in a previous place, one has 


Vi € {1,...,r}: F; is (A, d;)-continuous; so, F is (A, d)-continuous. (34) 
(I-e) Finally, as a distinct consequence of these conventions, one has 
T(x) = F(x, x), Wi € {1,...,7}; hence, T(x) = F(x, x); (35) 


or, in other words: T is the diagonal operator attached to F. 
Putting these together, we have (by the coupled fixed point result above): 


Theorem 12 Suppose that, there exists a system of subsets (P),..., P-)in{1,...,r}, 
such that: T is (P\,..., P,)-monotone and (P\,..., P-;g)-contractive. for some @ € 
F(re,in)(R,). In addition, let (X;,d;) be complete, (X;, <; ) be (up/down)-directed, 
and T, be (d, d;)-continuous, for eachi € {1,...,r}. Finally, assume that one of the 
extra conditions below holds: 

(i) g is Matkowski admissible and T has (P\,..., P,.)-coupled starting points 

(ii) g is strongly Matkowski admissible. 

Then, the following conclusions hold 

(a) F has a unique coupled fixed point, (a,a) with a = (a,...,4;) € X 

(b) the vectorial operator T fulfills Fix(T) = {a}, where a € X is as before 

(c) for any couple x° = (Cee x9) and y® = (y?, ..., ¥2) in X, the iterative 
process (xttl — F(Xns Yn), yt! = F(yn,Xn);n > 0) converges towards (a, a); 
whence, x" te a, y" ate a. 

In particular, when the second extra condition is taken as 

(iii) g is strongly Matkowski admissible and T has (P,,..., P,)-coupled starting 
points, 

this result is comparable with the one in Rus [36]. Precisely, according to the 
author, the only mappings F for which a couple fixed point is to be reached are 
those admitting at least one (P,..., P,)-coupled starting point. However, as explic- 
itly stated above, the existence of such points is superfluous when 9g is strongly 
Matkowski admissible; hence, all the more linear (like in his example of boundary 
value problem). Further aspects may be found in Rus [35]. 


2.6 An Application 
Let (M, e, < ) be a quasi-ordered metric space. For technical reasons, the following 
notations will be introduced: 

(Xi, di, <1 ) = (X2, do, <2 ) = (X3,d3, <3 ) = (Me, < ); 

La NX kee SW a & KX. 
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According to these notations, let d be the “product” metric of (di, dz, d3), and (<) 
be the “product” quasi-order of ( <1, <2, <3 ). Also, let us endow X 2 with the metric 
A(., .) and the quasi-order ( < ) we just introduced. 

Further, let J : M? —> M be a mapping. In the following, we are intending to 
establish sufficient conditions under which the system of equations 


Xy = J(%1, 2,3), X2 = J(X2,%1,%3), X3 = J (x3, X2, x1) (36) 


should have a (unique) solution a = (a),a2,a3) € X = M 3: referred to as a tripled 
fixed point of J. Clearly, this is nothing else than a fixed point of the vectorial operator 
T = (Tj, To, T3) in F(X), introduced as: for each x = (x1, x2,%3) € X, 


(f01) T(x) = J(x1, X2,%3), Thx) = J (x2, 41,3), T3(x) = J(%3, X2, X1). 


To solve this problem, it will suffice applying the previous developments. 

In the following, we list the conditions to be imposed upon our data; as well 
as the associated properties. These, roughly speaking, are (I) conditions/properties 
regarding the ambient spaces (in fact: conditions imposed upon (M,e, < )), and 
(II) conditions/properties involving the introduced operators. (in fact: conditions 
imposed upon J). 

Concerning the first group, we have two basic conditions. 

(I-a) Suppose that 


(f02) (M,e) is complete (each e-Cauchy sequence is e-convergent). 


Note that, in this case, (X;,d;) is complete, for each i € {1,2,3}. In addition, the 
metric spaces (X,d) and (X 2, A) are complete too. 
(I-b) Suppose that 


(f03) (M, < ) is (up/down)-directed. 


This yields, in a formal way: for eachi € {1,2,3}, (X;, <; ) is (up/down)-directed. 
Consequently, by the very definitions above, (X,< ) is (up/down)-directed and 
(X?, < )is up-directed. 
We are now passing to the second group of conditions, related to the map J. 
(II-a) The basic one involves the monotonicity of our underlying map: 


(f04) J is 1-increasing, 2-decreasing, 3-increasing. 


By the very definition of the associated maps (7), 7>, T3), one gets directly 
T, is 1-increasing, 2-decreasing, 3-increasing 


T, is 1-decreasing, 2-increasing, 3-increasing (37) 


T3 is 1-increasing, 2-decreasing, 3-increasing. 


An important consequence of this is the following. Define the mappings F), F2, 
F3 in F(X’, M), according to: for each x = (x;,%2,*x3), Y = (1, Y2, y3) in X, 
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(f05) Fi(x,y) = Ti, y2,x3) = J (x1, y2, x3), 
Fo(x, y) = To(y1, X2,.%3) = J (%2, 1, X3), 
F3(x, y) = T3(X1, y2,%3) = J(%3, y2, X41). 


By the imposed properties, these maps fulfill 
(x,y), (u,v) € X*,x <u,y > v= >Fi(x, y) <i Fi(u,v), i € {1,2,3}. 8) 
This, in turn, tells us that the mapping in F € F(X, X) introduced as 


(f06) Fx, y) = (Fi, y), Fo(x, y), Fax, 9), x,y E X 


is mixed monotone. in the sense 
(x, y), (u,v) € X?,x <u,y > v=>F (x,y) < Flu,v). (39) 


(II-b) The second condition upon J is of (linear) contractive type: there exists 
a € JO, 1[ such that 

(f07) e(J(x), J(y)) < ad(x, y), for each 

X = (%1,X2,.%3), Y = (1, Y2, y3) in X with x1 < y1, X2 = yo, x3 S 3. 

Then, we have contractive properties for the maps 7,72, T3, expressed as: for 
each x = (x1, x2,X3), y = (1, y2, y3) in X, 


e(T\(x), Ti(y)) < ad(x, y), whenever x; < y1,x2 > y2,x3 < y3 
e(Tn(x), Th(y)) < ad(x, y), whenever x; > yj,X2 < y2,%3 < y3 (40) 


e(73(x), 73(y)) < ad(x, y), whenever x; < yj,X2 > y2,%3 < y3. 


This yields corresponding contractive properties for the mappings F|, F2, F3, and 
F = (F}, Fo, F3); we do not give details. 
(II-c) The third condition is continuity: 


(f08) J is continuous from X = M? to M. 


Note that, in such a case, the maps 7), T>, 73 are continuous; in addition, the maps 
F,, Fo, F3 and F = (F\, F, F3) are continuous too. 
(II-d) Finally, as a distinct consequence of these, one has the diagonal property: 


T(x) = F(x, x), Vi € {1,2, 3}; hence, T(x) = F(x, x); (41) 


or, in other words: T is the diagonal operator attached to F. 
Putting these together, we have (via Theorem 12 above): 


Theorem 13 Assume that conditions (f02)-(f04) and (f07)-(f08) hold. Then, 

(i) F has a unique coupled fixed point, (a, a) with a = (a, a2,a3) € X 

(ii) the vectorial operator T fulfills Fix(T) = {a}, where a € X is as before 

(iii) for each couple x° = ie ae) and y® = (y?, y9, y9) in X, the iterative 
process (x"t! = F(x", y"), y’t! = F(y",x");n > 0) converges towards (a, a); so 


. d d 
that, necessarily, x" —> a, y” —> a. 
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In particular, when in addition, 


(f09) there exists a couple x9 = (xe. ae Ke) and y? = (y?, yd, e) in X, 
with x° < F(x°, y®), y® = F(y®,x°), 


this result is deductible from the one in Rus [36]. Further aspects may be found in 
Turinici [43]. 


3 Relational Metric Spaces 


3.1 Introduction 


Let X be a nonempty set. Remember that the subset Y of X is almost-singleton 
(in short: asingleton) provided y;, y2 € Y implies y; = ya; and singleton, if, in 
addition, Y is nonempty; note that, in this case, Y = {y}, for some y € X. Take 
a metric d : X x X — R, over X; as well as a selfmap T € F(X). Denote 
Fix(T) = {x € X;x = Tx}; each point of this set is referred to as fixed under T. 
Concerning the existence and uniqueness of such points, a basic result is the 1922 
one due to Banach [2]. Call the selfmap T, (d; a@)-contractive (where a > 0), if 


(a01) d(Tx, Ty) < ad(x, y), for all x, y € X. 


Theorem 14 Assume that T is (d;a)-contractive, for some a € [0, 1[. In addition, 
let (X,d) be complete. Then, 

(i) Fix(T) is a singleton, {z} 

(ii) T" x a Zasn — oo, for each x € X. 

This result (referred to as: Banach’s fixed point theorem) found some basic ap- 
plications to the operator equations theory. Consequently, a multitude of extensions 
for it were proposed. Here, we shall be interested in the relational way of enlarging 
Theorem 14, based on contractive conditions like 


(a02) F(d(Tx, Ty), d(x, y),d(x, Tx), d(y, Ty),d(x, Ty),d(y, Tx)) < 0, 
for allx,y € X withxRy; 


where F : Re — R is a function and F is a relation over X. Note that, when 
R = X x X (the trivial relation over X), a large list of such contractive maps is 
provided in Rhoades [33]. Further, when R is an order on X, an early 1986 result was 
obtained by Turinici [41], in the realm of ordered metrizable uniform spaces. Two 
decades after, this fixed point statement was rediscovered (in the ordered metrical 
setting) by Ran and Reurings [32]; see also Nieto and Rodriguez-Lopez [28]; and, 
since then, the number of such results increased rapidly. On the other hand, when 7? 
is an amorphous relation over X, an appropriate statement of this type is the 2012 
one due to Samet and Turinici [37]. The “intermediary” particular case of 7 being 
finitely transitive was recently obtained by Karapinar and Berzig [18], under a class 
of (aw, By)-contractive conditions suggested by Popescu [31]. It is our aim in the 
following to give further extensions of these results, when 
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(i) the contractive conditions are taken after the model in Meir and Keeler [26] 
(ii) the finite transitivity of 7? is being assured in a “local” way. 
Further aspects occasioned by these developments will be also discussed. 


3.2. Preliminaries 


Throughout this exposition, the ambient axiomatic system is Zermelo—Fraenkel’s 
(abbreviated: (ZF)), as described by Cohen [11, Chap. 2, Sect. 3]. In fact, the 
reduced system (ZF—AC) will suffice; here, (AC) stands for the Axiom of Choice. 
The notations and basic facts about these are more or less usual. Some important 
ones are described below. 

(A) Let X be a nonempty set. By a relation over X, we mean any nonempty part 
RCX x X. For simplicity, we sometimes write (x,y) € R as xRy. Note that R 
may be regarded as a mapping between X and P(X) (=the class of all subsets in X). 
Precisely, denote for x € X: X(x,R) = {y € X;xRy} (the section of R through 
x); then, the desired mapping representation is [R(x) = X(x, R), x € X]. 

Among the classes of relations to be used, the following ones (listed in a 
“decreasing” scale) are important for us: 


(PO) FR is trivial; i.e., R = X x X; note that, in this case, xRy, Vx, y © X 

(P1) RF is an order; 1.e., it is reflexive [xRx, Vx € X], transitive [xRy and yRz 
imply x7ez] and antisymmetric [xRy and yRx imply x = y] 

(P2) R is a quasi-order; i.e., it is reflexive and transitive 

(P3) 7 is transitive (see above). 


A basic ordered structure is (NV, < ); here, N = {0,1,...} is the set of natural 
numbers and ( <) is defined as: m < n iff m-+ p =n, for some p € N. For each 
natural number n > 1, let N(n, > ) := {0,...,2 — 1} stand for the initial interval 
(in NV) induced by n. Any set P with P ~ N (in the sense: there exists a bijection 
from P to N) will be referred to as effectively denumerable. In addition, given some 
natural number 7 > 1, any set Q with Q ~ N(n, > ) will be said to be n-finite; when 
n is generic here, we say that Q is finite. Finally, the (nonempty) set Y is called (at 
most) denumerable iff it is either effectively denumerable or finite. 

Given the relations R, S over X, define their product Ro S as 


(b01) (x,z) € RoS if, there exists y € X with(x,y)E R,(y,2€S. 
This allows us to introduce the powers of a relation R as 
(b02) R°=Z,R"*'=R"oOR NEN. 


(Here, Z = {(x,x);x € X} is the identical relation over X). The following 
properties of these will be useful in the sequel: 


R™™ = R™oR", (RY =R™, Vnne N. (42) 
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Given k > 2, let us say that R is k-transitive provided R*‘ CR; clearly, transitive 
is identical with 2-transitive. We may now complete the decreasing scale above as 


(P4) FR is finitely transitive; i.e., R is k-transitive for some k > 2 

(P5) FR is locally finitely transitive; i.e., for each (effectively) denumerable subset 
Y of X, there existsk = k(Y) > 2, such that the restriction to Y of R is k-transitive. 
(P6) FR is amorphous; i.e., it has no specific properties at all. 


(B) Let (X,d) be a metric space. We introduce a d-convergence and d-Cauchy 
structure on X as follows. By a sequence in X, we mean any mapping x: N > X. 
For simplicity reasons, it will be useful to denote it as (x(1);n > 0), or (x,3” => 0); 
moreover, when no confusion can arise, we further simplify this notation as (x(7)) 
or (x, ), respectively. Also, any sequence (yy) := Xj(ny;n > 0) with i(n) > oo as 
n — © will be referred to as a subsequence of (x,;n > 0). Given the sequence (x, ) 
in X and the point x € X, we say that (x,), d-converges to x (written as: x, sy x) 
provided d(x,,x) > Oasn > oo; Le., 


Ve >0,5ci =i(e): i < n= d(xy,Xx) < &. 


The set of all such points x will be denoted lim, (x,,); note that, it is an asingleton, 
because d is triangular. If lim, (x,) is nonempty, then (x,) is called d-convergent. 


: d 
We stress that the introduced convergence concept ( —> ) does match the standard 
requirements in Kasahara [19]. Further, call the sequence (x,), d-Cauchy when 
d(Xm,Xn) > Oasm,n > oO,m <n; ie., 


Ve > 0,47 = j(e): J <m < n= d(Xin, Xn) < €. 


As d is triangular, any d-convergent sequence is d-Cauchy too; but, the reciprocal 
is not in general true. 
The introduced concepts allow us to give a useful property. 


Lemma 5 The mapping (x, y) > d(x, y) is d-Lipschitz, in the sense 
|d(x, y) — d(u,v)| < d(x,u) + d(y,v), Va, y), (u,v) € X x X. (43) 


As a consequence, this map is d-continuous; i.e., 
d d ‘ 
Xn —> X, Yn —> y imply d(Xn, Yn) > d(x, y). (44) 


The verification is by using the triangular property of d; we do not give details. 

(C) Let (X,d) be a metric space; and RCX x X be a (nonempty) relation over 
X; the triple (X,d,R) will be referred to as a relational metric space. Further, 
take some T € F(X). Call the subset Y of X, R-almost-singleton (in short: R- 
asingleton) provided yi, y2 € Y, y;Ry2 = > y; = yo; and R-singleton when, in 
addition, Y is nonempty. We have to determine circumstances under which Fix(T) 
be nonempty; and, if this holds, to establish whether T is fix-F-asingleton (i.e., 
Fix(T) is 7-asingleton); or, equivalently T is fix-7-singleton (in the sense, Fix(T) 
is 7-singleton); To do this, we start from the basic hypotheses 
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(b03) T is R-semi-progressive: X(T, RR) := {x € X;xRTxJ 4G 
(b04) T is R-increasing: xRy implies TxRTy. 


In this setting, the basic directions under which the investigations to be conducted 
are described in the list below, comparable with the one in Turinici [42] (see also 
Rus [34, Chap. 2, Sect. 2.2]): 

(2a) We say that T is a Picard operator (modulo (d, R)) if, foreach x € X(T, FR), 
(T"x;n > 0) is d-convergent 

(2b) We say that T is a strong Picard operator (modulo (d,R)) when, for each 
x € X(T,R), (T"x;n = 0) is d-convergent; and lim, (T”x) belongs to Fix(T) 

(2c) We say that T is a globally strong Picard operator (modulo (d,R)) when 
it is a strong Picard operator (modulo (d,)) and T is fix-R-asingleton (hence, 
fix-7e-singleton). 

The sufficient (regularity) conditions for such properties are being founded on 
ascending orbital concepts (in short: (a-o)-concepts). Namely, call the sequence 
(Zn;n = 0) in X, R-ascending, if z;Rz+4, for all i > 0; and T-orbital, when it is a 
subsequence of (7"x;n > 0), for some x € X; the intersection of these notions is 
just the precise one. 

(2d) Call (X,d), (a-o)-complete, provided (for each (a-0)-sequence) d-Cauchy 
=> d-convergent 

(2e) We say that T is (a — 0, d)-continuous, if ((z,)=(a-0)-sequence and z, ty Zz) 
imply Tz, — Tz 

(2f) Call R, (a — 0, d)-almost-selfclosed, if: whenever the (a-o)-sequence (z,;n 


IV 


0) in X and the point z € X fulfill z, a z, there exists a subsequence (w, := 
Zin) = O) of (Zn3n > O) with w,7ez, for alln > 0. 

When the orbital properties are ignored, these conventions give us ascending 
notions (in short, a-notions). Precisely, call (X, d), a-complete, provided (for each a- 
sequence) d-Cauchy => d-convergent. Further, let us say that T is (a, d)-continuous, 
if ((g,)=a-sequence and z, —> z)imply Tz, > Tz. Finally, call R, (a, d)-almost- 
self-closed, if: whenever the a-sequence (z,;n > 0) in X and the point z € X fulfill 
Zi a z, there exists a subsequence (w,;n > 0) of (z,; > 0) with w,7ez, for all 
n> 0. 

Concerning these properties, the following auxiliary fact is useful for us. 


Lemma 6 Let the R-ascending sequence (zZ,;n = 0) in X, and the natural number 
k > 2, be such that 


(b05) FR is k-transitive on the subset Z := {Z,;n = O}. 
Then, necessarily, 
(Wr = 0): [(@i,Ziti4ra—) € R, Vi = O). (45) 
Proof We make use of an induction argument with respect to r. First, by the 


R-ascending property, (z;,z;+1) € R, V; = 0; whence, the case of r = 0 holds. 
Moreover, again from our choice, (z;, Zj+%) € R*; and this, along with the k-transitive 
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property, gives (z;, zi+x) € R; hence, the case of r = | holds too. Suppose that this 
property holds for some r > 1; we claim that it holds as well for r + 1. In fact, given 
i > 0, the R-ascending property gives (Zj+14/(k-1)s Zi4140-4D(k-1)) € R‘-!. so that, 
by the inductive hypothesis (and properties of relational product) 


k-1 k. 
(Zi, Zit14o4+yk-)) EC ROR = RR, 


and this, along with the k-transitive condition, yields (z;, Z414¢-41)¢-1)) € R. The 
proof is thereby complete. 


3.3 Meir—Keeler Contractions 


Let (X,d, R) be a relational metric space; and T be a selfmap of X; supposed to be 
R-semi-progressive and 7#-increasing. The basic directions and sufficient regularity 
conditions under which the problem of determining the fixed points of T be solved 
were already listed. As a completion of them, we must formulate the metrical con- 
tractive type conditions upon our data. These, essentially, consist in a “relational” 
variant of the Meir—Keeler condition [26]. Denote, for x, y € X: 


A(x, y) = max{d(x, Tx),d(y, Ty)}, L(x, y) = (1/2)[d(x, Ty) + d(Tx, y), 
Gi(x,y) = d(x, y)s Gr(x, y) = max{G(x, y)s A(x, y), 

G3(x, y) = max{Ga(x, y), L(x, y)} = max{G (x, y), H@, y), L@, y)}. 

Given G € {G,, G2, G3}, we say that T is Meir—Keeler (d,R; G)-contractive, if 
(cO1) [xRy, G(x, y) > 0] implies d(T x, Ty) < G(x, y) 

(T is strictly (d,R; G)-nonexpansive) 

(c02) Ve > 0,56 > 0: [xRy, € < G(x, y) < e+ 6] = > d(Tx,Ty) <¢ 

(T has the Meir—Keeler property). 


Note that, by the former of these, the Meir—Keeler property may be written as 
(c03) We > 0,56 > 0: [xRy, 0 < G(x, y) < € +6] = > d(Tx,Ty) < €. 


In the following, two basic examples of such contractions will be given. 

(A) Let F(re)(R,) stand for the class of allg € F(R) with the (strong) regressive 
property: [g(0) = 0; p(t) < t, Vt > 0]. We say that g € F(re)(R,) is Meir—Keeler 
admissible, if 

(c04) Vy > 0,46 €)0,yL Wt): y <t<yt+ pB=9) <y; 

or, equivalently: Vy > 0,46 € JO, y[, (Wt):0<t<y+ p= 91) < y. 

Now, given G € {G 1, G2, G3}, g € F(R,), call T, (d, R; G, g)-contractive, if 


(c05) d(Tx, Ty) < g(G(x, y)), Vx,y € X,xRy. 


Lemma 7 Assume that T is (d,R;G,@)-contractive, where p € F(re)(R,) is 
Meir—Keeler admissible. Then, T is Meir—Keeler (d,R; G)-contractive. 
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Proof (i)Letx, y € X besuch that xRy and G(x, y) > 0. The contractive condition, 
and (gy =regressive), yield d(T x, Ty) < G(x, y); so that, the first part of the Meir— 
Keeler contractive condition holds. 

(ii) Let ¢ > O be arbitrary fixed; and 6 € ]0,¢[ be the number assured by the 
Meir—Keeler admissible property of g. Further, let x, y €¢ X be such that x7?y and 
€ < G(x, y) < ¢ + 6. By the contractive condition and admissible property, 


d(Tx,Ty) < o(G(,y)) < ; 


so that, the second part of the Meir—Keeler contractive condition holds too. 
Some important classes of such functions are given below. 
(I) For any g € F(re)(R,) and any s € R®, put 


(c06) A,¢g(s) = info O(s + \(e); where O(s + )(e) = sup g(Is,s + el); 
(cO7) A*g(s) = sup{g(s), A+(s)}. 


By this very definition, we have the representation (for all s € R°) 
At (s) = inf,.9 ®[s + (ce); where S[s + ](e) = sup{y([s, s + e[). (46) 
From the regressive property of ¢, these limit quantities are finite; precisely, 
0 < y(s) < Aty(s) <5, Vs € RY. (47) 


The following consequence of this will be useful. Remember that, given the 
sequence (7,37 > 0) in R and the point r € R, we denoted 

'n — r+ (respectively, 7, > r++), ifr, > r and 

ry, = r (respectively, r, > r), for alln > O large enough. 


Lemma 8 Let g € F(re)(R,) ands € R¢ be arbitrary fixed. Then, 

(i) lim sup, (@(ir)) < At g(s), for each sequence (ty) in R¢ with ty — s+; hence, 
in particular, for each sequence (ty) in Aa with ty > S++ 

(ii) there exists a sequence (r,) in jae with r, > s+ and p(r,) > AT @(s). 


Proof (i) Given ¢ > 0, there exists arank p(¢) > O such thats <t, <s5+e, forall 
n > p(e); hence 


lim sup (g(¢,)) S sup{g(,);n = p(é)} < Pls + Ie). 


It suffices taking the infimum over ¢ > 0 in this relation to get the desired fact. 
(ii) When A*¢(s) = 0, the written conclusion is clear, with (7, = s;n > 0); for, 
in this case, g(s) = 0. Suppose now that At g(s) > 0. By definition, 


Ve € 10, At y(s)[, 36 € ]0,e[: At g(s)—e < At o(s) < [s+](6) < ATy(s)+e. 
This tells us that there must be some r in [s,s + 6[ with 


Atg(s)—e < o(r) < Aty(s) +e. 
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Taking a sequence (¢,) in JO, At y(s)[ with e, — 0, there exists a corresponding 
sequence (r,,) in RY with r, > s+ and g(r,) > AT G(s). 
Call g € F(re)(R+), Boyd—Wong admissible, if 


(c08) Atg(s) < s (or, equivalently: A, g(s) < s), forall s > 0. 


(This convention is related to the developments in Boyd and Wong [10]; we do 
not give details). In particular, p € F(re)(R,) is Boyd—Wong admissible provided 
it is upper semicontinuous at the right on R°: 


At y(s) = y(s), (or, equivalently: A. g(s) < g(s)), Vs € Ri. 


°; for, in such a 


Note that this is fulfilled when ¢ is continuous at the right on R 
case, A, g(s) = g(s), Vs € ee 


(ID Call g € F(re)(R+), Matkowski admissible [24], provided 
(cO9) ¢ is increasing and g"(t) > 0 asn > o~, forall t > 0. 


(Here, gy” stands for the nth iterate of g). Note that the obtained class of functions 
is distinct from the above introduced one, as simple examples show. 

Now, let us say that p € F(re)(R+) is Boyd—Wong—Matkowski admissible (ab- 
breviated: BWM-admissible) if it is either Boyd—Wong admissible or Matkowski 
admissible. The following auxiliary fact will be useful (cf. Jachymski [16]): 


Lemma 9 Let g € F(re)(R,) be a BWM-admissible function. Then, p is Meir— 
Keeler admissible (see above). 


Proof (i) Suppose that g € F(re)(R,) is Boyd—Wong admissible; and let y > 0; 
hence, ATy(y) < y. Let the number 7 > 0 be such that A*g(y) < n < y. By 
definition, there exists 6 = B(n) > Osuchthaty < t < y+f implies g(t) < n < y. 
On the other hand, if t < y, then g(t) < t < y; and conclusion follows. 

(ii) Assume that g € F(re)(R;) is Matkowski admissible. If the underlying 
property fails, then (for some y > 0): 


VB > 0, St € [0, y + BI, such that g(t) > y (hence, y <t < y+). 


As ¢ is increasing, this yields g(t) > y, Vt > y. By induction, we get [g”(t) > y, 
Vn, Vt > vy]; hence, taking some ¢ > y and passing to limit as n — oo, one gets 
0 > y; contradiction. This ends the argument. 

(B) Let us say that (w,@) is a pair of weak generalized altering functions in 
F(R), if it fulfills the following conditions 


(cl0) wy is increasing and g(0) = 0 
(cll) (Ve > 0): limsup, g(t,) > we + 0) — w(e), whenever t, > ¢ ++ 
(c12) (Ve > 0): gp(e) > We) — We — 0). 


A basic example of such couples is the following. Let us say that (Ww, @) is a pair 
of generalized altering functions in F(R), if 


(c13) yw is increasing continuous, g(0) = 0, and [g(t) > 0, Vt > 0] 
(cl4) (Ve > 0): lim sup, g(t,) > 0, whenever t, > €+ +. 
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Lemma 10 Suppose that (y, y) is a pair of generalized altering functions in F(R). 
Then, (Ww, p) is a pair of weak generalized altering functions in F(R+). 


Proof Assume that (7, @) is as in the premise above. By the continuity of yy, (c11) 
is just (c14). On the other hand, by the same reason, (c12) means: g(¢) > 0, Ve > 0; 
which is assured via (c13), and then, the conclusion follows. 

Given G € {G;, G2, G3} and the couple (w, g) of functions in F(R,), let us say 
that T is (d,R; G, (W, ¢))-contractive, provided 


(c15) Wd(Tx,Ty)) < W(G(x, y)) — p(G(x, y)), Vx, y € X,xRy. 


Lemma 11 Suppose that T is (d,R;G, (yw, ¢y))-contractive, for a pair (Ww, g) of 
weak generalized altering functions in F(R). Then, T is Meir—Keeler (d,R; G)- 
contractive (see above). 


Proof (i) Let x,y € X be such that xRy and G(x, y) > 0. Then, g(G(x, y)) > 
0; wherefrom yw(d(Tx,Ty)) < w(G(x,y)). This, via (Ww =increasing), yields 
d(Tx,Ty) < G(x, y); so, the first part of the Meir—Keeler contractive condition 
holds. 

(ii) Assume by contradiction that the second part of the Meir—Keeler contractive 
condition fails, 1.e., for some é > 0, 


Vb > 0, 4x3, ys € X: [xsRys, € < G(xX5s, ys) < € +6, d(T x5, Tys) > €]. 


Taking a zero converging sequence (4,) in R°, we get a couple of sequences 
(Xn3n > 0) and (y,3;n > 0) in X, so as 


(Wn): XnRYns € < G(Xn, Yn) < & + bn, A(T Xn, TYn) > €. (48) 
By the contractive condition (and y =increasing), we get 
We) S W(GOn, Yn) — P(G(Xns Yn), Wns 
or, equivalently, 
P(G(Xns Yn) S W(GOn, Yn) — We), Wn. (49) 
By (48), G(xn, Yn) > € ++; so that, passing to lim sup asn > ow, 


lim sup (Gn, Yn) < We + 0) — gle). 


But, from the hypothesis about (w, g), these relations are contradictory. This ends 
the argument. 


3.4 Main Result 


Let (X, d, R) be a relational metric space. Further, let T be a selfmap of X; supposed 
to be #-semi-progressive and #-increasing. The basic directions and sufficient reg- 
ularity conditions under which the problem of determining the fixed points of T is 
to be solved were already listed. 
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The main result of this exposition is as follows. 


Theorem 15 Assume that T is Meir—Keeler (d,R;G)-contractive, for some 
G € {G,,G2,G3}. In addition, let R be locally finitely transitive, (X,d) be 
(a-o)-complete, and one of the following conditions hold: 

(i) T is (a — 0, d)-continuous 

(ii) R is (a — 0, d)-almost-selfclosed and G = G, 

(iii) is (a — 0, d)-almost-selfclosed and T is (d,R;G,)-contractive, for a 
certain Meir—Keeler admissible function g € F(re)(R+) 

(iv) FR is (a — 0, d)-almost-selfclosed and T is (d,R;G, (Ww, ~))-contractive, for 
a certain pair (w, g) of weak generalized altering functions in F(R). 

Then T is a globally strong Picard operator (modulo (d,R)). 


Proof First, we check the fix-?-asingleton property. Let z,,z2 € Fix(T) be such 
that z;7z2; and assume by contradiction that z} # Zz; whence (by sufficiency), 
d(Z1,Z2) > 0. From the very definitions above, 


G1 (21, 22) = Go(21, 22) = Gs(Z1, 22) = d(Z1, 22). 
This, along with the strict (d,R; G)-nonexpansive condition, yields 
d(Z1,22) = d(Tz1, Tz) < d(zi, 22); 


contradiction; hence, the claim. It remains now to establish the strong Picard property 
(modulo (d, )). The argument will be divided into several steps. 


Part 1 We first assert that 
G(x, Tx) = d(x,Tx), whenever xRTx, x A Tx. (50) 


The case G = G, is clear; so, it remains to discuss the case G € {G2, G3}. Let 
x € X be such that xRTx, x ~¢ Tx. By the strict (d, R; G)-nonexpansive property 
of the selfmap T, we must have d(T x, Tx) < G(x, Tx). On the other hand, as 
L(x, Tx) = (1/2)[d(x, T?x) + d(Tx, Tx)] < (1/2[d(x, Tx) + d(Tx,Tx)] < 
max{d(x, Tx),d(Tx,T*x)} = H(x,Tx), 


it results that Go(x, Tx) = G3(x, Tx) = H(x, Tx). This, along with 
d(T x, Tx) < H(x,Tx)==>d(Tx,T*x) < d(x,Tx) 
=> H(x,Tx) = d(x,Tx), 


gives the desired fact. 


Part 2 Take some xo € X; and put (x, = T"xo;n > 0). If x, = X,41 for some 
n > O, we are done; so, without loss, one may assume that 


(d02) xn A Xn+1 (hence, Py := d(%y,Xn+1) > 0), Vn. 
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From the preceding part, we derive 
Pati = ATX, T X41) < Gn, Xnt1) = Pn, Vn; 


so that, the sequence (p,;1 > 0) is strictly descending. As a consequence, p := 
lim, P, exists as an element of R,. Assume by contradiction that o > 0; and let 
5 > Obe the number given by the Meir—Keeler (d, ; G)-contractive condition upon 
T. By definition, there exists a rank n(5) such thatn > n(6) implies p < py < p+; 
hence (by a previous representation), 0 < G(%,%n+1) = Pn < 0 + 6. This, by the 
Meir—Keeler contractive condition we just quoted, yields (for the same 7), Py+41 = 
A(T Xn, TXn41) < 0; contradiction. Hence, p = 0; so that, 


A(xXn, T Xn) = A(Xn,Xn41) > 0, asn > oo. (51) 
Part 3 Suppose that 
(d03) there exist i, j ¢ N such thati < j, x; = xj. 
Denoting p = j — i, we thus have p > 0 and x; = x;+); so that 


Xj = Xitnp Xit1 = Xitnpsi, for alln = 0. 


By the introduced notations, we then have p; = (j+np, for all n = 0. This, along 
with Pj4+np — 0 asn — on, yields p; = 0; in contradiction with the initial choice 
of (0n3n > 0). Hence, our working hypothesis cannot hold; wherefrom 


for alli, j ¢ N: i A j implies x; A x;. (52) 


Part 4 As aconsequence of this, the mapn +> x, is injective; hence, Y := {x,;n > 
0} is effectively denumerable. Denote by k := k(Y) > 2 the transitivity constant 
of F over Y (assured by the choice of this relation). Further, let e > O be arbitrary 
fixed; and 6 > 0 be the number associated by the Meir—Keeler (d, R; G)-contractive 
property; without loss, one may assume that 6 < e. By a previous part, there exists 
some rank n(6) > O, such that 


(Wn => n(6)): d(Xn, Xn+1) < 6/4k; whence 
A(Xn,Xntn) < hd/4k < 5/4, Vh e€ {1,...,k}. 


(53) 


(The second evaluation above follows at once by the triangular property). We 
claim that the following relation holds 


(Vs = 1): [dQn, Ants) < € + 4/2, Wn = n(8)]; (54) 


wherefrom, (x,,;1 > 0) is d-Cauchy. To do this, an induction argument upon s will 
be used. The case s € {1,...,k} is evident, by the preceding evaluation. Assume 
that it holds for all s € {1,..., p}, where p > k; we must establish its validity for 
s = p +1; or, in other words, 


C(XnsXn4+pti) < €+46/2, Yn = n(6). (55) 
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As p => k (hence, p — 1 > k — 1), we have 
p-—1l=itk-—1)+ J, forsomei > 1, j € {0,...,k — 2}. 
Denote for simplicity g = 1+i(k — 1); hence, 2 <k <q p=q+/jf; 


in addition, by Lemma 6, x, 7X, . From the inductive hypothesis, (53), and the 
preceding part, 


0 < d(Xn,Xn4q) < € +6/2 < e+, 
A(Xns Xn41)s A(Xn+qsXntq41) < 6/4k <e+6; 


wherefrom (by definition), W(x, Xn+4q) < € +6. On the other hand, from the same 
premises (and the triangular inequality), 


A(XnyXntq+1) s (Xn, Xn+q) + d(Xn4+q>Xn+g41) <e+6/2+4+ 8/4k, 


d(Xn41+Xn+q) = (Xn41+Xnt14q—-) <é€+ 6/2; 


wherefrom (again by definition), L(x), Xn4,) < € + 6; and, from this, one gets (in 
any case) 0 < G(X,,Xn4q) < € + 5. Taking the Meir—Keeler (d, 7; G)-contractive 
property of T into account, gives 


d(Xn41>Xntq+) = A(TXp, TXn+q) <6; 


so that, by the triangular inequality (and (53) again) 


D(Xns Xn+ p41) s A(Xn, Xn41) 5 d(Xn-415Xntq4+1) te A(Xn4g4t1eXntp+) 


<64+5/4k + j8/4k < 64+ 6/84+8/4 =6 + 36/8 < 64/2; 


and our claim follows. 


Part 5 As (X,d) is (a-0)-complete, x, = z, for some (uniquely determined) 
z € X. If there exists a sequence of ranks (i(n);n > 0) with i(n) —~ oo asn > co 
such that xj) = z (hence, xj(n)41 = Tz) for all n, then, as (xiqnypi3n > 0) is a 
subsequence of (x,3” > 0), one gets z = Tz; i.e., z € Fix(T). So, in the following, 
we may assume that the opposite alternative is true: 


(d04) SA > Orn >h=> x #z. 
There are several cases to discuss. 


Case 5a Suppose that T is (a — o,d)-continuous. Then, y, := Tx, = Tz as 
n — oo. On the other hand, (y, = x41; n> 0) is a subsequence of (x,); and this 
yields (as d is sufficient), z = Tz. 
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Case 5b Suppose that ? is (a — 0, d)-almost-selfclosed. By definition, there exists a 
subsequence (Uy, := Xin); > 0) of (Xz; = O), such that u,Rz, Vn. As lim, i(n) = 
oo, One may arrange for i(m) > n, Vn; so, from the accepted condition, 


i(n) > h, Vn => h; whence u, 4 z, Vn > h. (56) 


This, along with (Tu, = Xj~)+1; = O) being as well a subsequence of (x,;n > 
0), gives (via (53) and Lemma 5) 
d(Un, Z),d(T un, Zz) > 0, dun, Tun) > 0, 
d(un, TZ) > d(z,Tz), d(Tun, Tz) > d(z, Tz); (57) 
whence, H(u,,z) > d(z,Tz), Ln, 2) > (1/2)d(z, Tz). 
Two alternatives must now be treated. 


Alter 1 Suppose that G = G,. By the Meir—Keeler contractive condition, 
d(Tuy, Tz) < d(Un, Z)s Vn = h; 


d : 
hence, Tu, —> Tz. On the other hand, as (Tun = Xi~n)413 > 0) is a subsequence 


of (x,;n > 0), we have Tu, = z. Combining these, gives (as d is sufficient), 
z= Tz;1e., z € Fix(T). 


Alter 2 Suppose that G € {G2, G3}. If z 4 Tz, we must have b := d(z, Tz) > 0. 
The above convergence properties of (u,;n > 0) tell us that, for a certain rank 
n(b) > h, we must have 


d(un, Tun), (Un, Z), d(T un, Z) < b/2, Yn => n(b). 
This, by the d-Lipschitz property of d(., .), gives 
|d(Un, Tz) — b| < d(un, 2) < b/2,¥n = n(b), 
wherefrom: b/2 < d(u,,Tz) < 3b/2, Wn => n(b). Combining these, yields 
G(un, Z) = b, Wn = n(b). (58) 


Two sub-cases are now under discussion. 


Alter 2a Suppose that T is (d,R; G, g)-contractive, for a certain Meir—Keeler ad- 
missible function g € F(re)(R;). The case G = Gy; was already clarified; so, 
assume that G € {G2, G3}. By (58) and this contractive property, 


d(Tu,, Tz) < g(b), Yn = n(b). 


Passing to limit asm — oo gives (by (57) above) b < g(b); contradiction; hence, 
z= Tz;ie., z € Fix(T). 
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Alter 2b Suppose that T is (d,R; G, (W, ~))-contractive, for a certain pair (Wy, g) of 
weak generalized altering functions in F(R,). As before, the case G = G; is clear; 
so, assume that G € {G2, G3}. By this contractive condition, 


W(d(Tun, Tz)) < W(GUn, 2) — P(G(Un, Z)), Vn = n(b); 
or, equivalently (combining with (58) above) 
0 < g(b) < W(b) — W(d(Tun, Tz)), Yn = n(b). (59) 


Note that, as a consequence, d(Tu,,Tz) < b, Vn > n(b). Passing to limit as 
n — oo and taking (57) into account, yields g(b) < w(b) — w(b — 0). This, 
however, contradicts the choice of the pair (Ww, @); so that, z = Tz. The proof is 
complete. 

In particular, when T is (d,R; G,,¢)-contractive and g € F(re)(R;) is Boyd— 
Wong admissible, our main result includes the cyclical fixed point theorem due to 
Kirk et al. [21]. On the other hand, when F is transitive, this result is comparable 
with the one in Turinici [42]. Note that, further extensions of these developments are 
possible, in the realm of triangular symmetric spaces, taken as in Hicks and Rhoades 
[13]; or, in the setting of partial metric spaces, introduced under the lines in Matthews 
[25]; we do not give details. 


3.5 Further Aspects 


In the following, some basic particular cases of the main result are discussed. Tech- 
nically speaking, there are three categories of such statements; according to the 
alternatives of Theorem 15 we already listed. 


Case 1 Let (X,d,7) be a relational metric space; and T be a selfmap of X. By 
Theorem 15, we then get 


Theorem 16 Assume that T is R-semi-progressive, R-increasing, and Meir—Keeler 
(d,R; G)-contractive, for some G € {G,,G2,G3}. In addition, let R be finitely 
transitive, (X,d) be (a-o)-complete and T be (a — o,d)-continuous. Then, T is a 
globally strong Picard operator (modulo (d, R)). 

In particular, let y be a function in F(X x X, R+); andC stand for the associated 
relation: [xCy iff y(x, y) => 1]. Then, if we take R := C and G = Gy, this result 
includes the one in Berzig and Rus [7]. 


Case2 Let (X,d, 7) be a relational metric space. Remember that g € F(re)(R+) is 
BWM-admissible, when it is either Boyd—Wong admissible or Matkowski admissible. 
Further, let T be a selfmap of X. As another consequence of Theorem 15, we have 
the following statement (with practical value): 


Theorem 17) Assume that T is TR-semi-progressive, ‘R-increasing, and 
(d,R; G, g)-contractive, for some G € {G1, G2, G3} and a certain BWM-admissible 
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function g € F(re)(R+). In addition, let R be finitely transitive, (X,d) be (a-o)- 
complete (each d-Cauchy R-ascending T-orbital sequence in X is d-convergent), 
and one of the conditions below holds: 

(il) T is (a—o, d)-continuous: for each R-ascending T -orbital sequence (Xn;n = 
0) in X with xp = x, we have Txy 4, Tx 

(i2) R is (a — 0, d)-almost-selfclosed: whenever the R-ascending T -orbital se- 


quence (Z,;n > 0) in X and the point z € X fulfill z, sos z, there exists a 
subsequence (Wy3n = 0) of (z,3n = 0) with w,Rz, for alln > 0. 

Then T is a globally strong Picard operator (modulo (d,R)). 

The following particular cases of this result are to be noted. 

(al) Suppose that R = X x X (=the trivial relation over X). Then, if G = Gj, 
Theorem 16 includes the Boyd—Wong’s result [10] when g is Boyd—Wong admissible; 
and, respectively, the Matkowski’s result [24] when g is Matkowski admissible. 
Moreover, when G = G3, Theorem 16 includes the result in Leader [22]; see also 
Jachymski [15]. 

(a2) Suppose that 7 is an order on X. Then, if G € {G,,G3}, Theorem 16 
includes the results in Agarwal et al. [1]; see also O’ Regan and Petrusel [29]. 


Case 3 Let again (X,d,R) be a relational metric space; and T be a selfmap of X. 
As a final consequence of Theorem 15, we have the following 


Theorem 18 Assume in the following that T is R-semi-progressive, R-increasing, 
and (d,R; G, (y, g))-contractive, for a certain G € {G,,G2,G3} and some pair 
(w,@) of generalized altering functions in F(R). In addition, let R be finitely 
transitive, (X,d) be a-complete (each d-Cauchy R-ascending sequence in X is 
d-convergent), and one of the conditions below holds: 

(jl) T is (a,d)-continuous: for each R-ascending sequence, (X,;n > 0) with 
Xn = x, we have T Xp fore 

(j2) 7 is (a, d)-almost-selfclosed: whenever the R-ascending sequence (Z,3;n > 


0) in X and the point z € X fulfill z, nt z, there exists a subsequence (w,;n = 0) 
Of (Zn3n = 0) with w,Rz, for alln = 0. 

Then T is a globally strong Picard operator (modulo (d,R)). 

In particular, let a, 8 be a couple of functions in F(X x X, R,); and A, B stand 
for the associated relations 

x Ay iff a(x, y) < 1; xBy iff B(x, y) = 1. 

Then, if we take R := ANB and G = Gy, this result includes the one in Karapinar 
and Berzig [18], based on global contractive conditions like 

(e02) w(d(Tx, Ty)) < a(x, y)W(d@, y)) — BO, y)p(d@, y)), Vx, y € X; 


referred to as: T is (aw, By)-contractive. In fact, the quoted result (stated in terms 
of w € F(R, R)) is not in general correct; because, a relation like 


a(x,y) < l=>a(x, Wd, y)) s wd, y) 
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is not true, as long as (d(x, y)) < 0. But, when one assumes that w € F(R+), the 
reasoning above is retainable. In this perspective, note that the quoted statement is 
an extension of the one in Samet et al. [38]; hence, so is Theorem 18 above. It is to 
be stressed that none of these corollaries may be viewed as a genuine extension for 
the fixed point statement in Samet and Turinici [37]; because, in the quoted result, 
the ambient relation 7 is not subjected to any kind of transitive type requirements. 
Further aspects (involving the same general setting) may be found in Berzig [6]. 
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Operators and Compositions 
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Abstract In this chapter, using the methods of weight functions and technique of 
real analysis, a half-discrete Hilbert-type inequality with a homogeneous kernel and 
a best possible constant factor is provided. Some equivalent representations, two 
types of reverses, the operator expressions as well as some particular examples are 
obtained. Furthermore, we also consider some strengthened versions of half-discrete 
Hilbert’s inequality relating to Euler constant, the related inequalities and operators 
with the non-homogeneous kernel, and two kinds of compositions of two operators 
in certain conditions. 
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1 Introduction 


Suppose that p > 1,4 +1 = 1, f(x), g() = 0, f € L7Ry).g € LAR IIfllp 


— { fo fP (x)dx} 7 > 6 I |, > 0. We have the following Hardy—Hilbert’s integral 
inequality (cf. [1]): 


eed 
is [Fs dxdy < — sen | F lee las (1) 
ne m/p) 
where the constant factor - is the best ces If dm, bn > 0,a = {am}rr_, € 


Pib= 1b) et, \llallo = 1 yap}? > 0,||b||, > 0, then we have the 
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following discrete Hardy—Hilbert’s inequality with the same best constant [-_, aon FD (cf. 
[1}): 
DS me Hall plIbII (2) 
m+n ace i) p a 


m=1 n=1 


Inequalities (1) and (2) are important in analysis and its applications (cf. [1-6]). 

In 1998, by introducing an independent parameter A € (0, 1], Yang [7] gave an 
extension of (1) for p = g = 2. In 2009 and 2011, Yang [3, 4] gave some extensions 
of (1) and (2) as follows: If 41,A2,A € R,A, + A2 = A,ka(x, y) is a non-negative 
homogeneous function of degree —A, with 


k(A1) = [ k(t, 1)t!~'dt € Ry, 
be) = aPh MT by) = yl 21, Fx), 8) = 0, 
f € Lyg(Ry) = [* If llp@ = / * geoirconrac < ~| | 
§ € La y(R+), II Fllp.¢> Illa. > 0, then 


[ [ lax, y) fe y)dxdy < KAI llpollelle.ys 3) 
) 


where the constant factor k(A,) is the best possible. Moreover, if k,(x, y) is finite 
and k,(x, y)x™'~! (k(x, y)y’27!) is decreasing with respect to x > O(y > 0), then 
for din,bn = 0, 


i 


[oe P 
ae lpg = 44; lallog = [> amiaur| <r, 


n=1 


b = (bn}21 € dys lldll ps lBllae > 0, we have 


Co w 


YS 2S kam, n)ambn < kKAs)|allp.ollPlla> (4) 


m=1 n=1 


where, the constant factor k(A1) is pall the a possible. 

Clearly, for 7 = 1,ki(x, y) = as ,Ay = 7 eae (3) reduces to (1), while (4) 
reduces to (2). Some other results including multi-dimensional Hilbert-type integral 
inequalities are provided by [8-21]. 

About the topic of half-discrete Hilbert-type inequalities with the non- 
homogeneous kernels, Hardy et al. provided a few results in Theorem 351 of [1]. But 
they did not prove that the constant factors are the best possible. However, Yang [22] 
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gave aresult with the kernel a ar by introducing a variable and proved that the con- 
stant factor is the best possible. In 2011, Yang [23] gave the following half-discrete 
Hardy-Hilbert’s inequality with the best possible constant factor B (Aj, A2): 


i fx oye Ga mrt <8 A142) IIflleallallay (5) 


n=1 


where, A;A2 > 0,0 < Ap < 1,4; +A. =A, 


B (u,v) / . : Pt 0) 
u,v) = 5 rere u,v > 
o (+r 


is the beta function. Zhong et al. [24—30] investigated several half-discrete Hilbert- 
type inequalities with particular kernels. 

Applying the way of weight functions and the techniques of discrete and in- 
tegral Hilbert-type inequalities with some additional conditions on the kernel, a 
half-discrete Hilbert-type inequality with a general homogeneous kernel of degree 
— € R and a best constant factor k (A;) is obtained as follows: 


00 oo 
[fe Lbemards < KOI fllpellallas 6) 
0 n=1 
which is an extension of (5) (see Yang and Chen [31]). At the same time, a half- 
discrete Hilbert-type inequality with a general non-homogeneous kernel and a best 
constant factor is given by Yang [32] . 


Remark 1 (1) Many different kinds of Hilbert-type discrete, half-discrete and inte- 
gral inequalities with applications are presented in recent 20 years. Special attention 
is given to new results proved during 2009-2012. Included are many generaliza- 
tions, extensions and refinements of Hilbert-type discrete, half-discrete and integral 
inequalities involving many special functions such as Riemann zeta, beta, gamma, 
hypergeometric, trigonometric, hyperbolic, zeta, Bernoulli functions, Bernoulli 
numbers and Euler constant et al. The following references [33-41] provide an 
extensive theory and applications of Analytic Number Theory that will provide a 
source study for further research on Hilbert-type inequalities. 

(2) In his five books, Yang [3—6, 42] presented many new results on Hilbert-type 
operators with general homogeneous kernels of degree of real numbers and two pairs 
of conjugate exponents as well as the related inequalities. These research monographs 
contained recent developments of discrete, multiple half-discrete and integral types 
of operators and inequalities with proofs, examples and applications. 

In this chapter, using the methods of weight functions and technique of real 
analysis, a half-discrete Hilbert-type inequality with a homogeneous kernel and a 
best possible constant factor is provided. Some equivalent representations, two types 
of reverses, the operator expressions as well as some particular examples are obtained. 
Furthermore, we also consider some strengthened versions of half-discrete Hilbert’s 
inequality relating to Euler constant, the related inequalities and operators with the 
non-homogeneous kernel, and two kinds of compositions of two operators in certain 
conditions. 
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2 Half-Discrete Hilbert-Type Inequalities with the General 
Homogeneous Kernel and Operator Expressions 


In this section, we agree that p € R\{0, 1}, > + 7 = 1,A,A1,A2 € R, A, + Ao = 4, 


k,(x, y)( => 0) is a finite homogeneous function of degree —A in Ri, satisfying for 
any u,x,y € R,, ky (ux, uy) = u*ky (x, y). 


2.1 Lemmas and Some Equivalent Inequalities 


Definition 1 For x € Ri,n € N, define two weight functions w,(A2,n) and 
@ (A, x) as follows: 


oe) 
1 
wo (Ayn) =n” i, Kom, dx, ) 
0 xo" 
ies 1 
met LOK 
W)(A1,X) = xl Dba Tay" (8) 


Setting u = x/n, we find 


ndu 


(nu)!-41 


CO 
onGasn) = [ ky (nu, n) 
0 
CO 
=i ky (u, Vu" du. (9) 
0 


Lemma 1 /f@,(A,,x) is finite for x € R1, f(x), a, = 0, and 


CO 
k(A1) =} k(u, Iu"! 'du € Ry, (10) 
0 


then (i) for p > 1, we have the following inequality: 


20 . p)p 
Is [yonn- ( i kx(rm) foxdx | 
n=1 9 


< [k(ay)]2 i Ce a od : (11) 
0 


1 


ne 00 ght oa nl 
J = {/ [o.04,x) (>: boone ix} 


1 


00 q 
< [rangement] (12) 


n=1 
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(ii) for p < 0, or 0 < p < 1, we have the reverses of (11) and (12). 


Proof (i) For p > 1, by Hélder’s inequality with weight (cf. [47]), it follows 
[o.e) 
/ ky (x,n) f (x)dx 
0 
xl -An)/4 nil-d2)/P 
=). mG, DE —)/P 09] Ea ae 
xl -AD@—-D P 
< LE (tn) f cds] 
0 


00 n-aaq-D ) 4 
x {f ic. —| 


_ dl te xIAP-D : 
= toxGamitnt® | [kom preodx|" a3) 
0 


Then by Lebesgue term, by term integration theorem (cf. [43]), in view of (9), we 
have 


(1—A1)(p-1) p 

Jy <(kQu)? {> [- kx@x,2) > — 7 — prooas| 
n=1 

' (ap) 7 

= [ka | [ ae n)——— —yrooas| 

n=1 
= [ku] / 7 neunw' pia (14) 

0 


Hence, (11) follows. 
By the same way as in obtaining (13), we obtain 


ee N)an S = <[oiQu,x)]?x a7 


n=1 


— A2Mq— a wl 
«| obo. n)——— (15) 


then by Lebesgue term, by term integration theorem and the same way as in obtaining 
(14), we have (12). 

(ii) For p < 0, or 0 < p < 1, by the reverse Hélder’s inequality with weight 
(cf. [47]), we obtain the reverses of (13) and (14). Then by Lebesgue term by term 
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integration theorem, we still can obtain the reverses of (11) and (12). The lemma is 
proved. 


Lemma 2 As the assumptions of Lemma 1, then (i) for p > 1, we have the following 
inequality equivalent to (11) and (12): 


l:= | k(x, n)ay f (x)dx 


n=! 


00 7 
< i, macdn xen! prey 
0 

1 

oo q 
x ee ed (16) 

n=1 
(ii) for p < Oor0 < p < 1, we have the reverse of (16) equivalent to the reverses 
of (11) and (12). 


Proof (i) For p > 1, by Holder’s inequality (cf. [47]), it follows 


[= yinii-ie | [ o.msenas| [2 Fa, 
0 


n=1 


1 


oo q 
<b {> natal (17) 


n=1 


Then by (11), we have (16). On the other hand, assuming that (16) is valid, we set 


oo p-l 
b, =n?! (/ ks(ssm floyde) neN. 
0 


Then it follows J? = 0°, n@~*2)—lal If J; = 0, then (11) is trivially valid; 
if J; = o, then by (14), (11) keeps the form of equality (= oo). Suppose that 
0 < J; < ~. By (16), we have 


o.e) 
umm ee ie 


n=1 


L 
< / minx"! fd] : 
0 


1 


eo) q 
x fic > naa-gl 


n=1 


It follows 


2 : 
hee [dmg 


n=1 
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< [k(Ay)]4 ie ay (Aq, xx? trcods}’ 


and then (11) follows. Hence, (11) and (16) are equivalent. 
By Holder’s inequality and the same way, we can obtain 


1 
lee) P we 
I< {f cr (danade®-P1 fPe da a (18) 
0 
Then by (12), we have (16). On the other hand, assuming that (16) is valid, we set 


xd 1 


q-1\ 
—— mine (DAC ns] (we Ry) 


Then it follows Ie = i Wy (A,,x)xPU-*- 1 £ P(x)dx. By (16) and the same 
way, we can obtain 


1 


h = tf mia dx"-! pre] ; 
0 


1 


oo q 
< [rangement] 


n=1 


and then (12) is equivalent to (16). 

Hence inequalities (11), (12) and (16) are equivalent. 

(ii) For p < 0 or 0 < p < 1, by the same way, we can obtain the reverse of (16) 
equivalent to the reverses of (11) and (12). The lemma is proved. 

By Lemma 2, we still have 


Theorem 1 As the assumptions of Lemma 1, there exists a function 6;,(x) € (0, 1), 
such that 


KA) — 4,0) < waar, x) < k(Ai (x € Ry). (19) 


If O< foo xPG-Av-l £P(x)dx < 00, and 0 < S72 n?1-2)-lat < 00, then 
(i) for p > 1, we have the following equivalent inequalities: 


l= 3 a k(x, )dn f (x)dx 


n=1 


k(n = pU-Ad—-1 £P(y)g |" ~ qU—A2)-1 4 ; 20 
< on | x fr(xd {>> «| (20) 


n=1 
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oo ioe) P , 
Ji = pial (/ k(x, d ) 
I {>>> ; a(x, n) f (x)dx 


n=1 


< k(A) { [xr Frenax : , (21) 
0 


lo) eo) q q 
Jy i= at ky (x,n)a,) d 
} {/ x (>: y(x,n)a | 


n=1 


1 


< k(A1) p23 neoo-r| : (22) 


n=1 


(ii) for p < 0(0 < q < 1), we have the equivalent reverses of (20), (21) and (22); 
(iii) for 0 < p < 1(g < 0), we have the following equivalent inequalities: 


Te of k(x, n)ay f (x)dx 
n=1 


> k(A1) tf = ar (ayam! proxyds 
0 


00 7 
x [donna ; (23) 


n=1 


e és p)z 
J, = Le (/ ks(asn) food) 


> k(Ay) if d- an (ayant-! precyds| : , (24) 
0 
a oo Girl oo 7 a 
Jo = {f (— 6,0)! (> bcm) as} 
> k(A1) eta (25) 
n=1 


Lemma 3 Suppose that h(t) is a non-negative measurable function in Ry,a € R, 
and there exists a constant 59 > 0, such that for any 6 € [0, 40), 


oe) 
k(a+6):= / hit)t@*)—dt ER. 
0 
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Then we have 


k(a+6) = k(a) + o(1)(6 > 0°). 
Proof For any é € [0, 2 2), it follows 


nce F)-}, ¢ € (0, 1], 


he"! < g(t) = : 
nett F)-| 4 € (1,00). 


Since we find 


lo) 1 5g sO ‘ 
o<| ginar = [ no) 'ar+ f ncne(t 2) ar 
0 0 i 


7 [ nee Fat Sp - nce Fat 
. 0 


= go +k aa eR 
7 2 2 ; 


then by Lebesgue control convergence theorem (cf. [43]), it follows 


CO 
ka £8) = / ney gp 
0 


= i hit)t*'dt + o()(6 > 0+), 
0 


namely, (26) follows. The lemma is proved 


Theorem 2 [f there exists a constant 69 > 0, such that for any ie (Ai — 
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(26) 


— 60,41 + 


So)é = 1,2), 21 tho = A kA) = fo? ku, Dudu € Ry, 6, (x) € , 1) and 


k (a1) (1 — 6%, (2) < m (Ar, x) < k (41) @ € Ry), 


(27) 


where, 0 (x) = o(. =) (x € [1,co);6 (A (41) > 0), then the constant factor k(\,) 


in eee 1 is the best possible. 


Proof (i) For p > 1, by Hélder’s inequality, we can obtain 


1 


oo q 
I<J, {yong ; 


n=1 


oo 3 
I< {f pneOetaaet Jo. 
0 


For 0 < € < qéo, we set f(x),G as follows: 


~ 0,0<x <1, 
Fos) ane 


x=, 


(28) 


(29) 


Gn = ps EN. 


Then fork; = 1 + £ (i. = =e £), by (27), we find 


oo) = 3 i) q 
{/ ee ee 
0 


n=1 


lo) + oo qi 
{f Marl 1+ > n'-* 
1 n=2 
1 1 
1)? a | 1 
<j- 14 f y “dyt =-—f{et+l}-, 
E 1 E 


=) Dkstemtn Fonds = f xP oy, A1,x) dx 
0 1 


n=1 


> k (1) are (: -O (=n) dx 


a 
= kad —€0;,(1)]. 
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If there exists a constant k < k(A,), such that (20) is valid when replacing k(A1) 


by k, then in particular, we have 


L 


k (1) [1 £0;,()] < 7 < ek [fa eae / 
0 


1 


oo q 
x [Somer ay ekle+ 1}4, 


n=1 


and then by (26), we find k(A,) < k(e — 0*). Hence k = k(A;) is the best possible 


constant factor of (20). 


By the equivalency, we can prove that the constant factor k(A;) in (21) (22) is 
the best possible. Otherwise, we would reach a contradiction by (28) (29) that the 


constant factor k(A,) in (20) is not the best possible. 


(ii) For p < 0, by the reverse Hélder’s inequality, we can obtain the reverses 
of (28) and (29). For 0 < € < qépo, we set f(x), dy as (i). Then for uM = =Ai+ 


£ (n= ine ‘), by (27), we find 


1 


oo) ~ 3 i) q 
{f or DD aaa 
0 


n=1 
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= { [mas] baum) 


n=1 


oO ; oO a 4 
= / x dx / y “dyt =-, 
1 1 é 


~ co © x, oe 
r=), Dkstemn fends = f x! ay, (A, x) dx 
0 1 


n=1 
a oo Leow 
2 Ku) | x l-®dx = —k(A)). 
1 E 


If there exists a constant K > k(A,), such that the reverse of (20) is valid when 
replacing k(A,) by K, then in particular, we have 


k(A4) > el 


fore) oo) + oo a 
> eK {f x01 Fra} yaa, > K, 


n=1 


and then by (26), k(A;) > K(e — O0*). Hence K = k(A;) is the best possible 
constant factor of the reverse of (20). 

By the equivalency, we can prove that the constant factor k(A;) in the reverses of 
(21) and (22) is the best possible. Otherwise, we would reach a contradiction by the 
reverses of (28) and (29) that the constant factor k(A,) in the reverse of (20) is not 
the best possible. 

(iii) For 0 < p < 1, by the reverse Hélder’s inequality, we can obtain 


1 


00 q 
Pod, pee) : (30) 


n=1 


I> tf d— Aopen! proc} is (31) 
0 


For 0 < € < |q|do, we set f(x), a as (i). Then for 1 =A,+ - (i2 =)A.- *) ; 
by (27), we find 


oe) 2 3 oo Z 
{/ ad - au (ayyamt-! Fronyds| > niG—ho)-laa 
0 n=1 


-| (Ceca) paca > ae 
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oo 1 : oo F 
> {/ (1 —O (==) “asl {! +f yay| 
1 1 


= {1 eO,(D)? 6+ 14, 
ie ss k(x, n)ay f (x)d 
[ » Gone FO 


(oe) a 1 a 
= x78 a, (Ay, x)dx < —k(A}). 
1 &€ 


If there exists a constant K > k(A,), such that the (23) is valid when replacing 
k(A1) by K, then in particular, we have 


k(Ay) >el>eK tf ad — a apamt™1 Foxy} 
0 


1 


oo q 
x [>on > K{1— £0,,(I)}? {e+ 1a : 


n=1 


and then by (26), k(A;) > K(e — O*). Hence K = k(A;) is the best possible 
constant factor of (23). 

By the equivalency, we can prove that the constant factor k(A,) in (24) (25) is 
the best possible. Otherwise, we would reach a contradiction by (30) (31) that the 
constant factor k(A,) in (23) is not the best possible. The theorem is proved. 


Lemma 4 Suppose that h(t)( > 0) is strictly decreasing with respect to t € Rx. If 
[o.e) 
Jo. A@dt < 00, then we have 


i ” h(t)dt < )~ h(n) < _ A(t)dt. (32) 
1 0 


n=1 


Proof Since h(t) is a strict decreasing function, we have 


h(t) < hin) < ht —-Dte@n+1);n EN), 


n+] n+1 n+l 
/ h(t)dt <| h(n)dt = h(n) <|/ h(t — ldt, 


and then 


(ove) ee) n+l (e.e) 
h(t)dt = h(t)d h 
/ @at= Sof mma < Sone 


n=l n=1 


oo n+1 oe) ioe) 
=e | nee — dat = | A(t — par = f A(u)du. 


n=l" 


Hence (32) follows. The lemma is proved. 
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Corollary 1 [f there exists a constant 59 > 0, such that for any hi € (Ai — 50, Ai + 


69)@ = 1,2), A, + he = =i, k(A4) E€ Ri, ky, y)y2> ! is strictly decreasing with 
respect to y € R,, and there exist constants L > 0 and m > 41, satisfying 


Lis wee): 
un 


then the constant factor k(A,) in Theorem 1 is the best possible. 


Proof In view of (32), we find 


wy (A1,x) = x" AG a 


n=1 


~ oo 1 
< x4 i ky (x, yo ay 
0 yore 


~ 1 
=[ ban 
% eo 1 
W(A1,X) > X k(x, y)—--d 
1 y 


= 


= k(A1) [1 — 6, (x))] @ € R4), 


du = k(A1), 
H | 


where, 


1 ae 1 
OF = —~— k. 1 = 1). 
nO = asf UD due OD 


For x € [1, co), we find 


1 1 
0< & (x) < al wl yl-ai du 


= = 504) = i 
= Gra ipktin xt | Eat): 


namely, 6, (x) = O aa (x € [1, cw); 5(A1) > 0). Then we have (27). Therefore, 
the constant factor k(A;) in Theorem | is the best possible. The corollary is proved. 
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2.2. Operator Expressions and Some Particular Examples 


For p > 1, we set g(x) = x?"-*D-l(y € R,) and w(n) = n17-*)-!(n EN), 
wherefrom 
eGo? =a eG! =a, 


We define two real weight normal spaces L,,(R,) and J, y as follows: 


Fata = {/ ptsoi foray | < ~|. 


1 


a = {ay}; |lallgy = > voor | < 00 


n=1 


Ly g(R+) : 


lay : 


As the assumptions of Theorem 1, in view of 


Ji <kODIF Ip: 42 < KADMAllay- 
we may give the following definition: 


Definition 2 Define a first kind of half-discrete Hilbert-type operator 7, : Lp.o(R+) 
— I, yi-r as follows: For f € Ly (R+), there exists a unique representation T, f € 
L,,wi-p, Satisfying 


(T, fn) := i ky(x,n)f (x)dx(n €N). (33) 


Fora € 1,4, we define the following formal inner product of T; f and a as follows: 


(T; f,a) = La f k(x, n)f (x)dx. 
n=1 


Define a second kind of half-discrete Hilbert-type operator 7) : lyy — 
Lg '-4 (R..) as follows: For a € J,, there exists a unique representation Tha € 
Lgg'-4 (R,), satisfying 


(Tha)(x) = Sok, man (x € R,). (34) 


n=1 


For f € Ly (R,), we define the following formal inner product of f and Tya as 
follows: 


(f, Toa) := [ k(x, n)ay f (x)dx. 


Then by Theorem 1, for 0 < ||fIlpg,llallgu < ©, we have the following 
equivalent inequalities: 


(Ti f,4) = ha, ff) < KAIF po llallaw- (35) 
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WT fllp.yi-e < KADIS | Ipg: (36) 
I|Tra||q.p'-a < KAI lallgy- (37) 


It follows that 7, and 7> are bounded with 


|i f| | pyi-p 


Ti || = 
FEL pgR) IF Ilpe 


< ki), 


I|T2a||q.p'-a 
[I7\| = sup, ——_*— < kay). 
a(#0)elg,y a\lav 


Since in Theorem 2 or Corollary 1, the constant factor k(A;) in (36) and (37) is 
the best possible, we have 


Ti || = |Tal] = kA) -| k(u, Yu"du. (38) 
0 
Note. If we define 
Choa ix ky (x,n)f(x)dx(n €N), 
0 


then we have ||71 f lpg < KA1)I|f lp, and then 7; f € 1); if we define 


(Thay(x) = x7! Sky, nan(x € Ry), 


n=1 
then we have ||7ral||g,y < K(Ai)|lallg,u and Tha € Lg y(R+). 
Example 1 (i) We set 


k(x, y) = C00 aioe 1, 


(x + yy 


For 89 = dmin{Aj,A2,1—Aa} > O,and A; € (A; —89, A; +40) = 1,2), Ar +A2 = A, 
it follows 


= | ~ eae 
k(A1) = t'ldt = BOA}, A2) € Ra, 
(A1) [ Ga D (A1, 42) € Ry 
and 
_ (= -) < 0. 
dy \xt+yy 


Setting 7; € (A; + 40, A), then it follows n; > his Since 
there exists a constant L > 0, such that 


ul 
(u+1)* 


—> O(u > oo), 


1 L 
ku, 1) = (+e So ee: 
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Then by Corollary 1 and (38), we have 


Til] = [| T2l] = BO1, a2). 
(ii) We set 
Ss 
ky (x,y) = 7 (A, A1 > 0,0 < Az < 1). 
xt 


For 69 = Smin{A;, Ag, 1 — ho} > O and a. € (A; — 69,4; + 69)G = 1,2), 
Ay +A2 =A, it follows 


Kay = fo Int pi-lgy 
9 til 


2b * ay yi-ldy 
A2 0 v-1 


2 
= Femen eR, 
A sina (A, /A) 


8 (GID) 1) 
dy \x* — y+ 
Setting 7, € (A; + 60, A), then it follows n; > 4. Since ma —> O(u > ov), 
there exists a constant L > 0, such that 


Inu 


< p 1 
Taq Smt El o0y). 


Then by Corollary 1 and (38), we have 


k,(u, 1) = 


2 
a4 
T, || = ||%|| = | ——— | . 39 
71] = 1721 | (39) 
Lemma 5 /f C is the set of complex numbers and Cx = CU {oo}, m% € 
C\{z|Rez => 0, Imz = 0} (k = 1,2,--- ,n) are different points, the function f(z) 
is analytic in Co except for z(i = 1,2,--- ,n), and z = © is a zero point of f (z) 


whose order is not less than 1, then for a € R, we have 


a ram 21 ” isa 
S(x)x dx = | — erat > Res Lf (zz > Zk], (40) 
0 ~ k=1 
where, 0 < ImInz = argz < 2z. In particular, if zx(k = 1,--- ,n) are all poles of 


order 1, setting (Zz) = (2 — zx) f (2(@x(Z) F 0), then 


D5 (24) ge Ze. (41) 


sing a 
k=1 


/ * f(x)x* dx = 
0 
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Proof By [44] (P.118), we have (40). We find 


1— e?*” — | —cos2ra —isin2xa 


= —2i sinta(cosma +i sinta) = —2ie'”” sinwa. 


1 


Z—Zk 


In particular, since f(z)z*~! = (yx (z)z*~') , it is evident that 


Res[ f(@)2**, —ag] = ze" pilze) = —e'**(— ze)" |e (Ze): 


Then by (40), we obtain (41). The lemma is proved. 
Example 2 (i) Fors € N, we set 


1 
Thar 8 + azy*/*) 
4,41, > 0,0 < Ar < 1). 


K(x, y) = (0<a, <-:: <a, 
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For 69 = Amin{Aj,A2,1 — Ag} > O and A; € (A; — 60,a; + So) = 1,2), 


Ay t Ao =A, by (41), it follows 


koa) [ phil gy 
o [ja (?" +a) 
s [®* 1 Ana 
= u u 
AJo TTpar u + ax) 
Ws Sy : 1 
— nt a aa a I] ( R,, 
A sin( 2) = —=1(j4k) i ~ 
x =1 J=1G4k) 


and 


0 yo! 
r <0. 
Oy \ Thar (2 + aey*’) 
Setting 7; € (A; + do, A), then it follows n; > Ric Since 


ul 
Miei (u/s + ax) 


there exists a constant L > 0, such that 


> O(u > oo), 


1 é ; 
Meat (ur/s + ax) = un (u [ ? 00). 


Then by Corollary 1 and (38), we have 


1s oi 1 
IZ = lIZ2l = —~ ra?! T] 
asin(*) igen 7) 


ku, = 


(42) 
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In particular, for s = a; = 1, we have ky(x, y) = pt 
u 
Asin (A4/A)° 


(ii) We set 
1 
x + Je(xyP cosy + Sy* 


O<y< oe > 0,0 < Ay < 1). 


kKy(x, y) = 
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x and ||Ti|| = ||T2I| = 


For 59 = dmin{Ai,A2,1 — Ax} > O and A; € (i — 80,a1 + So) = 1,2), 


ay tay =A, by (41), it follows 


= oo 1 e 
kQ1) = t'ldt 
(A1) } + Jer? cosy + § 


R,, 


(“)* 27 siny (1 - m1) 


A siny sin(224 ) 


and 


F) ye 1 
- <0 
dy \x* + Sexy) cosy + Gy” 
Setting 7; € (A; + do, A), then it follows n; > ve Since 


yl 


u* + /cu*/? cosy + $ 


> O(u > oo), 


there exists a constant L > 0, such that 


1 e L 
wr + Jfcur!? cosy + § ~ um 


k(u, 1) = 


Then by Corollary 1 and (38), we have 


a 2x siny (1 — 21) 


Til] = !Tall = ( 5) 


Example 3 (i) We set 


bx’ + y? 
ko(x,y) = ( 


ax’ + yY 
0<-Aj =A.=o </y). 


A siny sin(#41) : 


)@sa<by>0, 


(43) 
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For 59 = 4min{o, y —o} > 0, and A; € (Ai — 40,4: + 50)G = 1,2), A +A2 =A, 
it follows 


& oe fbi + 1\ = 1 7. (bt? +1) 22 
kau = f in( zs ) Par = = in( a ) ae 
0 at’ +1 Ay Jo atv +1 
1[f-z btY +1 
=| n( =) ip 
1 aty +1 


-y fo : pity—ldy 
> \biv+l1 atv+i 
gla 


0 bx’ y\ » 
(in ( aes yet) < 0. 
dy ax’ + yY 
Setting 7; € (—o + 49, 0), then it follows n; > ve Since 


bu’ +1 
ul! in( alli ) > O(u > oo), 
au’ +1 


there exists a constant L > 0, such that 


— < ( [1,00)) 
u ,00)). 
auY +1 un 


ko(u, 1) = In ( 


Then by Corollary 1 and (38), we have 


(7 —a¥)n 
T, => T- — 
Til] = ||Zal| o sinzr(2) 


(44) 
(ii) We set 


ko(x, y) = e PG)" (9 > 0,0 < -Ay =A = 0 </). 


For 69 = 4min{o, y —o} > Oand A; € (Aj — 0, Ai + Soi = 1,2), Ar +2 =A, 
it follows 


aS Sa 2-4 1% 6% Ay 
k(A1) = e vt"! “dt=—p’ i e“u Y du 
0 iA 0 


1 i re 
=-—p7vT R,, 
Y Y 
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and Zea” yearly < 0. Setting n1 € (— o + do, 0), then it follows 7; > Ie Since 


uneWw > O(u — oo), there exists a constant L > 0, such that 
=% L 
ko(u, 1) =e” < ——(u € [1, 00)). 
Uu 


Then by Corollary 1 and (38), we have 


1 oO 
Til] = [all = —zr{—}. (45) 
yp” Y 
(iii) We set 
vr" 
ko(x, y) = arctan (=) (p > 0,0 < —A; =Ad=o </y). 
y 


For 69 = }min{o, y —o} > Oand A; € (A; — 60, Ai + 50)(i = 1,2), Ar +A2 =A, 
it follows 


~ Cow 1 CoO es 
kai) = 1 t*'—"(arctan pt” dt = | (arctan pt” dt! 
D 1 JO 


~ 00 5: 4y-l 
== (arctan pt” )1*! | / yptity . 
“ o L+(ptvy 


II 
| 
i 
3 
fe 
ie 
ts 
+ 
Nie 
| 
QQ 
s 


oO j2-1 


and ay arctan p(y”) < 0. Setting n; € (—o +40, 0), then it follows n; > Bas 
Since u™ arctan pu” — O(u > oo), there exists a constant L > 0, such that 


L 
ko(u, 1) = arctan pu” < — € [1,0)). 
u 


Then by Corollary 1 and (38), we have 


Til] = |Zal| = (46) 


20 cos (<) 
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Example 4 (1) We set 


k@,y) = Sa Qy > <¥-7 <4 <1-¥), 
(max{x, y})*+” ° 
7 For do — smin{a;t+y,A2+y, l—y-—Az} > Oand A; € (A;—40, A; +50) = 1, 2), 
Ay +A2 =A, it follows 


~ f® (minfe, I)” 5, 
kG = f Gnaxtt, ye" dt 


1 2 [e.e) 1 & 
=f ot ldr+ ——7!"ldt 
0 1 party 


A+ 2y 


—F ~— ~S +. 
(Ay + y)(A2 + y) 
We find that 
lage, yy! = at 
(max{x, y})**” 
wo 0<y <x, 


x’ 
~~ > 
yartytl? yor 


is a strict decreasing function with respect to y € R,. There exists a constant 
ny € (Ay + 69,4 + vy), such that n; > A; +49 > A; andA+ y — n, > O. Hence, in 
view of 


i y+n 
meaty = Wein t” _ [w 0 <u 


a 
(max{u, 1})*+Y sn u>i, 


we have u'k,(u, 1) + O(u — oo), and then there exists aconstant L > 0, satisfying 
L 
k,(u, 1) < —ué [1,00)). 
un 


Therefore, by Corollary 1 and (38), it follows 
A+ 2y 


T\| = (|X| = ——_——_... 
VAN U2 GF a2 +7) 


(47) 


2.3 Some Strengthened Versions of Half-Discrete Hilbert’s 
Inequality 


Definition 3. Forr > 1, 1 + 1 = 1, we define the following weight functions: 


if” 1 
o(s,n) i= ns / ean dx(n EN), (48) 
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(oe) 


I 
w(r,x):=xr > Goma € [,00)). (49) 


n=1 


Setting u = x/n, we find 


1 
’ = ———_d 
a(s,n) ie wa bulls u 
-[" du [’ du 
Jo (ut Dulls Jo (ut Dul/s 


a i dus r 
< sin(=) 9 ul/s sin(z) n/n’ 


(50) 


We set the following decomposition: 


= a du eee 6,(n) 
ots.n)= f (ut Dull ~ sin(Z) nr” a 


where, 


6.(x) 1= fp ee Ee 
7X) = X : Ge Der = . 


Then we obtain 


1 
) | ees x d 1 
7 G= oxt [ H 
ax r 9 (utlul/s x+]1 


Setting f(y) as follows 


sors [ + syst) 
DiS) Fae ey 


we find f(0) = 0 and 


eee ryl/" . 
(y+ Dy 1+y (1+y) 


Then it follows f(y) > 0(0 < y < 1) and 


f'”)= 


) 1 = (=) 
—O6,(x)=-x>s fl —]>0@ > 1). (52) 
Ox r x 


Therefore, 
1 
1] 


+1 


1 
6y(x) > inf 6,(x) = 6,(1) = f ni ip (53) 
x>1 0 Uu 
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Since we obtain 
[ ur—'du 1 i geo Inudu 
— > 0, 
o util} r2 Jo u+1 


6,(1) > inf 6,(1) = lim 6,(1) 
r> r>1 


then it follows 


1 
=i A =In2 = 0.6931", (54) 
0 u 


By (50), (51), (53) and (54), we have 
Lemma 6 ForneN, 


mc Tr To In2 
sin(=) nr aS A) sin(=) ni/r? 


(55) 


where the constant |n2 = 0.6931* is the best possible. 


Lemma 7 /f(—1)' F(t) > 0(¢ € (0,00); i = 0, 1, 2, 3), then we have (cf. [4, 45]) 


1 oe 1 3 
“a ) / P\t)F(@)dt < “pF (5) . (56) 


where, P\(t) = t — [t] — 5 is ciate function of one-order. 


For x > 1, setting f(t) := ant (t > 0), we find 


-1 1 
i 
ff) (x + 1)2t1/" r(x + pth+d/) 
r+Dt+y 


r(x + t)ti+d/) : 


By Euler—Maclaurin summation formula (cf. [4]), it follows 


[o,¢) 
1 
Or, x) = x 7 Creer ao 


n=1 


1 1 
xt [ fOde-+ 5 f+ [ punrode| 


xr aed f())dt — x? [ f(t)dt 


+5xtfM +x i. Pi(t) "(dt 
1 


8 1 1 [ u-rdu x 
SS es Xs 
sin(*) x l/s o itu 2(x + 1) 
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+x i _ rn ead] (57) 
1 


r(x + t)2ri+d/r) 


; = rt Dtxtx? 
Setting G(t, x) = RemEy econ 


A(x) = ca | Egy 
~ 0 1 + u , 
B(x) := f,° P\(t)G(t,x)dt and 


O(r,x) := A(x) + B(x) - 5 (x € [1,co)), 


ea os 
(x +1) 


then by (57), we have the following decomposition: 


cA O(r, x) 
or, x)= > =a ee (58) 
sin(=) xl/s 
Lemma 8 Forr > 1, we have 
ninth H0G bo =o m1). (59) 
x21 sin(=) 


Proof By Lemma | of [46], we have 


¥ u-rdu r(2r — Lx? 
i = (x > 1). 
o Ilt+u (r — 1I)[(2r —1)x +r —1] 


Then we find 


1\ =. fsu-tdu 1 
A(x)=[(1——-])x7 _ 
r o It+u x+1 


(1—+)r@r-1) 1 
> 
~(r-VD[(@r-Y)x+r—-1] x41 
7 (2r — 1) 1 
“Ora Tetr—1. xl 
r 


~ G+ DI@r—Dx+r—1) 


Setting F\(t) = era and F(t) = aaptre then by Lemma 7, it follows 


Baxj= [ Pi(t)G)(t, x)dt 
1 


r+1 oe 
= / Pi(t)F,(t)dt — 2x if P(t) Fo(t)dt 
r 1 1 
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r+1 1 2x 3 
> —-—Fi\(0))+—F( = 
r ( ha ) 12°7\2 


_ r+1 4, 4x 2\" 
~  12r(x +1? 32x43 \3) 


Then we have 1 
0 = A’ B(x) — ————~ 
(1, x) (x) + (x) 2(x + 1)? 

= r r+ 1 

~ (x+)D)[@r—-Dx+r—-1]) 12ra@4+1) 


af Ax 2\" 1 
3(2x + 3)3 \3 (x + 1)? 
_ (—2r? + 5r + Ix + Gr? + 6r + 1) 
~  42r(x + 12 [2r — Ix +r — 1] 


4 (3) 
3(2x +3 \3) * 


G)Ifl<r< 3,—2r? +5r+1> 0, then we have 6, 
1 
(2) Ifr > 3, (3)" > z, then we obtain 


(r,x) > 0; 


(—2r? + Sr + 1) x + (5r? + 6r + 1) 16x 
12r(x + 1IP[2@r — Dx +r —1 15(2x + 3)3 
5[((—2r? + Sr + 1)x + (Sr? + 6r + 1))(2x + 3) 

~  60r(x + D22x + 33[2r — Dx +r—1] 

64rx(x + 1° [Qr — Dx +r—1] 
60r(x + 1)2(2x + 33[(2r — Dx +r—1] 
(48r2 — 44r + 40)x4 + (160r? + 1076r + 92)x3 
60r(x + 1)2(2x + 3)3[(2r — Dx +r —1] 
> O(x > 1. 


Oa) e 


Hence, O(r, x) is strictly increasing with respect to x € [1, 00), and then we have 
(59). The lemma is proved. 


Lemma 9 [fk €N,k > 5, then the function 


1 1 k-1 1 
: 


kK u-rdu kr m 
T(r,k):= 
os) / Itu 2+h Ss 


m=1 


is strictly decreasing with respect tor € (1,0). 
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Proof Fork > 5, we find 


Rees k-7 Ink 
ERE DV Oe ak 


It is obvious that for u > 4, 


d ies Inu ee Inu Inu 1 
= + 
l+u ru l+u eu 


du l+u 


ol 
ur 


1 Inu 
< < 0, 
l+u\u l+u 


me 
and then “ 7 is decreasing with respect to u > 4. It follows that 


em" In m A u-r Inu 
du > 
l+m 4 l+u aa 


m=4 


Setting u = e~”, we obtain 


r= u= 
o itu -mn4 1+e-% ? 


_ r4i-; ia r mae ) 
= n fail 5 n S). 


Ifl<s= 7 < In4, namely, r > at = 3.58877, then we find 


| ono] 


ds} 5 


ae ere In4\ 545 ; 
— n Ss < 0, 
5 Ss 5 


1 
and “(In4 — s) < (In4 — 1). In this case, 


4-7 Inu In2 In3 
du ; ; 
o il+u 3-27 4.37 
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4 In2 In3 
= =. it 1) 3. 21/3.5887 4. 31/3.5887 


< —0.083996 < 0. 
IfIn4< rie then it is obvious that J(r) < 0. 
Therefore, we have [/(r,k) < O and then /(r, k) is strictly decreasing with respect 


tor € (1,o@). The lemma is proved. 

Lemma 10 /fr > 1, t4yt = 1, then for x > 1, we have the following inequalities: 
a 1—- 

a Gee (60) 

sin(z) _x1/s sin(z) —x!/s 


where, 1 — y = 0.4227‘ is the best value (y is Euler constant). 


Proof Similarly to (50), it follows 


oe 7. dy T Ss 
r,x)> xr =- : 
= 1 @&+tyyl  sin@) xis 
For k € N,k > 5, we have 


cA 
6(r,1) = sam(®) ~ wi(r,1) 


) 
co _-t lone) al 
o I+u = l+m 
k uae oe) vari 
=4 +f du 
0 l+u k l+u 


Setting g(f) := a a aan? then by Euler—Maclaurin summation formula (cf. [4]), 


we have ; ; oe : 
S u-rdu ur m7? 
era ea ee 

x, ltu 211 +k) — l+m 

a u-rdu me g/(k) 
< + ’ 

x l+tu 21+ k) 12 

It follows 


I(r,k)+ ae < O(r,1) < I(r,k), 


er 
Ed ae 
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< inf 0(r, 1) < inf I(r, k)(k > 5). 


Since for any k > 5, 


ee 1 1 
We ne un E Leu fae SER | 


I 1 
7 Resaaressd i 


then it follows jim int g'(k) = 0. Hence by Lemma 4, we obtain 
—oor> 
inf @(r, 1) = lim inf /(r,k) = lim lim /(r,k) 
r>1 k>oor>1 k>oor>oo 
k k-1 
d 1 1 
= lim / : 
koe] Jo 1ltu 201+) “a, itm 


aan | 1 
2 ee. 
tn [5 aia, eo 


m=1 


By (58), in view of inf O(r,x) = O(r, 1), we have 


oy < 2 
w(r,x) < sin) xi 
inf O(r, 1) 
< Sin) xs 
Tv l-y 
ec ey 
sin(Z) x's @2b 


It is obvious that the constant 1 — y in (60) is the best possible. The lemma is 
proved. 


Lemma 11 /fp,r > 1,4 tae tyla = la, => O(n EN), f(x) is anon-negative 
measurable function in i. oo), then we have the following equivalent inequalities: 


Inf (X) 
lis =. yale nas 
< {>on a] { [> wernt preods) (61) 
1 


1 
0° Bin oo pP P 
ie i * 7| So | ax 
1 foray |oxtn 
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1 
00 ? 
2-1 p 
< ) o(s,n)\nr are, 


n=1 


f-] 0° q 7 
— ns ll f(x) ax] 
Lo jotsmi |, xen 


1 


< i m(r.anst prods| ; ; 
1 


[le 


Proof By Hdélder’s inequality (cf. [47]), it follows 


1 
a rd ns py |’ 
=x* ¢{w(r,x)}4@ —_»> nr aPh , 
tote | a ae | 
n= 


Then by Lebesgue term, by term integration theorem (cf. [43]), we have 


and then (62) follows. 
By Holder’s inequality (cf. [47]), we have 


eee Se fimteannta 4 yon] 


(w(r.x))? Li 


1 


<Ji tf (raat proonds ; 
1 


Then by (62), we have (61). 


487 


(62) 


(63) 


(64) 


(65) 


(66) 
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On the other hand, assuming that (61) is valid, we set 


Pp oo p-l 
xr an 
f(x) = [lor.x)P » oa | > 1. 


Then we find ne 
a aa w(r,x)x*—! f4(x)dx. 
1 


If J; = 0, then (62) is trivially valid; if J) = ov, then by (65), (62) is the form of 
equality (= oo). Suppose that 0 < J; < oo. By (61), it follows 


[ or, xxi! £4(x)dx = IF =I 
1 


< [doe n)nr~ | tf mcrae preys" ; 
1 


n=1 


nell seas r@a? ; Bago l 
1 {/ w(r,x)x SAX) | < {Soot | 


n=1 


Hence we have (65), and then (61) and (62) are equivalent. 
Still by Hélder’s inequality, it follows 


1 
[o.e) [o.e) 1 r Sp 
eax =f | Fe | ax 
1 x+n 1 X+N| yw || nia 
ol ni P an ee xd 7 
< Peace satin cueees 
a i x+nxl/s ‘i i aie 


1a nn ne a . 
=n" ? {a(s, n)\P / ian Te 4 (67) 


Then by Lebesgue term, by term integration theorem (cf. [43]), we have 


iy payee ae pds] 


n=1 


1— 


= tf meray! preys , (68) 
1 


and then (63) follows. 
By Holder’s inequality, we have 


1= 3° [lets.nyint to «| clk * as] 


f= (w(s,n))p JI NX 
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1 
O° P 
< [Yso%.mntla| Ly. (69) 


n=1 


Then by (63), we have (61). 
On the other hand, assuming that (61) is valid, we set 


An = 


ns! oO Fa) 
[o(s,n)|7! If x+n 


ax sn eN. 


Then we find 


[oe] 


PL 
= Y > ols, ayn ta? 


n=1 


If LZ; = 0, then (63) is trivially valid; if L; = ov, then by (68), (63) is the form 
of equality. Suppose that 0 < L; < oo. By (61), it follows 


CO 
Y- w(s,n)nr la? — ew | 
n=1 
7 \ 
oo Pp loe) 4-4 q 
< > als, n)nr 'aP / w(r,x)xs— fi(x)dx} , 
n=1 1 


1 


[>> o.mné | < (f (ray preys . 
l 


n=1 


Ly 


Hence we have (63), and then (61) and (63) are equivalent. 


Therefore, (61), (62) and (63) are equivalent. The lemma is proved. 
Theorem 3 /f p,r > ee t+litl,a, > 0,0 < ont la? < on, 


f(x) = 0,0 < - xe! f4(x)dx < 00, then we have the following equivalent 
inequalities (cf. [19]): 


refs 
oe 


1 
so 1 

In2 Pty» z 
= Mae =) "), «| 


n=1 


oe) ley i 
eo ee 
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os i 
a In2] 2, e 
2 _ rolgP\ 71 
> ao | a | = 


_ 0° nev! fore) f(x) q 7 
be (Sa ee ed | 


a zt l=¥ qe gq 
<{f as oe | Leds] , (72) 


with the same best possible constant factor —. 


an) )- 


Proof In view of the assumptions, (65), (60), (61), (62) and (63), we have the 
equivalent inequalities (70), (71) and (72). 


For any 0 < é < = we set G,, f(x) as follows: 


n= nt -?(n EN), f(x) = Prue ie > 1). 


Putting R = (4+ oa =(1- ae then we have R > 1, 4 + + = land by 
(60), it follows 


= x a(R, x)dx > / 9? | ee 
sin) x5 


1 az S? 
=e ae : (73) 
esin() Set+l1 


If there exists a constant k < ain)? 


by k, then in particular, by (73), we have 


such that (70) is valid when replacing 


ain(Z) ) 


4 eS? 


sin(Z) Se+l 


<el <ek [yont a a { [xt Fecoas 
1 


n=1 


1 


=eki{1lt+ pe ae {/ asl 
n=2 1 
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0 7 [se 7 
< ek {! +f yay} {/ asl 
1 1 


=ke+1)?, 
and then an (= < k(e > 0+). Hence k = an) j is the best possible constant factor 
of (70). 
We confirm that the constant factor —4. in (71) (72) is the best possible. Other- 


ae) ) 
wise, by (66) (69), we would reach a contradiction that the constant factor =z) 


(70) is not the best possible. The theorem is proved. 


ia) yi 


Corollary 2 if pr >1,54+2=}24+)=1,a, 20,0 < Dent ap < 00, 
f@) => 0,0 < ae: 57! £4(x)dx < oo, then we Nave the following equivalent 


inequalities with the best possible constant factor ain(Z) y 


= 4 r ? 
Polap 
= {> Ess nr + =| ne | 


n=1 


1 


. = 1 tA oy a 
* I sin(Z)  2x'/s 4x1" |*" SU (x)dxe. (74) 


00 Bay 0° P 
Xr an 

d 

Uae Bel * 


sin(=) Ix1/s4y%-1/r n=1 


“|X [aan |" at a 


[oe] Z| lee) q 
> n f@) ax| 
1 «+n 


q-1 
A X r 
sin(4) ni/rin-l/s 


~ ne i L_1 pq q 
: I me wag | Os (76) 


Proof By (52) 


~6,(x) >0 implies 6,(n) > —.. By (51), we have 


> Ox n+l 


mn 


ma 
NSS Se GED) 


= ”"___(n EN) (77) 
— n i 
sin(t) al pn ve 
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In view of (61), for showing the corollary, we need to prove only the following 
inequality: 


TA 1 
wi(r,x) < sin Dxlls 4 gail? (x > 1). (78) 
For x > 1, we find 
i. ut 
Aga att f° oe du 
0 T+u 
1 oo 
San Yo (-Dtulrdu 
9 K=0 
1 
ax Pont f uk-7 du 
k=0 0 
3 
3 (—1f = (— 1 
= I T , 
k=0 (k + 5) x k=0 (k+ 5) x* 


B(x) = i‘ P\(t)G(t, x)dt 
1 


es i. (t) —_—" a dt 
ae : Ge tareelr " roe 4 pelt l/r 


1 x x 
12 E Li pe =| 


For x > 1, 4+ > Ois equivalent to 


2) 
x* 


x 1 1 
<1 ; 
x+1 x x2 


4 3 . . 
and = + = > 0 is equivalent to 


x 1 \ 48 
G+Eie x x x2) ° 


Then we have 


Or, x) = AG) + BG) = rar 


> f(s,x) + g(s,x)(x = 1), 


where, 


i 1 
PSS Sa. eas 
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1 1 
- 12sx?2 me 3(1 + 38)x3’ 
1 1 
B(5,Y) = Ty — Da sya? 
fa 1 7 


+ ; 
12. 2x 12x? 12x3 
For s > 1,x > 1, we find 


1 1 
12s? (l+s)2x 
1 1 
12s2x2 (1+ 3s)?x3 


1 1 1 1 
>] > 0, 


f(s, x) =1 


1 
if 0 
(ex Cente 


£84) = 
Then we obtain 


O(r,x) > f(s,x) + g(s,x) > be (f(s, x) + g(s,x)) 


For x > 2.5, since 


we have 
1 1 1 1 1 
> = : 
2 Ide, 2? OS) 2a 
and then we find 
0 ’ 
eens uo Ge 
sin(*) xs 
TU 1/1 1 1 
sin(=) x; \2 12x 2x3 
4 1 
< $ 4 1 
sin(=) — x5(24+ x7!) 
1A 1 
= i (x > 2.5). 


sin(=) 2x} 4 x 
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For 1 < x <2.5,x < 7-4 = 2.73", we find 


l-y 1 
to —1 
Xs Q2xs +x77 
and 
a4 l-y 
wi(r,x) < ain) _ =a 
cA 1 


< 
= 1 1 
sin(>) = 2xs x77 


Hence, (78) is valid for x > 1. Then by the same way of proving Theorem 3, we 
can prove the corollary. 
By Theorem 3, we can reduce the following corollary: 


Corollary 3 If pr >1,5+5=}4+1=1,a, = 0,0 < De, nF 1a" < 00, 


f(x) = 0,0 < Le 57! £4(x)dx < 00, then we have ae JOHowing equivalent 
inequalities with the same best possible constant factor 
oO fore) 
ya} a 
= 1 n+x 


oe) 
{sor 
e 1 
p [oe) om 
= stn | Ne | ty vet prods (79) 
Tr n= 1 
00 oo 4 Pp : - oo : 
i n ea 
Sat] ay mss} 


n=1 


- - aS oo Z 
{Son | | = {f prods] . (81) 
I x+n 1 


n=1 


aa) y° 


In particular, for r = p,s = q, we have the following equivalent half-discrete 
Hilbert’s inequalities: 


f(x) 
wits Daf age 
1 oo : oe) 7 
= sin(Z) Sl {/ prcs| > (82) 
of a P ? ip 0° ; 
{/ purer ix} - sin() [>vac| ae 
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[oe [o-e) f(x) qd Z [o-e} 7 
I>L/ £0 as) <{f frcoax ; (84) 


n=1 


for r = q,s = p, we have the equivalent dual forms as follows: 


a ? 4) 
/ tO Dang De aa 


1 


< ns [>on] if 2 prods ; (85) 


oe) oo a P 5 1 oo Z 
p-2 n d p-2,p 86 
{/ ‘ bora 7 * sin(*) {ys | om 


n=1 n=l 
[e.e) oe) q i oo i 
[yer LO as| | < {f prods : (87) 
aa 1 X+n 1 


Remark 2 Inequalities (70) and (74) are different strengthened versions of (79) with 


the same best constant factor an* 


3 Half-Discrete Hilbert-Type Inequalities with the General 
Non-Homogeneous Kernel and Operator Expressions 


In this section, we agree that p € R\{0, Ve + 7 = 1, A(t)(> 0) is a finite 
measurable function with respect tot € R,. 


3.1 Some Equivalent Inequalities 


Definition 4 Foro,x € R,,n € N, we define two weight functions w(o,n) and 
w(o,x) as follows: 


ae dx 
w(o,n) := n°? / h(xn)—_: (88) 
0 x 
oOo = 1 
w(o,x):=x > nn) a : (89) 


n=1 


Setting u = xn, we find 


oo l-o oO 
o(o,n) = n° f nw) — ae =f h(u)u?—'du. (90) 
) 


0 l-o 
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Lemma 12 As the assumptions of Definition 4, if 
[o.e) 
K(c) =} h(uju?—'du € R,, (91) 
0 
f(x), dn = 0, then (i) for p > 1, we have the following inequality: 
1 
oo lo) PIP 
A, := nro! (/ hism) fox)dx 
1 
1 oe P 
< [K(o)]* i moar! preyds| (92) 
0 


1 


a oo x do 1 4 q 
Ad = {/ loo. (>: Homo ix} 


n=1 


2 [i Sate (93) 


n=1 
(ii) for p < 0, or 0 < p < 1, we have the reverses of (92) and (93). 
Proof (i) For p > 1, by Hélder’s inequality with weight (cf. [47]), it follows 


od) oo) x-o)/¢ nU-o)/P 
/ h(xn) f (x)dx = [ h(xn) aan )| Food dx 


x(l-a)(p=1) : ni-aq-1) 
< ie heen) — fronds (f roomy 
0 0 


a x (l-o(p-1) Z 
= [w(o,n)]inr ° (f nism — Frcs : (94) 
0 


Then by Lebesgue term, by term integration theorem (cf. [43]) and (91), we have 


(l—o)(p—1) ; 
Re recon {> [> h(xn)——— ua = yrooas| 


n=1 


n=1 


(-o)(p=1) 
=[K(c)]# Lf Sohn) 7 prooas 


= [K(o)] if m(o.xyar! preryd| oo (95) 
0 


Hence, (92) follows. 
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By the same way, we obtain 


» h(xn)dy < [o(o,x)]7x2-° 


n=1 


a oy(q—1) a 
«| omen , (96) 


then by Lebesgue term, by term integration theorem and the same way as in obtaining 
(95), we have (93). 

(ii) For p < 0 or O < p < 1, by the reverse Holder’s inequality with weight 
(cf. [47]), we obtain the reverses of (94) and (96). Then by Lebesgue term, by term 
integration theorem, we still can obtain the reverses of (92) and (93). 


Lemma 13 As the assumptions of Lemma 12, (i) for p > 1, we have the following 
inequality equivalent to (92) and (93): 


H:= os fe h(xn)ap f (x)dx 
n=1 


1 


2 (f° em(o,xyant! precy} [i ee : (97) 
0 


n=1 


(ii) for p < Oor0 < p < 1, we have the reverse of (97) equivalent to the reverses 
of (92) and (93). 


Proof (i) For p > 1, by Hélder’s inequality (cf. [47]), it follows 


H= a q—(1-#) lf hem) fds [nt Fay 


n=1 


1 


oo q 
<M {yao (98) 


n=1 


Then by (92), we have (97). On the other hand, assuming that (97) is valid, we set 


0° p-l 
b, =n?! (/ htm) fdx neN. 
0 


Then it follows H? = S°°, n4°-°—!al. If Hy = 0, then (92) is trivially valid; 
if H; = o, then by (95), (92) keeps the form of equality (= oo). Suppose that 
0 < HA < ~. By (97), we have 


0< Soa o)- 1@t = Hf = H 
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< if ar(o.ayar-r! precy} 
0 


00 7 
x Kio) nee Oras <o. 
n=1 


It follows 
1 
1 ns e 
H, = [K(o)|* {> nial qd | 
n=1 


<[K(o)|# | [ ~ em(a.x)xP-9-1 preryds , 


and then (92) follows. Hence, (92) and (97) are equivalent. 
By Holder’s inequality and the same way, we can obtain 


1 
loo) Pw 
H< {/ er(o.xya0-0-1 preands! A. (99) 
0 
Then by (93), we have (97). On the other hand, assuming that (97) is valid, we set 
xdo-1 oC q-l 
f(x)= mene b Homo (x € R,). 


Then it follows 
es oe) 
He =f a(a,x)xPl-9-! £P(x) dx. 
0 


By (97) and the same way, we can obtain 


1 


i= tf (ox)! preva] : 
0 


1 


00 7 
< [i > ne--t| : 


n=1 


and then (93) is equivalent to (97). 

Hence (92), (93) and (97) are equivalent. 

(2) for p < Oor0 < p < 1, by the same way, we have the reverse of (97) 
equivalent to the reverses of (92) and (93). The lemma is proved. 


Theorem 4 As the assumptions of Lemma 12, if 6,(x) € (0, 1), 


K(o)C — 65(x)) < w(o,x) < K(o)(x € R4), (100) 
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0 < fo xPG-O-! FP(x)dx < 00,0 < 1, n-)-lat < 00, then (i) for p > 1, 
we have the following equivalent inequalities: 


H= 2 i - h(xn)apn f (x)dx 


K 2 PU-o)-1 FP(y)g : + qUd—o)-1 gq : 101 
< If xMI-OHl FP dx {>> «| (101) 


n=1 
oo lo) Pp A 
= [dem @ itn) f(ydx) | 
n=1 0 
< K(o) Lee a (102) 
0 


lore) Seed q q 
Hh := {f xf! (> seman) ix} 
0 n=1 


1 


< K(o) Pca : (103) 


n=1 


(ii) for p < 0(0 < q < 1), we have the equivalent reverses of (101), (102) and 
(103); 
(iii) for 0 < p < l(g < 0), we have the following equivalent inequalities: 


H= S i h(xn)ay f (x)dx 


n=1 


> K(o) i; ~ (— antayxm--" pode 
0 


1 


00 7 
. {Soma (104) 


n=1 


1 


oo ee) p)ep 
= {doe (/ nism) f00)dx) | 
n=1 0 


> K(o) (f d— antayyam--"pPadel (105) 
0 


I~ 1 oo q a 
faim [> (6, 2 le ae | (>>A0me) ix} 
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> K(o) [yong] (106) 


n=1 


Theorem 5 /[f there exists a constant 69 > 0, such that for any G € (o — 69,0 +49), 
K(o) = i h(u)u?~'du € R,,65(x) € (0, 1) and 


K(o)( — 63(x)) < w(G,x) < K(@) € R,), (107) 


where, 03(x) = O(x8) (x € (0, 1];6(6) > 0), then the constant factor K(c) in 
Theorem 4 is the best possible. 


Proof (i) For p > 1, by Holder’s inequality, we find 


oo q 
H<H, {>nul : (108) 


n=1 


1 


a 1 
H< {/ pe pea th. (109) 
0 
For 0 < € < qdo, we set f(x),G as follows: 


£_] 
xe | O<x <1, 


FONs 


0,x > 1, 
Gn l= noo! yn EN. 
Then foro =o — = by (107), we find 


1 


oo) ~~ : 0° q 
{f xo! Fra} ya oe 
0 


n=1 


1 i 
1 Pp oo q 
= on) 1+ n!-* 
Uf x 
1 1 
1)? ee aff q 1 ‘i 
<}- +f y ‘dyp =-—f{et+l}7, 
E€ 1 éE 
= co © a 1 
H:= ; So hexn)ai, f («dx = i, x ay, (E, x)dx 
0 “ay 0 


1 
> K@ | x tte (1 — O(n) dx 
0 
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= AO 1 — cos). 


If there exists a constant k < K(o), such that (104) is valid when replacing K(o) 
by k, then in particular, we have 


K(6) [1 — €Oz(1)] < eH < ek / Peek 
0 


1 


eo) q 
x peas Zu ly 


n=1 


and then by (26), K(a) < k(e > 0+). Hence k = K(c) is the best possible constant 
factor of (101). 

By the equivalency, we can prove that the constant factor K (0) in (102) and (103) 
is the best possible. Otherwise, we would reach a contradiction by (108) and (109) 
that the constant factor K(o) in (101) is not the best possible. 

(ii) For p < 0, by the reverse Hélder’s inequality, we have the reverses of (108) 
and (109). For 0 < € < gdp, we set f(x), d, as (i). Then for ¢ = 0 — 2 by (107), 
we find 


1 


fore) ~ 7 oo q 
{f a Freya be ae 
0 


n=1 


={f'rarl’ baum) 


n=1 
1 1 
a ee} =; 
> y- ? y “dyt =-, 
E 1 E 
= co © a 1 1 
H =) S > h(xnyan f (@)dx = x "oy, (6,x)dx < —K(6). 
0 say 0 é 


If there exists a constant K > K(o), such that the reverse of (101) is valid when 
replacing K(o) by K, then in particular, we have 


K(G) > cH 


fore) = 4 oo a 
> eK {f x01 Fea yeas > K, 


n=1 


and then by (26), K(o) > K(e — 0*). Hence K = K(o) is the best possible 
constant factor of the reverse of (101). 
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By the equivalency, we can prove that the constant factor K (co) in the reverses of 
(102) and (103) is the best possible. Otherwise, we would reach a contradiction by 
the reverses of (108) and (109) that the constant factor K (co) in the reverse of (101) 
is not the best possible. 

(iii) For 0 < p < 1, by the reverse Hélder’s inequality, we find 


1 


H>M [yatta] : (110) 
n=1 
H> i (a- aatayxe-"" fod] ’ A. (111) 
0 


For 0 < € < |qg|do, we set f(x), Gy as (i). Then foro = 0 — 2 by (107), we find 


| i "he Gatayan--" Frade pote 
0 


n=1 


I 3 oo 
= 1-—oO d(a) -lreg 1 4 —l-e 
i (1 = 00x!" ax | yon | 


n=2 


1 


1 3 a 1 
> {/ (i= ors ya ta} {i+ f yiay| 
0 1 


= “(1 ~60,(1)}? {e+ 1}4, 


co © 1 
a= Doheny, Forrdx = f x "aE, x)dx 
0 0 


n=1 


~ : —l+e 1 (pst 
< K(o) x dx = -K(o). 
0 é 


If there exists aconstant K > K(o), such that (104) is valid when replacing K (oc) 
by K, then in particular, we have 


K(@)>eH>eK a a antayan--! Feeds 
0 


1 
(oe) 


q 
x [yoaeo--ay] > Kil—- £05(I)}? {e+ 1}, 


n=1 


and then by (26), K(o) > K(e — O0*). Hence K = K(o) is the best possible 
constant factor of (104). 
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By the equivalency, we can prove that the constant factor K(o) in (105) (106) is 
the best possible. Otherwise, we would reach a contradiction by (110) (111) that the 
constant factor K (co) in (104) is not the best possible. The theorem is proved. 


Corollary 4 [fthere exists a constant 59 > 0, such that for anyo € (o —59,0 +60), 
K(G) € R,, h(xy)y?~! is strictly decreasing with respect to y € R,, and there exist 
constants L > 0 and ny > —6, satisfying 


h(u) < Lu™(u € (0,1), (112) 
then the constant factor K(o) in Theorem 5 is the best possible. 


Proof In view of (32), we find 


a 1 nf? 1 
w(G,x) =x? p> han) < a co ree 4 
n=1 0 


= a h(u)u°—'du = K(), 
0 


1 
=e 4y 


w(o,x) =f h(xy) ; 
1 y 


= f h(uu? "du = KG) — O5(x)) x € Ry), 


x 


where, 
1 e ws 
O3(x) := ze / h(uju’ ‘du € (0, 1). 
K(o) Jo 
For x € (0, 1], 
L @ x1 
0 < 63(x) < —— uy? du 
K(o) Jo 


= POR) = s 
+5)” (6(o) = no +o), 


namely, 63(x) = O(x°)(x € (0, 1];6(&) > 0). Then we have (107). Therefore, the 
constant factor K(o) in Theorem 5 is the best possible. The corollary is proved. 


3.2. Operator Expressions and Examples 


For p > 1, we set (x) = x?'-9-l(y © R,) and W(n) = nI7-—!(n EN), 
wherefrom 
we)" =n", (SG)? = ee, 


We define two real weight normal spaces L,,o(R+) and /,,y as follows: 


Lyo(Ry): = [re = {[ ewoiroyrart < x}. 
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1 


i) q 
law := ya= {ay}; lallqwv = {> vinvet | < 00 


n=1 
As the assumptions of Theorem 4, in view of 
Ay < KO) If llp,o, Aa < KO)llallay; 


we can give the following definition: 


Definition 5 Define a first kind of half-discrete Hilbert-type operator Teak p,o(R+) 
me I,,wi-p as follows: For f € L,@(R,), there exists a unique representation 
Ti f €1,yi-p, satisfying 


(T, fy(n) — i h(xn) f (x)dx(n € N). (113) 


Fora € 1,,y, we define the following formal inner product of fe f anda as follows: 
0° 0° 
(T, f,a) = Ne An / h(xn) f (x)dx. (114) 
n=1 0 


Define a second kind of half-discrete Hilbert-type operator Ts low, > 
Lq,o1-a(R+) as follows: For a € 1,,y, there exists a unique representation Tha € 
L,,o1-a(R4), satisfying 


(oe) 


(Tra) (x) = So kn, man(x ER). (115) 


n=1 


For f € Lyo(R+), we define the following formal inner product of f and Tha as 
follows: 


(f. Ta) = [PO e.man fnate. (116) 
0 


Then by Theorem 4, for 0 < || f\lpo,|lallgy < 00, we have the following 
equivalent inequalities: 


(T f.a) = (Tha, f) < KO) f llpollallay: (117) 
Tif pwi-p < KF llp.o, (118) 
Ioallg.o-« < K(o)llallgw- (119) 


It follows that T, and Ts are bounded with 


Ti Fl lp,wt-e 


[Ti] = 
f(FeLp oR) IF lipo 


< Koo), 
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_ Palle ot 
NAils= sup Atlee < KG), 
a¢0)elyv  Allqw 
Since by Theorem 5 or Corollary 4, the constant factor K(o) in (118) and (119) 
is the best possible, we have 


Will = Bil = Keo) = f h(uu?'du. (120) 
0 
Note. If we define 
(T; f)(n) = met h(xn) f (x)dx(n € N), 
0 


then we have Tif llp.0 < K(o)||fllp. and Tif € 1, .o; if we define 


(Thay(x) = x?" Sky (x, n)an(x € Ry), 


n=1 
then we have ||Toa||gv < K(o)||allqv and Tha € Lgw(Ry). 


Example 5 (i) We set 


h(t) (0 <o < min{1,A}). 


~ G+) 


For 569 = smin{o,A —o,l1—o}>0,andG € (o — 49,0 + So), it follows 


oe) 
—- 
K(G) = t°'dt = BIG, A-G) ER, 
(c) [ Gap ( yEeR, 


and 


a ( 1 =) 
— | ———_y < 0. 
dy \(xy + 1% 


Setting np = 0 > —G, there exists a constant L > 0, such that 


h(u) < Lu™(u € (0, 1)). 


~ ut DF 
Then by Corollary 4 and (120), we have 
IZ] = [IZ] = B,2 —9). (121) 


(ii) We set 
Int 


t—) 


h(t) = (0 <o < min{1,A}). 
For 69 = smin{o,A —o,l—o}>Oando € (o — 89,0 + 4p), it follows 


a 
x— Inv 


KG) i e ine 4 [ v 
o)= = 
0 th—] 2 0 v-1 


506 B. Yang 


X 2 
= cea ae 


= Inxy) ..¢-1 — 6 ee : u—"0 Inu + 
and iy (ey ) < 0. We set no = —5 > —o. Since ~{—7* > O(u > 0°), 


there exists a constant L > 0, such that 


h(u) = 


“<< Luu € 0,1). 
ur—1— 


Then by Corollary 4 and (120), we have 


ae my 
Full = Pll = | seem | 


Example 6 Fors € N, we set 


1 
yer * + ax) 


. Xr 
0<oa <min{1,*}). 
Ss 


For 69 = smin{o, : —o,l—o}>0,ando € (o — 49,0 +o), by (41), it follows 


A(t) = 


(0 <a; <---<4,, 


a t?—ldt s (® urdu 


0 Ikea@’*t+a) Aso Te @t+ax) 


K;(¢) = 


AY ~ Ss 
mai IL sae 

— = a ? 
d sin(23*) ;— At ™ 


a 
k=1 j=l(jzk) / 


) ( yey ) 
; ; <0 
dy \TTear (ory) + ag] 
Setting no = 0 > —G, there exists a constant L > 0, such that 


1 
Tear @*/* + ax) 
Then by Corollary 4 and (120), we have 


h(u) = < Lu®(u € (0, 1)). 


s s 
A ms US so] 1 
I7i]| = ||Z2ll = —— y a, | (122) 
Xr sin(#27) om Peron aj — a 


(ii) We set 


h(t) = 
© t+ /ct*/2 cosy + § 
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O<y< = 10 <o <min{l,A)). 


For 59 = smin{o,A—o, 1—o} > 0,andG € (o — 4,0 + 60), by (41), it follows 


CO 
1 Pa 
K(G)= tae 
) [ t+ /ct*/? cosy + § 


ye en 


2 A siny sin(2%2) 


and 7 
R) yas 
-}| <0. 
dy \ (xy + Je(xy)? cos y + § 
Setting no = 0 > —G, there exists a constant L > 0, such that 


1 
w + Jcu*/? cosy + § 


h(u) = < Lu™(u € (0, 1)). 


Then by Corollary 4 and (120), we have 


~ ~ Cc = 2x siny (1 — 2% 
Wu = a= (S) sublets | (123) 
A siny sin(2*) 


Example 7 (i) We set 


b+t” : 
h(t) = In{ —— ](0 <a <)b,0<o < min{l,y}). 
a+tyY 
For 59 = smin{o, y —o,l—o}>0,and G6 € (o — &9,0 + dg), by Example 
3(4), it follows 


by’ +1\ _x_ 
( ) y-?ldy 
ay’ +1 


a Ca A 
=nrz (o' a’) . — R,, 
o sinzt(*) 


o [etn PE) <0 
dy a+ (xy)” 


II 
o_ 
3 
<3 


and 
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Setting no = 0 > —G, there exists a constant L > 0, such that 
b+t” 
A(t) = In (- a: = < Lt™(t € (0, 1)). 
Then by Corollary 4 and (120), we have 
_ i (b = a’) uA 
al | ae (124) 


o sins (=) 


(ii) We set h(t) = e~?'"" (p,y > 0,0 < o < 1). For dy = smin{o, | —o}>0, 
ando € (o — 40,0 + 4d), it follows 


oe pes 1 a [f° a 
K(G) -|/ e PM ol gt = <p f e “uy ‘du 
0 Y 0 


1 a 
= = r{—Jje R,, 
yey \¥ 


and * (e-POY” yF-l) < 0. Setting no = 0 > —G, there exists a constant L > 0, 
such that 


A(t) =e" < Lt(t € (0, 1). 
Then by Corollary 4 and (120), we have 


~ ~ 1 Oo 
Till = [Fall = —zF(—]. (125) 
yp’ y 
(iii) We set 
A(t) = arctan pt-”(p,y > 0,0 < o < min{l,y}). 
For d9 = smin{o, y —o,l1—o0}>OandG € (o — 89,0 + 49), it follows 
[oe as 1 [ove] _ 
K(@)= / t°—' (arctan pt” )dt = al (arctan pt~” )dt® 
0 o Jo 


1 7 oe) to-v-! 
arctan pt "yt? |e + i tl 
0 


o 


1+ (et-’y 
= on ig 
20 Jo Ltu 
ke oe 


= = R,, 


) 26 cos n( 2) 


i 
2 
NIK 
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and Ay?! arctan p(xy)”) < 0. We set no = 0 > —G . Since 


y 
a 
t~” arctan pt ¥ > ra — 0°), 
there exists a constant L > 0, such that 
A(t) = arctan pt~” < Lt™(t € (0, 1)). 
Then by Corollary 4 and (120), we have 


i 
pyr 


Til] = ||Zall = . 
20 cos.x( =) 
y 


(126) 


Example 8 We set 


ine (min{t, 1})” 


_ (maxit, lyr” <o <minfa+y,1—y}). 


For 69 = $min{o +y,A+y—-—o0,l-—o0—y}> OandéG € (o — 59,0 + 6p), it 
follows 


x i’ (min{t, 1})”1°~! A+ 2y 
K(a) = t= as = 
0 (max{t, 1})++” G+y)\A-G+y) 


We find 


eats (min{xy, 1})” ral 
ON rei Ve 


x’y’te-l Q<y <x, 


1 
ty yty—aFT? Y 2X, 
is strictly decreasing with respect to y € Ry. 

There exists a constant 70, such that ny) € (— G, y). In view of 


peggy a aes), 
= - _ 
(max{t, 1})4+” ae > 1, 


we have t~h(t) + O(t — 0*), and then there exists a constant L > 0, satisfying 
A(t) < Lt™ t € (0, 1)). 
Therefore, by Corollary 4 and (120), it follows 


A+ 2y 
(o+y)a-o+y) 


U7ill = Zl = (127) 
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4 Two Kinds of Compositions of Two Half-Discrete 
Hilbert-Type Operators 


4.1 The Case That the First Kernel Is Homogeneous 


For p > 1, we set g(x) = xPC*D-! iy) = yI-42)-l(x, y © R,), and define 
three normal spaces as follows: 


1 


oo P 
Loe = «= lnltilllr = {Yetta | < oof, 


m=1 


Lyg i= {70 = {/ vcsolfcrta) < x]. 
lay 2 = 4 = (habs llllay = {> venta | < 00 
n=1 


In the following, we agree that p > 1, > + ; = 1,A,A1,A2 € R,Ay +A2 = 


A, alee y) @ = 1,2,3) are non-negative finite homogeneous functions of degree 
—) in R?., with 


CO 
KOO) = KO, Yu "'du € Ry, 
0 


and KO Ge, y) is symmetric. 


Definition 6 If k € N, we define two functions F, (y) and G(x) as follows: 


Ss oP hia 

Fy): = y*! / kx, yx,” dx1,y € [1,00), (128) 
1 

a ad ee AG) da— Gel 

G(x): =x k(x, Yi) dy,,x € [1,o). (129) 
1 


Lemma 14 [f there exists a constant 5) > 0, such that k®(A, + 89) € Ry G@ = 
1,2, 3), and there exist constants 5, € (0,59) and L > 0, satisfying for anyu € [1, 0), 


kd, ue) < 2, ku, Dut < L, (130) 
then fork © N,k > 3;max{<, a setting functions F;(y) and Gx(x) as follows: 


M-+-1,0) i 4 
Fy(y) 2 = yh PER | Ay ea Fi(y), y € [1, 00), 


1 a 
Gxlx) = x2 1YO @ zn =) GiGi e (ee), 
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we have 
0 < F(y) = O(y*"*!)—y € [1, 00)), (131) 
0 < G(x) = O(x?2-*'!)(x € [1, 00)). (132) 


Proof Setting u = x,/y in (128), we obtain 


o.e) 
FQ) = yh / kK (a, Dudu 
I/y 


ott TB) M-4-1 
= yo Pk ke (u, Lu" du 
0 


l/y 
1 ¥ 1 
_ yok f ku, Iu" du 


= yr peat (« _ -) 
pk 


1/y 

1 ¢ 1 

= pra f ku, Vu "du. 
0 


Hence, it follows 


1 1 ~ 
Fly) = yO (2 - -) — Fy(y) 
ui—-t-1 cas (2) M—-+-1 
= yl Pk ky (u, lu" PF du 
0 


CO 
= pra f KL, v2 7! dy > Oly € [1,00)). 
: 
In view of (130), we have 


[o,e) 
0< Fo) s ya f y72-81 hot pea! ay, 
y 


(ee) Aj—61--1 
1 1 L 
= ymin f yaitgelgy = <7 
7 


and then Fy(y) = O(y*!~*!~!)(y € [1, 00)). 
Still setting u = x/y,, we find 


1 e 1 
Exoyaaxrant f ku, Dut tae" du 
0 


CO 
= 72-1) (2 + x) - | ku, Lut edu, 
q x 


Hence, it follows 


1 ~ 
G(x) = x?2-H NEO (« ~ =) — G(x) 
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1 ee 1 
= ae | ku, Vu tat" du > 0. 
x 


By (90), we have 


CO 
0 < Gy(x) <x? # 2 f ult ak ‘du = ——_— i 
x ee 


and then G;(x) = O(x*2~8!—!)(x € [1, 00)). The lemma is proved. 


Lemma 15 As the assumptions of Lemma 14, we have 


Oe aa hae do- A ay— = 
Ly i= if (/ k(x, yx Ry" PR ax) dy 
1 1 


= kA) + o()(k > ov). (133) 


Proof Setting u = y/x, since KO (x, y) is symmetric, by (26), it follows 


y 
4 (/ Kd uyu'*"du) dy 
0 


1 = 17 R (1) eka 
= | yore (/ ky? (u, Vu" tae au) dy 
kL 0 
* latte oO eee 
+f yk [une du) dy 
1 1 


1 
HY 
= / Ku, Dub! * ae !du 
0 


1 of" OY thy () mitz-i 
+f (/ yk dy) k,-(u, Iu"! du 
1 u 


1 io“e) 
=) Pare eta + | Ku, Du" du 
0 1 


wl 
= 
| 
a] 
—~ ~ 
3 
is 


oe) 
=) ku, Du !du + o(1). 
0 


Hence, (133) is valid. The lemma is proved. 


Lemma 16 As the assumptions of Lemma 14, if4,41,42 < 1, KO, y)@ = 1,2,3) 
are decreasing with respect to x (y) € Ry, setting 


Pia © 2) f= ae=! 
a(n): =n Ky (x1, 0)Xy dx, 
1 
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ia 1 
~ = 3 A2--=-1 
Baja y eo ean. 


ni=l 


then we have 


i= if So KP nA (n) By (x)dx 


n=1 


3 
> | [k°a1) + 0) > 00). (134) 


i=1 
Proof By (32), Definition 6 and Lemma 14, it follows 


ei 1 oo oo ae 5 
> 7 7 / KG, WFO e(x)dxdy 
1 1 


1 6° (* a ri -1,2) ! 
=zf [ @anfyrate ses) aes 
1 Jt 
1 
x [see (« ae =) = Gun) dxdy 


2=h-h—-k, 
where, J;(i = 1, 2,3) are defined by 


1 1 
| eee ae ( - ) io @ + ) 
pk gk 
1” ©) do- 1 ay—-4-1 
xo / k(x, yx? Fy"! PR dxdy, 
1 1 
@) ! 
Ih:=k Ay + — 
qk 
1” - () do-4-1 
xz f ( [eyes ax) Rvdady, 
1 1 
1 
bh: =k (« - =z) 
pk 
1” . () w—--1 
x i/ i k(x, yy! PF dy ) Gx(x)dx. 
1 1 


By Lemma 15, we have 
1 1 
Ty = (KP (Ay) + ok @ = ) i (« ~ ) 
pk qk 


Since 0 < Fy(y) = O(y*'~*'—}), there exists a constant Ly > O such that Fy(y) < 
Lyy"!—51-!(y € [1, 00)), and then 


@) 1 Lo [* > (1) dog- 4-1 Ay—61-1 
O0O<h<k A+ : k(x, yx & dx | y dy 
q 1 0 
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@) L\ fe fo Pe edn 5-4-1 
— k M4 + aE ngs k, (u, lu IT OR du y 1 Gk dy 
q 1 0 


1 1 i\ = 
= = (x + =) KO (x + =) — 


Hence, I, — O(k — ov). 
Since 0 < Gy(x) = O(x*?-*1~!), there exists a constant L3 > 0 such that 
G(x) < L3x*2-81-!(x € [1, 00)), and then 


1\L 
0<hk(4-5)2 
pk} k 


= ae u—-t-1 
x | (/ ko yy ay) gr de 
1 0 
= 5 (x - =) = 
pk} k 
. = (1) ay—-+-1 6,-+-1 
x| / k’(u, Lu’ PF du) x “Pk dx 
1 0 
5 (u-—) KD (u-=) ace 


Hence, [3 — O(k — ov). Therefore, 


3 
k>h-h-h>[[k°@nk > &), 
i=1 


and then (134) follows. The lemma is proved. 


Theorem 6 Suppose that for A),4. < 1, < 1,k(x,y) G = 1,2,3) are 
decreasing with respect to x (y) € Ry, there exists a constant 5) > 0 such that 


kA, + 9) € RG = 1,2,3), 
and there exist constants 5, € (0,69) and L > 0 satisfying for any u € [1, 00), 
Un 2 Le aby 21. 
If f (x1), B(x) = 0, f € Lp gy, BE Lows \If lpg Blow > 0, setting 
CO 
A,(n) = nt f k(x1,n)f (xrdxi(n € N), 
0 


then we have the following equivalent inequalities: 


ris [ So P(x, ny (n)B(x)dx 
0 n=1 


< OAD ADF pollBllaw> (135) 
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- 20 P75 
c= / xPal (>> 42%mavin) ix 


n=1 


< KAD ADI lpg (136) 


where the constant factor kD A1)k(A4) is the best possible. 
In particular, if by, = 0,b = {bn} 1 € lg.y- llPllg.w > 0, setting 


B(x) = By(x) = 3°! Y° k(x, m)bn, (x € Ry), 


ni=l 


then we still have 


a MG, n)A,(n)B,(x)dx < Tk aIFllpellbllay Gan) 


n=1 i=1 


where the constant factor Th k(A,) is still the best possible. 
Proof By (22) and (21), we have J; < k(A,)||Aallp.g, and 


oo 3 
1—A,)-1 
(easy aoe Ala 


n=1 


06 - p/p 
jee (/ ioumstondn) | < kOADIIF lp: 
0 


n=1 


then we have (136). By Hélder’s inequality, we find 


2 / (: kM, nace) (x? BG) dx < JIIBllyy- (138) 
0 


n=1 


Then by (136), we have (135). On the other hand, assuming that (135) is valid, 
we set 


0° p-l 
B(x) = x27! (> Kmain) @ eR): 
n=1 
Then we find ||B||?, = Jj’. If J; = 0, then (136) is trivially valid; if J) = 00, 
then it is impossible ‘6 (136). ae 0 < J, < ©, by (137), it follows 


Bit = JP = 1 < kKPADKOADIS poll Bllaw 


qv 
Fy = [Bly < MODE ADIIF laps 


and then we have (136). Hence, inequalities (135) and (136) are equivalent. 
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Since ||Ballqu < kK Q|lbllgy. for B(x) = By(x), by (135), we have (137). 
In the following, we first prove that the constant factor in (137) is the best possible. 
Fork e N,k > x max{<,, “ie we set 


Then it follows 


[oe] 
Ayn) =n! | kK x1,n)f (ada, 
0 


oe) 
BiG =x) Sk Gaba, 


nj=l 


If there exists a positive constant K < Th, k(A,) such that (137) is valid when 
replacing [];_, k(A1) by K, then in particular, it follows 


os 1 oo 00 i aS wo 
I = | DOK Oe. ALM) B, dx 
0 


n=1 


if 

i ee oes Ka 0, \ 

< [KI FlleollPllay = 7k? (14 oi! 
nj=2 


1 


aa +f red elie) 
—kpP k = = . 
mae i, k 

In view of (94), we find 


3 - 
[[K°@) +0) sh =K (1 + i)’ ; 


i=1 


and then ine k®(A1) < K(k > 00). Hence K = Th k(A,) is the best possible 
constant factor of (137). 

We can prove that the constant factor in (135) is the best possible. Otherwise, for 
B(x) = B(x), we would reach a contradiction that the constant factor in (137) is 
not the best possible. In the same way, we can prove that the constant factor in (136) 
is the best possible. Otherwise, we would reach a contradiction by (138) that the 
constant factor in (135) is not the best possible. The theorem is proved. 

By the same way, we still have 
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Theorem 7 Suppose that for A142 < 1,A < 1,kOx,y) G = 1,2,3) are 
decreasing with respect to x (y) € Rx, there exists a constant 59 > 0 such that 


kK(Ay £ 89) € Rai = 1,2, 3), 


and there exist constants 5, € (0,59) and L > 0 satisfying for any u € [1, 00), 
kd, u)ue2*6 x LG, Duet <L. 


Tf A(n),bn, 2 0,6 = {bn tmar € law. A = {AM € Ie llbllay- 


IlAllpo > 0, setting 


[oe] 
Bux) = 1 DO bn & € Ry), 


nj=1 


then we have the following equivalent inequalities: 


love) CO 
/ SPO nAM)By(a)dx < KP ADK AIAIpollbllav> (139) 
n=1 
i 
oo ioe) q\4 
j= bp nirinl (/ Kern Bod) 
n=1 0 
< KAKO ADID|lay> (140) 


where the constant factor kD A4)kO(A4) is the best possible. 
In particular, if f(x1) > 0, f € Lyg,. If llpo > 0, setting 


A(n) = A,(n) =n! i ~ k(x1,n) f (xdxi(n € N), 
0 


then we still have 


09 «(08 3 
/ SKI MAM) Bax)dx < TOADS lpellblla.y- (141) 
9 n=l i=l 
where the constant factor Th, k(A,) is still the best possible. 


Definition 7 As the assumptions of Theorem 6, we define a Hilbert-type operator 
T” : 1,9 > Ly as follows: For A, = {A,(n)}%, € Ipy, there exists a unique 
representation 7“) A, € Lp, satisfying 


(TO Aa) = x1 YP, nAa(n)(x € Ry). (142) 


n=1 
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Similarly to (22), we can find ||T Aj||p,g < k(A1)||Aallpg, where the constant 
factor k“ (1.1) is the best possible. Hence, it follows 


oe) 
7 ]] = kA) =. KP, Dt dt E Ry. (143) 
0 


Definition 8 As the assumptions of Theorem 6, we define a Hilbert-type operator 
T® : Lyng — lpg as follows: For f € Ly, there exists a unique representation 
T f € 1,9, satisfying 


(T® f)(n) = Ay(n) =n"! / ~ kon) firdei(n €N). (144) 
0 


We can find ||T f||p.o < KPA If lpg. where, the constant factor k(A1) is 
the best possible. Hence, it follows 


CO 
[7 || = kay) = ke, Plat eRe. (145) 
0 


Definition 9 As the assumptions of Theorem 6, we define a Hilbert-type operator 
T® : Lyg > Lyg as follows: For f € Ly , there exists a unique representation 
T f € lpg, satisfying 


(T® fyx) = (TP A(&) = x1 DP, An) 


n=1 


oo oo 

a > kK, nn! i Pen m fend | (x ER). (146) 
n=1 0 

Since for any f € Ly y, we have 


TF = TA, = T?(T® f) = (TT) Ff 


then it follows that T® = TYT®, ie. T is a composition of T™ and T. It is 
evident that 


(POS rr |S Fs Pl a ak a), 
By (136), we have 
TOF ilpo = (TP Arlee = A <= RP ADO ODI lle 


where, the constant factor k (A )k)(A.) is the best possible. It follows that ||T || = 
k(A,)k(A1), and then we have the following theorem: 


Theorem 8 As the assumptions of Theorem 6, the operators T and T® are 
respectively defined by Definitions 7 and 8, then we have 


FOTO | = [TO] TP || = KP Gade Ay). (147) 
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Definition 10 As the assumptions of Theorem 7, we define a Hilbert-type operator 
T, : Lay — Igy as follows: For B, € Ly, there exists a unique representation 
T, By € 1g, satisfying 


(TB, )(n) =n?! is kK (x, n)By(x)dx(x € N). (148) 
0 


We can find ||7; Ballou < KP Ar)|| Bally» where, the constant factor k“(A1) is 
the best possible. Hence, it follows 


oe) 
711 =a) = | kM, elt € Ry. (149) 
0 


Definition 11 As the assumptions of Theorem 7, we define a Hilbert-type oper- 
ator Ty : Igy — Lg,y as follows: For b = {b,,} € lg,y, there exists a unique 
representation 7>b € L, y,, satisfying 


(Tyb\(x) = By(x) = x* 1 SP nbn € Ry). (150) 


nj=1 
We can find ||Tb||g,y < k®(A1)||bl|q.y. where, the constant factor k@)(A;) is the 


best possible. Hence, it follows 


oe) 
|Zo}| = kr) =) kG Ded = Re: (151) 
0 


Definition 12 As the assumptions of Theorem 7, we define a Hilbert-type operator 
To : law — [q,y as follows: For b € J,y,, there exists a unique representation 
Tob € lq,y,, satisfying 


(Tob)(n) = (11 B,)(n) = n*! / ~ KY (x, n)By(x)dx 
0 


(oe) 


= nh! / gr) » Aeon dx(n €N). (152) 
0 


n=l 
Since for any b € 1, ,y, we have 
Tob = T, By = T(1Inb) = (M1 Th)b, 
then it follows that To = 7,7, i.e. Ty is a composition of 7, and 7}. It is evident that 
[IZoll = [71 Tail < Till «Za = KP ADRO OAL). 
By (140), we have 
[ITobl lay = WT Balla = 32 < KO ADO ODI aw 


where, the constant factor k“(4.,)k(A,) is the best possible. It follows that ||7)|| = 
k(A,)k®(A1), and then we have the following theorem: 
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Theorem 9 As the assumptions of Theorem 7, the operators T; and Tr are 
respectively defined by Definitions 10 and 11, then we have 


(71 7o|1 = WTill - Zoi = KP ADK AD. (153) 


Example 9 (i) ForO <A < 1,0 <Aj,A2 <1, 


1 1 
xh + yh? (x + yh? 


Ges y= 


In(x/y) 1 
x* — y*’ (max{x, y})* 


(i = 1,2,3) 


are satisfied using Theorems 8 and 9. If fact, since 0 < 4; + 6; < AG = 1,2),we 
find 
KO, wut) > 0, KOC, Dut! > O(u > 00). 
(ii) For 
1 


(2) = 
CO aay: 


Kx, y) => 


1 
xh 4 yr? 


in Definitions 7, 8 and 9, it follows 


[o.e) 
1 
(T® A, )(x) = x*" 5° ——__ Ay (n(x € Ry), 
n=1 saa 


PoAnh=n™ f(x)dxi(n € N), 


i 1 
I (max{x;,n})* 


& A-1 lone) 
(T® f(x) — x! Me “ | f(x )dx| (x ER). 
n=1 0 


x* + n* (max{x,,n})* 


Then by Theorem 8, we have 


Wu Xr 
[PO] = [TOT] = [ITO | ||| = — 
A sin (51) A1A2 


a 
= a 154 
jA2 sin (4!) en 
(iii) For 
1 


(3) _ 
OTS" aay iy 


1 
k(x, y) = xh yr 


in Definitions 10, 11 and 12, it follows 


eo 1 
(TB, )(n) =n! : ep ne Badan €N), 


n* 
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CO 
Tob — n R ° 
(Tyb)(x) = x* sey, vmoxte prem € Ry) 
a CO 
Tob =n ‘fs Pn d N). 
op) = x* +n = p> (max{x, wai an ) 
Then by Theorem 9, we have 
4 
To|| = ||T:To|| = ||T1|| - || Z2|| = ———.. 155 
Toll = [71 72) = Till - || Zl Mag sin) (155) 


4.2 The Case That the First Kernel Is Non-Homogeneous 


For p > 1, set ®(x) = xPI-5)-1 Wy) =. 


2)-l(x, y © R,), and we define 
three normal spaces as follows: 


m=1 


= [Fine = {/ ewoirooras| | eZ ~|. 


1 


oo q 
law = b= {Dn jae I> HDllqw = {> vionts| < © 


n=1 


o 1 
la «= lnlzllalne = [Jo emit < oof, 


In the following, we agree that p > 1, ‘ + ; =1A€ER, kK, y) @ = 2,3) are 
non-negative finite homogeneous functions of degree —A in R2, with 


(i) a = (i) ae 
K 5 = ; ky (u, Ilju2- du € R,, (156) 
and h(t) is a non-negative finite measurable function with 
ay (4 m hy 
K 5 = h(uju2 “du € Rx. (157) 
0 


Definition 13 If k € N, define two functions F.(y) and G: (x) as follows: 
FQ): = i KO yae  ldey.y € 1) (158) 
0 


sch Ay dy 
Guia! [" eax, * “dye € [1s00), (159) 
1 
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Lemma 17 [f there exists a constant 59 > 0, such that K® (3 + 50) ER, G@ = 
1,2, 3), and there exist constants 5, € (0,50) and L > 0, satisfying for anyu € [1, o), 


ku, Dutt <3, kU, Dui < L, (160) 


then fork € N,k > 3,max{t, ahs setting functions F,(y) and G(x) as follows: 


—yithpoa(*A,1)_# 
Fu(y) = yr kK 5 +— }— Fy), y € ©, 1], 
pk 
aA 1\ «& 
Gy(x) = x2 KO G + =) — G(x), x € [1,00), 
2 qk 
we have 
0< AO)=0(y "Je @D, (161) 
0<G(x)=0 (a) (x € [1,00)). (162) 


Proof Setting u = x,/y, we obtain 


os 2 Vy 
Fy(y) = yer! f kK (u, Du? "du 
0 


ede fg) S+ap-1 
— y2" Pk ky" (u, lu?" du. 
1/y 


Hence, it follows 


fhe i Xr 1 x 
Fy(y) = y2t ET K® (5 + =) — F,(y) 
2 ~~ pk 


ryt [ay idl 24 
= yy?" Pk ky (u, Iu?" PF du 
l/y 


= Oy € ©, 1). 


In view of (160), we have 


0<hO)< yin | uw 3 81 yt Hedy 
I/y 
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$2 


ay] 7 —§+4-1 
= yr re EL u Pedy = 
I/y pk 


and then F;,(y) = O(y2*®-!)(y € (0, 1). 
Still setting u = x/y,, we find 


os ei % a1 
Guay axa | ku, Vu?! du 
0 


ee ees | 3 Xr 1 
=x? # OKO (24+ 
. € % a) 


katy f” 7G) $+4-1 
— x2 ak ky (u, luz" du. 
x 


Hence it follows 


G _ 4-t-1,ef4, 1 x 
AQ) =x? KU | + — | — Ge) 
2 qk 


er ae b+ dat 
=x? a ky’ (u, lu2" du > 0. 
By (160), we have 
Ady “ 1 
0< G(x) < x2 UL Uu ak ee ore 
x | eae 


and then G(x) = O(x3~8!-!)(x € [1, 00)). The lemma is proved. 


Lemma 18 As the assumptions of Lemma 17, we have 


if - st ers ae oes 
Ly =f / h(xy)x2~ ak y2" Pk" dx | dy 
0 1 


= kK (5) + o(1)\(k > 00). (163) 
2 


Proof Setting u = xy, by (26), it follows 


1s! 14 ce Dy 
=> | yk : h(uju2 du) dy 
k Jo 7 
1 
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1 1 u = ao 
al / yk ‘dy | h(u)u2 du 
k Jo \Jo 


oo X 
+f (uu? 7 du 
1 
1 X 1 1 ee x 1 1 
af h(uju2* rk au+ | h(uju2 "du 
0 1 
a x 
=) h(uju2—'du + o()(k > oo). 
0 


Hence, (123) is valid. The lemma is proved. 


Lemma 19 As the assumptions of Lemma 17, if i. < 1,h(xy) is decreasing with 
respectto y € Ri, and OG; y) @ = 2,3) are decreasing with respect to x (y) € Ry, 


setting 


~ ' 2 et 

Ayn): =a! [ kK (x1, n)x, dx, 
0 

R. acl (3) age 

Bix): = HK (xniny ™ 


nj=l1 


then we have 


i= aa > h(xn)A,(n)By(x)dx 


IV 


I K® (5 ) + o(1)(k > 00). (164) 


Proof By (32), Definition 13 and Lemma 14, it follows 


ey op pe Ae 
>t / i h(xy)Fy(y)Gx(a)dxdy 
(0) 1 


=zf [or ead iar aL) 
k Jo Ah : a . ~ 
41 1p.) (4, 1 
x | x27 OK 5 + ) — Gir) | dxdy 
2 qk 


>h—-h-h, (165) 
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where, hi = 1,2,3) are defined by 
AL Xr 1 Xr 1 
= K® ie ee K® Vege ey 
2 pk 2 qk 
rept ye fe hades sg Heiaitng 
x if i h(xy)x2” ak y2™ pk dx | dy, 
0 1 
bes Xr 1 
h:=K® (3+ =) 
2 qk 
1 1 oe) pati g 
/ / h(xy)x? ®& dx ) Fy(y)dy, 
k Jo \i 
is Xr 1 
i= K® (5 + =z) 
2 ~~ pk 


1 ee) 1 By. fit 
x i/ i: h(xy)y2™ dy ) Gy(x)dx. 
1 0 


By Lemma 18, we have 


oat a hos a De: ak 
jes ae IK? (-4+—)K®P(-+—). 
1 = ( (F) +0 )) Rae eT 


Since 0 < Fi(y) = O(y2*8-1), there exists a constant Ly > 0 such that Fi,(y) < 
Lyy2*!-!(y € (0, 1]), and then 


~ GB) x 1 Lo : “ -4-1 448)-1 
0<1h<K I ok 7s h(xy)x2 "dx ) y? dy 
0 0 
1 0° F 
v0)! ([ rant) to 

q 0 0 
a) (5 Ee =) Ko (5 = =) Py 
k 2 qk 2 qk} b+ aE 


Hence, 1 => O(k > ov). 
Since 0 < G,(x) = O a) , there exists a constant L3 > O such that 


Gy(x) < L3x271-(x € [1,00)), and then 


CO CO a 
0<h< K® (5 EY ~) val (/ hiay)y dy) geet dl 
P 1 0 
CO CO 
= K2 ($+) al (/ A(u)u2* vF au) x bi sE | gy 
2° pk) k Sy 6 


= 7K (542) «(54 2) zai 
k 2" pk DBR) sie 


pk 


Ha 


x 
| 


526 


Hence, BR — O(k — oo). Therefore, 


3 
= * ~ = as . Xr 
i> i -h- BT] (5) @ + 0 


i=1 


namely, (165) follows. The lemma is proved. 
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Theorem 10 Suppose that for 4 < 1, h(xy) is decreasing with respect to y € R4, 
and KO, y) G@ = 2,3) are decreasing with respect to x (y) € Rx, there exists a 


constant 59 > O such that 


KO (Fem) eR dG = 1,2,3) 
7 eae + — 1,45 > 


and there exist constants 5, € (0,59) and L > 0 satisfying for any u € [1, 00), 


ku, ut < L,kO(u, uit < L. 


If f (x1), B(x) = 0, f € Lyo,B € Law l|Fllp.o; |Bllow > 0, setting 


A,(n) =n’?! i kK (x1,n) f(x1)dx1(n € N), 
0 


then we have the following equivalent inequalities: 


T:= / ~ Y* A(en)Ax(n)B(x)dx 


n=1 


x Xr 
<K® (3) ko (5) IIfllp.ollBllaw. 
oo eo) P ; 
ii:= ELS pcenyA d 
; 3 (> (xn) «) ‘ 


n=1 


ye a 
K® (=) K@ (= als 
< (5) 5) I Flew 


where the constant factor K‘) (3) K® (3) is the best possible. 
In particular, if b,, > 0,b = {bn, pee € law, ||D\lqw > 9, setting 


B(x) = Bix) = 0°! SO RP nbn (x € RY), 


n=l 


then we still have 


co © 3 Lh 
i So h(xn)Ax(n)B,(x)dx < T] K® (5) II fllp.0llBllaw: 
i=1 


n=1 


(166) 


(167) 


(168) 
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where the constant factor [];_, K“ (4) is still the best possible. 
Proof Since we have J; < K\ (4) ||Aallpo, and the following inequality: 


1 
(oe) 


D 
zs D 
|Aallp.o = [doent-*- aren} 


n=1 


— 7 ae 
= [yon (/ Ker. flddn ) < K® (3) lf llp.o, 
n=1 0 


then we have (167). By Hélder’s inequality, we find 


al (5 a) (x7 ?B(x)) dx <Ti||Bllav. (169) 
0 


n=1 


Then by (167), we have (166). On the other hand, assuming that (166) is valid, 
we set 


00 p-l 
B(x) := x27! (> womascn) (x € Ry). 
n=1 


Then we find ||B||1, = J?. If ; = 0, then (167) is trivially valid; if J; = 00, 
then it is impossible to (167). 
For 0 < J; < ©, by (166), it follows 


Zs nr nr 
Bile w =JP=1< K® (5) K® (5) NWF llpollBllaw: 


Bt 2 d x 
LSet ak" (5) Ke (3) If \lpw: 


and then we have (167). Hence, inequalities (166) and (167) are equivalent. 
Since ||B||gw < K9E4B)I|Dllgws by (166), we have (168). In the following, 


we first prove that the constant factor in (168) is the best possible. For k € N, 
k> 3;max{-, ab we set 


Then it follows 


[e.@} 
Ayn) =n" | kK x1,n) f (ada, 
0 
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oe) 
Buyer >. k(x, 11)bn,- 


n=l 


If there exists a positive constant K < [3 K (4) such that (168) is valid when 
replacing [];_, K“ (4) by K, then in particular, it follows that 


i - [ i Y= ACen) Ay (n)B(x)dx 


n=1 
1 
1 ~ ~ Kit = mee | 2 
= pA ollPllaw = Faal (: + ae ; 
n= 


1 1 


=i +f -I-lgy)' =x(i41)‘ 
—_kp k — 7 . 
aa .e fe k 


By (165), we find 


‘5 1 
W«® A +ol)<hk=K jae ‘ 
om 2 ~ k , 


and then acm KG) < K(k — oo). Hence K = Th K® (5) is the best possible 
constant factor of (168). 

We can prove that the constant factor in (166) is the best possible. Otherwise, for 
B(x) = B(x), we would reach a contradiction that the constant factor in (168) is 
not the best possible. In the same way, we can prove that the constant factor in (167) 
is the best possible. Otherwise, we would reach a contradiction by (169) that the 
constant factor in (166) is not the best possible. The theorem is proved. 

By the same way, we still have 


Theorem 11 Suppose that for X < 1,h(xy) is decreasing with respect to y € 
R,, KOC, y) G@ = 2,3) are decreasing with respect to x (y) € R4, there exists a 
constant 59 > O such that 


a e' 
Ko (3 + 2) € Ri(i = 1,2,3), 


and there exist constants 5, € (0,59) and L > 0 satisfying for any u € [1, 00), 
ku, DuFt < Lk, Nuit < L. 
If A(n), bn, 2 9,6 = {bn trai € lqws A = {AM} 1 € lp, lllqw Allp.o > 
0, setting 


oe) 
By(x) =x"! SOKO nbn (@ € Ry), 


nj=1 


then we have the following equivalent inequalities: 


[ Cremacna.cods < x (5) Ko (5) [|Allpollbllvs (170) 
C 


n=1 
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aa 
=| Sone ([- hn) BCs) 
< x (3) Ko ) Noli (171) 


where the constant factor K‘) (3) K®) (3) is the best possible. 
In particular, if f(x,) = 0, f € Lye, ||fllp,o > 9, setting 


A(n) = A,(n) =n?! i “OC FDA EN), 
0 


then we still have 
pe I w (4 
h(xn)A;(n)B,(x)dx < K 5 WF pe llPllaws (172) 


where the constant factor [];_, K (4) is the best possible. 


Definition 14 As the assumptions of Theorem 10, we define a Hilbert-type operator 
TY : lp.@ —> Lp as follows: For A, = {A,(n)}%, € Ip.o, there exists a unique 
representation TA, € L po, Satisfying 


(TOA (x) = 2°! Yana, (nla € Ry). (173) 


n=1 
We can find 
me Xr 
(PAs oe So (3) Aallp.o. 


where, the constant factor K“ (4) is the best possible. Hence, it follows 


at Xr ca a 
7 || = KY (3) =i h(t)t2—'dt ER. (174) 


0 


Definition 15 As the assumptions of Theorem 10, we define a Hilbert-type operator 
TO = L p,& — ly @ as follows: For f € Lp, there exists a unique representation 
TO Fe Ly, Satisfying 


(T fyn) = Ayn) =n"! / 7 kK (x1, 0) f (xidxi(n € N). (175) 
0 


We can find 
os Xr 
IF fllne < K® (3) IIflle. 


where, the constant factor K@ (4) is the best possible. Hence, it follows 


as x % d 
FO] = K® (5) = / ke, It? dt € Ry. (176) 
0 
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Definition 16 As the assumptions of Theorem 10, we define a Hilbert-type operator 
TO 3L pe — Ly @ as follows: For f ¢ Ly, there exists a unique representation 
TOF El p.o, Satisfying 


(TF fy) = FP Aa)(x) = 2°! D> AGN) Arn) 


n=1 


a US tenn Tf Ken msdn | ER,). (177) 


n=1 


Since for any f € Ly, we have 
T f = TOA, — T(T f) = (TOT) ¢, 


then it follows that T® = TT, i.e. T is a composition of T and T®. It is 
evident that 


~ Any ~ a Xr A 
[FO] = [POF < [POF = KO (3) . (3): 


By (167), we have 


(|T Fllpe = IIT Aallpe = Ai < KY (5) x (5 ) Il fllp.o; 


where, the constant factor K‘! (4) k® (4) is the best possible. It follows that 
TOY = KO (3) k (4), and then we have the following theorem: 


Theorem 12 As the assumptions of Theorem 10, the operators T® and T® are 
respectively defined by Definitions 14 and 15, then we have 


es ~ ~ Xr zy 
[POPO|| = [Fl FPS KO (3) _ G _ 


Definition 17 As the assumptions of Theorem 11, we define a Hilbert-type operator 
T : Law — Ig as follows: For B, € Ly, there exists a unique representation 
T, B, € lq, satisfying 


(T,B,)(n) =n?! i. h(xn)By(x)dx(x € R,). (179) 
0 


We can find ||7; Bi\lgw < K (4) ||Ballqw. where the constant factor K“ (4) 
is the best possible. Hence, it follows 


oe x 0° 
(7 || = K@ (3) =i A(t)t2—'dt € Ry. (180) 
0 
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Definition 18 As the assumptions of Theorem 11, we define a Hilbert-type operator 
Ty : law — Lqw as follows: For b = {Dn 1 € 1, w, there exists a unique 
representation Tob € Law, Satisfying 


(Tob)(x) = By(x) = x! SY KP, m bn € Ry). (181) 
n=l 


We can find oP llqw < KO (4)||bllgw, where, the constant factor K®) (3) is 
the best possible. Hence, it follows 


ay Xx oO 
||7|| = K® (5) =f k(t, Dt-ldt E Ry. (182) 
0 


Definition 19 As the assumptions of Theorem 11, we define a Hilbert-type operator 
To : Igy — [gw as follows: For b € I, y, there exists a unique representation 
Tob € law, satisfying 


(Tob\(n) = (T, B,(n) =n?! i pcan) Bea 
0 


(oe) 


= cy h(xn)x*! > Koma dx(x € R,). (183) 
0 


nj=l1 
Since for any b € [,,~, we have 
Tob = TB, = T\(Inb) = (1 Tr)b, 


then it follows that i = T, f, 1.e. 1; is acomposition of 7, and T. It is obvious that 


All = NABI <||Fil-|5i — KO(*) eo (4 
Zoll = (|Z Toll < TI - |Z! 5 5 |: 


By (171), we have 
Tobllgw = WT Ballaw = 2 < K (5) K®) (5) lPllqw 


where, the constant factor K“) (4) K® (4) is the best possible. It follows that 
||To|| = K“ (4) K® (4), and then we have the following theorem: 


Theorem 13. As the assumptions of Theorem 11, the operators T and Es are 
respectively defined by Definitions 17 and 18, then we have 


FP =|NFll- Bi = Ko (2) x (4 184 
7 Tall = ||Till - 1 Zall 5 5): (184) 
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Example 10 (i) For0 <A <1,0<A1,A2 <1, 


; 1 1 In (xy) 1 
aye Gy G1 Gai 
SOON Sor ak! Ge yyy 
ae) 1 G =2,3) 


— y** (max{x, y})* 


are satisfied using Theorems 12 and 13. In fact, since 0 < x +6, <A, we find 


kK? (u, Lu2*8 > 0, ku, Iu? +! > O(u > 00). 
(ii) For 
h(ry) = + — 2%, y) = —__ 
(xyr +1 (max{x, y})* 
in Definitions 14, 15 and 16, it follows 


(TY Ax) = x7! = A,(ny(x € Ry), 


(xn +1 


(T® f\(n) =n! ie f(xijdxi(n EN), 


o (max{x),n}) 


ni! oe) d 
(FO fy) =x peer — = | f frjdx, CxS RS): 


(max{x,,n})* 


Then by Theorem 12, we an 


A Boe A A w4 4n 
[PFO] = [POP | = FO FOF =F. 85) 
(iii) For 
(xy) = Ke, y) = —— 
Coy 1 (max{x, yP 


in Definitions 17, 18 and 19, it follows 
CO 
a 1 
ee 
(T,B,)(m) =n i Get j Badr € R,), 


1 
(max{x,1)})* 


(Tyb)(x) = x*! > 


ny) 


~ od oo xrol oo Dis 
etal I ars [> ator | oe 


Then by Theorem 13, we have 


bn (x € Ry), 


(Ful = ABI = Ane = 22 =" (186) 
oll = 142), = 1 2 mine Ge eae eh 
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Some Results Concerning Hardy and Hardy 
Type Inequalities 


Nikolaos B. Zographopoulos 


Abstract We review some recent results concerning functional aspects of the Hardy 
and Hardy type inequalities. Our main focus is the formulation of such inequalities, 
for functions having bad behavior at the singularity points. It turns out that Hardy’s 
singularity terms appear in certain cases as a loss to the Hardy’s functional, while in 
other cases are additive to it. Surprisingly, in the latter case, Hardy’s functional may 
be negative. Thus, the validity of the Hardy’s inequality is actually based on these 
singularity terms. 

We also discuss the two topics: nonexistence of Hj minimizers and improved 
Hardy-—Sobolev inequalities. These topics may be seen as a consequence of the 
connection of the Hardy and Hardy type inequalities with the Sobolev inequality 
defined in the whole space. 


Keywords Hardy inequality - Sobolev inequality - Optimal inequalities 


1 Introduction 


In this work we review some recent results concerning functional properties of the 


Hardy’s inequality 
9 Neo? uw 
|Vul“ dx > | ——— —z ax, (1) 
Q 2 @ |x| 


which is well known to hold for any u € Cj°(S2). The constant 


(N — 2) 
4 


in (1) is sharp and not achieved. The literature concerning Hardy and Hardy type 
inequalities and their applications is extensive; it is not in the purpose of this work 
to cover this. For some relevant works, cf. [15, 26, 38, 44, 45, 49]. 
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We introduce the Hardy functional 


: N-2\f # 
Tele] =| Vol‘ dx ( ) if 5 dx, (2) 
2 2 Q |x| 


g@ € Ch°(2), which is positive and different lower bounds have been obtained (see 
discussion below). Note that the expression is finite for u € Hi (2), but it can also be 
finite as an improper integral for other functions having a strong singularity at x = 0, 
due to cancelations between the two terms. Our goal will be the generalization for 
functions, for which the Hardy functional is well defined in the sense of principal 
value or is not well defined or is infinite. 

The motivation for this is explained in [53]; In the study of the corresponding 
parabolic problem, we have to work with functions u which do not belong to Hj (2). 
More precisely, it came from a functional difficulty we found in interpreting the work 
[55], where the following singular evolution problem was studied: 


U; = Au+c, |x|-2u, x € 2, t > 0, 
u(x,0) = u(x), for x € 22, (3) 
u(x,t) = 0 in 02,t>0. 


with critical coefficient c, = (N — 2)*/4. The space dimension is N > 3 and 2 
is a bounded domain in R™ containing 0, or 2 = R’. 

The separation of variables analysis produces some singular solutions. In par- 
ticular, the maximal singularity (corresponding to the first mode of separation of 
variables) behaves like |x|~‘’~?/* near x = 0, and this function does not belong to 
Hj (2). Now, this solution must belong to the space H associated to the quadratic 
form, hence the conclusion H # H,(S2). We recall that this is a peculiar phenomenon 
for the equation with critical exponent c, = (N — 2)*/4. For values of c < c,, the 
maximal singularity is still in Hj (2). To consider this possibility into account, the 
Hilbert space H was introduced in [55] as the completion of the C>°(S2) functions 
under the norm 


IPlline) = 1albl, % € CH(Q). (4) 


However, we have realized that with the proposed definition of H, there exists a 
problem with the solutions of the evolution problem having the maximal singularity. 
The verification is quite simple in the case where 2 = By, the unit ball in R” 
centered at the origin. In that case, the minimization problem 


2 
uel 


MiNyve H 2 
Il |7 2 


(5) 


admits as a solution to the function e;(r) = r~“~/?_Jo(zo,1 r), where r = |x|, Jo is 
the Bessel function with Jo(0) = 1, up to normalization and zo; denotes the first zero 
of Jo. This function plays a big role in the asymptotic behavior of general solutions of 
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Problem (3). The minimum value of (5) is “1 = ais Moreover, the quantity Jz, (e1) 
is well defined as a principal value. Assuming that 


ller|l3, = Ip, (e1), (6) 


from the definition of H, for any ¢ > 0, we should find a C§°-function ¢, such that 
lley — Olli; < e. However, we may prove that ||e; — ll5; >c > 0, for any Cp°- 
function @, which is a contradiction. It seems that e; fails to be in H, since it cannot 
be approximated by Cj°-functions and this will happen for every function with the 
maximal singularity. What is really happening in this case is that for functions with 
certain bad behavior, the norm of H is not given by (4). 

Next we present the results of Vazquez and Zographopoulos [53, 54], which have 
their own interest, as they may be seen as generalizations of the Hardy and Hardy 
type inequalities. 


1. We start with the Hardy inequality (1) defined on a bounded domain. Let N > 
3 and 2 be a bounded domain of R%, containing the origin. Then, Hardy’s 
inequality (on a bounded domain), takes the form 


lim (Tze[u] — A,(u)) > 0, (7) 
for any function u € 0,u € H. With A, we denote the quantity: 


A,(u) = net / uw dS (8) 
E = 2 9 


where dS denotes the surface measure. Actually the left hand side of (7) represents 
the norm of H(S2). As we discuss in Sect. 2, A, may have a bad behavior; 
oscillating or tending to infinity. In these cases, the Hardy functional /, has the 
same behavior with A,, so that the sum of them to become a positive real number. 

2. Next we consider the case of the Hardy inequality (1) defined on an exterior 
domain. Let N > 3 and 2 = R%\B,(0) be an exterior domain. We note that 
the inverse square potential corresponds to singular phenomena also at infinity. 
We consider the Hilbert space H({2) as the completion of the Cj°(2) functions 
under the norm (4). Then, Hardy’s inequality (on an exterior domain), takes the 
form 


lim (15; 
E> 


1 (Zoy,,f] + Arye(w)) > 0, (9) 


for any function uv # 0, u € H. Actually the left hand side of (9) represents 
the norm of H({2). The Hardy functional posed in the exterior domain is not 
necessarily a positive quantity; functions which belong in H and behaving at 
infinity like |x|~“Y~?/? may be negative; for an example see [53]. Thus, the 
validity of (9), is actually based on Aj/¢. 

3. For the case of the whole space 2, where 2 = IR, the Hardy inequality is sharp; 
we cannot expect a Hardy—Poincaré inequality to hold, for any smooth function. 
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To overcome this difficulty, the authors in [55] made use of the similarity variables. 
They introduced the following weighted Hardy inequality: 


Tx|w] 2 0, (10) 


for any C5°(R™) function, where 


2 Nos? w 
Tx[w] := K |Vw|? dy — | —— K —, dy. (11) 
RY 2 RY yl 


and K(|y|) = exp (|y|?/4). Also, in this case, 


(N — 2) 
ri : 
is the best constant for (11). 


As above, we introduce the Hilbert space H(K) as the completion of the space 
of Cx° (IR) functions under the norm 


lIPllicxy = Teldl. 6 € COR"). (12) 
Then, this weighted Hardy’s inequality, takes the form 


Lim, (Fens) ~ AoC) ) 


for any function u 4 0, u € H(K), where Ax, is defined as: 
N-2 
Ax ew) = —— eg i: Kw ds, (14) 


For the details we refer to [54]. 
. The following inequality is derived from the previous one, by replacing 


K(lyl) =exp(iyl?/4) with = K(\y|) = exp (1/4 |). 


The weighted Hardy functional is now considered: 


: i seat SY go WO oc 
Tz{w] = K |Vw|- dy — | —— K —dy. (15) 
RY 2 ry Ly? 


What is interesting here is that Jz is not necessarily a positive quantity; functions 
which behave at infinity like |y|~““Y-”/* might be negative. However, in this case, 
we may prove that this weighted Hardy’s inequality, takes the form 


. - Eee eee 
tim (1.101 + Ag 1/0()) + = llllfaczig-a) 29 18) 


for any function belonging to the corresponding space and A g | /, is given by (14). 


We emphasize the existence in (16), of the L?(K | 3-4) norm. It turns out that it 
might be crucial for the validity of (16). For an example, see [54, pp. 5477-5478]. 
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5. Next, we consider an improved Hardy inequality. Consider the weights 


io 4 |x| |x| 
ve) = 5 at (SB) x2 (2)... 
i=1 


with D > Do := sup{|x|,x € 2} and 


2 |x| 
X; Dp! k=1,2,... (17) 


Xi(H=A—-logt', XO =Xi(Xe10), k=2,3,..-. 


This study is motivated by the work [30], where the authors have provided an 
answer to a question raised in [16] concerning the improvements of the Hardy in- 
equality. They proved that the Hardy inequality has an infinite series improvement, 
such that the k-improved Hardy functional (kIHT) 


> Noo? uw 
[,{u] = ee dx — 5 a ee 
ee of, a XXE, ... X?u? dx. (18) 


is positive for any u € Cp°(92) and any k = 1,2,.... Related topics concerning 
improvements of the Hardy inequality are discussed in the sequel. 

We introduce the Hilbert space H;,(K ) as the completion of the space of C§°(<2)- 
functions, §2 is a bounded domain, under the norm 


Iola, = eld], @ € Co(Q). (19) 
Thus, this improved Hardy’s inequality, takes the form 


lim (Ti,n¢u] — Ar,e(w)) (20) 


for any function u 4 0, u € H(K). With Ax. we denote the quantity: 


1 
Age(u) = —5 i 6, | ¢.u ds, (21) 
where 
k 
dele!) = xO PL x78, (22) 
i=1 
and 


Ped (W=240X X; (23) 
by = 1 i|> 


i=l 
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As we discuss in Sect. 2, Ax,- may have a bad behavior; oscillating or tending to 
infinity. In these cases, the Hardy functional i, becomes negative and accepts 
the same behavior with A;,, so that the sum of them becomes a positive real 
number. 

6. Finally, we explore the existence of an analogue of the k-Hardy singularity energy 
for problems posed in exterior domains. Consider the weights 


k 


F it gf 2 Ai fi 
vd = 3 ope (Gm) 4 (Ga) * (sui): a ate 


i=1 
(24) 


with D > 5, c, = (N — 2)°/4 is the critical coefficient, By = IR” \B;(0) is the 
standard exterior domain and 6 > 0. Without loss of generality, we set 6 = 1. We 
introduce the Hardy type functional 


2 N-2\? ¢ 
Tk,Be(l0] = |Ve|" dx — (| ——— —, dx 
RY \B,(0) 2 RY\B,(0) |X| 


k 
— DE Ville) $? ax, (25) 


i=1 


which is positive for any compactly supported function 6 € C~(By(0)) that 
vanishes on the boundary. We denote by J;,. and J; /:, the Hardy type functional 
defined on B,(0)\B, and B,,,(0)\B, (0), respectively. 


We consider the Hilbert space H,(K) as the completion of the space of C5° (R™)- 
functions under the norm 


IIPlln, = Kacolbl, $ € Cy(R*). (26) 
Then, this improved Hardy’s inequality, takes the form 


lim (Le,1je[w] + Agt/e(w)) - (27) 


Recall that A;-(u) is given by (21). For more details, we refer to [54]. 

We also mention the recent results obtained in [22], where analogous results where 
obtained for the Hardy inequality, defined on a bounded domain and the singularity 
being at the boundary. 

The proof of the above results was based mainly on a more convenient variable 
by means of the formulay means of the formula 


die) = |e P e). (28) 


We will consider the transformation as u_= 7(v). Clearly, this is an isometry 
from the space X = L?(2) into the space X = L?(du, 2), with du = |x|?“ dx. 
This transformation (28), was first used in [16] and from then, it is a basic tool in the 
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study of Hardy’s inequalities. The great advantage of this formula is that it simplifies 
Ig(u), at least for smooth functions, such that 


Kv) := i |x|" Vo? dx . (29) 
2 


It is easily checked that J(u) = 1,(v) for functions u € C>°(S2) and the equiv- 
alence fails for functions with a singularity of the type |x|~“Y~?”? at the origin. It 
is clear, that this change of variables relates the study of Hardy inequality with the 
critical case of the Caffarelli-Kohn—Nirenberg Inequalities (see [19, 21]). 

Moreover, Hardy and Hardy type inequalities might also be connected with the 
Sobolev inequality in RY; 


Proposition 1 For some radial function u we set 


w(t) = |x|? u(x), 1 = (—toe (4')) a (30) 


Then, u € H,(Br), the radial subspace of H, if and only if w € D}?(R%) and 
lls, ce) = ON = 207" Ill raggny> (31) 


where D}? (RY) is the radial subspace of D'(R), which is defined as the closure 
of CS°(R), with respect to the norm 


lloza» = f Vol? dx. 
RYN 


For more details about this space, we refer to the classical book [1]. 

Two consequences of this relation are the existence of non Hj minimizers and 
the formulation of improved Hardy—Sobolev inequalities. 

Nonexistence of Hj minimizers was implied in [16], where they had calculated 
exactly the first eigenpair of the problem (5). However, a general proof was given for 
the first time in [30] for the minimizing problem miny<#||u| 3 /\\ul lia in the case 


of certain weights V. The connection of Hardy and Hardy type inequalities with the 
Sobolev inequality, enable us to provide a much more easier proof, which applies also 
to the problem min,<7||u| 3,/| |u| Pas 1 < p < 2*, as wellas, to more general Hardy- 
type inequalities. Moreover, we may obtain the exact behavior of the minimizer at the 
singularity. For example, in the case of problems minyeq ||u| ee /\|u| i pl<p<2"*, 
their behavior at the origin is exactly |x|~“Y~?/*. However, in case 5, the minimizers 
are more singular; as k grows they are getting slightly more singular. It is interesting 
that contrary to the simple case, the k-improved Hardy functional for these functions 
is not well defined. Their behavior at the origin is precisely |x|~\Y~2/2 []K_, x71”. 
We discuss about these results in Sect. 3. 

In the following, we consider improved Hardy—Soboley inequalities (IHS). In the 
last years much attention was given for the study of various versions of improved 
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Hardy and Hardy type inequalities. Their applications extend from the stability of 
solutions of elliptic and parabolic equations in the asymptotic behavior, the control- 
lability of solutions of heat equations with singular potentials, and the stability of 
eigenvalues in elliptic problems. For some of these results one is referred to [3, 5-7, 
9-14, 20, 22-25, 27-35, 41-43, 46-48, 50-57]. 

In the case of the critical Sobolev exponent, the following inequality 


ru > f |u| "=z dx, (32) 
2 


cannot hold for any u € C§°(S2), where @ is bounded. For example, take a radial 
function which behaves at the origin like |x|~“Y~?/*. It is clear from the previous 
discussion that the Hardy functional /[u] is well defined and it is finite as a principal 
value. On the other hand, the right hand side of (32) is infinite. 

However, in [30] the following IHS inequality was proved: Let 2 be a bounded 
domain in RY, N > 3, containing the origin, Do = sup,cg |x| and D > Do, then 
the following inequality 


Va 2 
/ |Vul2dx > (=>) / dx 
Q 2 a |x| 
_AN=1) a 
2N |x| ae 
+ Cys(2) (/ |u| %-2 (- log (S)) is (33) 
. D 


holds for any u € C§°(2\{0}). We note that (33) is sharp in the sense that xltws 
cannot be replaced by a smaller power of X. From the discussion in [30, 47], it is 
clear that the nature of (33) depends on the distance of D from Do, for instance in 
the case where D = Do. R. Musina [47] proved that the inequality cannot hold if 
one considers nonradial functions. 

On the other hand, as it is shown in [57], inequality (33) holds in the case where 
D= Do 


N-2\ ¢ # 
[ rvuisnPars (") f Sas 
Br 2 Br |x| 
2(N—1) 


7“ | wclsb18 (—t08 (5) ie 
s\ fe : 


in the radial case, i.e., where Br is the open ball in R, N > 3, of radius R centered at 
the origin and u € Cj°(Br\{0}) is a radially symmetric function. This was done using 
transformation (30). It is interesting to mention that (34) cannot have a minimizer 
(for a proof see Sect. 3). However, the minimization problem 


N-2 
N 


ix , GBA 


N-2 


le|\\ 

2 X = 

llellncagydx > Cus ( ; lacie (— tog ()) ix) . (5) 
Br 
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accepts a solution, which behaves at the origin like |x|~‘Y~~/?. More precisely, the 
minimizers of (35) are 


Umn(lx|) = |x|7 (+ v (- we (2) ~) (36) 


for nonzero jz and v. 

We note that the best constant of (33), was obtained in [6], using basically trans- 
formation (30) and the connection of (33) with the Sobolev inequality in a bounded 
domain. The best constant of (33), in the radial case, was obtained independently 
from [6], in [57], using transformation (30) and the connection of (33) with the 
Sobolev inequality in R™. 

The arguments of [57] may be applied to more general cases; the difficulty in 
these cases is to find the proper weight function that makes such an inequality to 
hold. Transformation (30) may provide us with an answer. For instance in the case 
3; we have to consider the singularity at zero and the behavior at infinity. In the 
bounded domain case, the weight function was a logarithm; in the case of RY, the 
proper function turns to be the exponential integral E(r). More precisely, we have 


Theorem 1 Let N > 3 anda > 0 be an arbitrary real number. For any w € 
C§°(R%), the following inequality holds 


N= 2" 2 
i KivwPdy-(“S*) f K ~ dy 
RN 2 ry ly 


1 | 7 eee “We 
= y 7 2N 
> | an Os 4 ee N-2 d 
=e [. (; ( 4 ) +a) me 
(37) 
The best constant is 
Cus := S(N)(N —2)?°N-DIN, if a > (38) 
N-2 
and 
“x S(N), if 0 : (39) 
04 5 l <a< 5 
N—-2 


where S(N) is the best constant in the Sobolev inequality and there exists no 
minimizer. 

In order to clarify the use of (28) in obtaining improved Hardy—Sobolev 
inequalities, we state Lemma | in Sect. 3 and an application for the case 5. 

Finally, we make a reference to works studying applications of the Hardy in- 
equality in pde’s. First we note that c,,, which is the best constant in the inequality, 
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is also critical for the basic theory of the evolution equation. Indeed, the usual 
variational theory applies to the subcritical cases: u, = Au + cu/|x|* with 
C < Cx, using the standard space Hj(S2), and a global in time solution is then 
produced. On the other hand, there are no positive solutions of the equation for 
c > C, (instantaneous blow-up), [8, 18, 37]. In the critical case we still get ex- 
istence but the functional framework changes; this case serves as an example of 
interesting functional analysis and more complex evolution. Problems with inverse 
square appear in Schrédinger equations and in combustion theory (See for e.g., 
[3, 4, 8, 13, 14, 16-18, 20, 22, 29, 32-43, 48, 50, 52-56] and the references therein). 


2 Hardy and Hardy Type Inequalities 


In this section we make some comments concerning the cases 1-6. The proof of these 
inequalities might be found in [53, 54] and actually is based on the transformation 
(30). More precisely, we consider the weighted space H = Wo (dt, 2), which is 
the completion of the space of Cj°(S2)-functions under the norm 


Wiz = / |x|" |W? dx. (40) 
2 


We may prove that the space of C5°(2\{0})-functions is dense in H. Next, we 
introduce the space H. as the isometric space of H = Wo 2 (x|-8 dx, Q) under 
the transformation 7 given by (28). In other words, 1 is defined as the completion 
of the set 


fu=lsl" ve cpa} = TICH(2y), 


under the norm N(u) = ||u||z, defined by 


I|ul|3, = / \jxe|-P-) |v (ix! u) dx. (41) 
Q 


Then, we are able to prove that the spaces H and H are actually the same space 
and the norm of H is defined by 


[ll lig = lim (Ip¢lu] — Ae(w)) (42) 


This is exactly inequality (7). As it follows from (42), inequality (7) is sharp 
concerning the behavior at the singularity. 

For this, we explain next the connection of the norm of space H with the Hardy 
functional (2). We distinguish the following four cases: 


¢ Ifu € Hj(&), then u € H and we have 
Au) = lim Ag(u) = 0, 


Note that the converse is not true; If A(u) = 0, it does not imply that u € AKG): 
For example, take a function wu such that v behaves at zero like ( — log |x|)~!/. 
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e Ifve H is such that lim),|-.0 v(x) = v?(0) exists as a real positive number; then 
it follows that u € H but u ¢ Ae (2). In this case 


A(u) = “a on v2(0), (43) 


where wy denotes the Lebesgue measure of the unit ball in R%. A(u) is then 
a well-defined positive number. We note that this is the case of the principal 
eigenfunction and the case of the minimizer of the improved Hardy—Sobolev 
inequality, see [57], in the radial case. Actually, this is the case for the minimizers 
of 


lll pe 2 
. <p < ——~. (44) 
ue H |lull?, N-2 


* Ifv € His such that v at zero is bounded but the lim,_,9 v(x) does not exist, i. e., 
v oscillates near zero. For example, let 


v~ sin ((— log |x|)*), |x| > 0. 


Then, v belongs in Hif0<a< 1/2, thus u = |x|"“~’y € H. In this case, the 
limit L(u) does not exist, since it oscillates, and we have that the same holds true 
for the Hardy functional, in the sense that 


lim (Ie{u] — Ac) = lIv11% (45) 


° Ifv € His such that lim,_,9 v?(x) = oo. For example, let 
v~ (—log|x|)*, |x| > 0. 


Then, v belongs to H if 0 < a < 1/2, thus u = |x|“ v € H. It is clear that 
A(u) = ov, and we have that the same holds true for the Hardy functional, in the 
sense that (45) holds. 


Note that in all these cases, A, is a nonnegative quantity, for every ¢ > 0 and so 
is Igc({u]. As a consequence, we obtain a generalized form of the Hardy inequality 
valid in the limiting case of (45), when the Hardy functional is not defined or it is 
infinite. 

The other cases (2-4) are similar to the above discussion and we refer to [53, 54]. 
The cases that are more delicate are the fifth and the sixth. 

By k-improved Hardy functional, we refer to J(u) defined in (18) with limits 
taken in the sense of principal value if the integrals diverge. Denote by Bz, the ball 
centered at the origin with radius ¢, and by Bf, its complement in 2. Assume now 


that u € H,, so that v = Oo. Ue He. Then, we have that 


N=2\?f i lee 1 
= 2 2y2 22. 
Tk,pc(u] =|, 17a dx ( 5 Vf. xe dx ae [geet xPe dx. 
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Applying change of variables and integration by parts, the following remarkable 
formula is obtained: 


1 / 
Iasi = IIB cay 5 f de" Au? dS, (46) 
é Se 


where dS is the surface measure. From this definition, we obtain the connection of 
Ax,¢(u) with A,(u), see (8), which for some fixed v € C§°(£2), is given by 


k 
Aje(uy) = Ag (1 x «| + lower order terms, (47) 
i=1 


as € | 0, where v = 7 (uz) and v = 7;(u,). While for a fixed u € Hx, holds that 
Age(u) = A,(u) + lower order terms, (48) 
as € | 0. Itis also clear that 
tim lIV133,cnp) = Hl, 
In order to take the limit ¢ — 0, in (46) we distinguish the following cases: 
° Ifue Hj(@), then u € H, and we have 
Aj,{u) = lim Ay.) = 0, 
thus the limit as ¢ — 0, in (46), implies the well-known formula 


Kalu] = llvilz, = NeW), 


which holds for any u € Hy (2). Note that the converse is not true; If A,(u) = 0, 
it does not imply that u € Hj (2). For example, assume a function v that behaves 
at zero like []\_, Xi. 

* If wu behaves at zero like c |x|~“~, which means that v ~ c []/_, X 
that u € H(K). In this case 


1/2 


i 


, we have 


N(N — 2) 
Ax(u) = —— = ON ie; 


A;(u) is a well-defined positive number and (46) implies that 
Tolu] = |Ivllqz, + Ae(u). 


Note that, in terms of u, this is exactly the same as in the simple Hardy case. 
However, in the case of k-improved Hardy we must have v(0) = 0. 
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* Ifv © Hz is such that Ths xe * y at zero is bounded but the 


i=1 


does not exist, i.e., v oscillates near zero. For example, let 


k 
v~ [| %:” sin (41) , |x|> 0. 
i=l 


Then, v belongs to “ie for some 0 < a < 1/2. In this case, the limit A;(u) does 
not exist, since it oscillates, and from (46) we have that the same happens to the 
(kIHT), in the sense that 


lim (Ji,a¢ lu] — Ane(w)) = IIvll 3 - (49) 


* Ifv e€ C§°(@) is such that v(0) = 1. Then, v belongs to Hy and 
lim Axe(u) = 00 


From (46) we have that the same happens to the k-improved Hardy functional, 
in the sense that (49) holds. We emphasize that, in contrast with A,, we can 
ve Hi. such that v(0) = 0 and Ax,- — oo. For example let v ~ Th 1 xi a 
the origin. 

Moreover, this last case applies for certain minimizers, see the next section; These 
not only fail to be in Hj, but also fail to have a finite k-improved Hardy functional, 
as a principal value, contrary to pe case 1. More precisely, they behave at the 
origin like |x|~Y~?/? []{_, X;'/*. In addition, as k grows, the minimizers are 
getting slightly more singular. 


Note that in all cases, Ax, is a positive quantity, for every ¢ > 0 and so is J; ze[u]. 
As a consequence, we obtain a generalized form of the k-improved Hardy inequality 
in the limiting case of (49), when the k-improved Hardy functional is not defined or 
is infinite. 

Finally, we give the inclusion between the spaces H,; 


HA(@) C HCH C.. He C Hag... C Mage2W (2). (50) 


Note that, every one of each imbedding is dense and strict. 


RN 


3 Critical Inequalities and the Sobolev Inequality on 


In this section, we discuss some applications of transformation (30) concerning 
nonexistence of Hj-minimizers and the formulation of improved Hardy—Sobolev 
inequalities. As already stated in the introduction, with the use of (30), Hardy and 
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Hardy type inequalities are related with the Sobolev inequality in R™, in the radial 
case. 
The best constant in the Sobolev inequality in RY: 


N-2 

N 
/ \Vul2dx > S (/ |u| = ax) (51) 
RY RN 


as it is well known, is 


N(N —2 
S(N) — NW — 2) Sv P/% = g2/N 5 1+1/N r ( 


Neiy 
; ). 


2 


where Sy is the area of the N-dimensional unit sphere and the extremal functions are 


> 


—(N-2)/2 
Vy v(Ixl) = (uw? + v? |x|?) 


for u #0, and v £0. 


Nonexistence of Hy -Minimizers Transformation (30) provides us with an extra 
argument concerning the nonexistence of Hj-minimizers. In fact, we are able to 
obtain the exact behavior of these minimizers at the singularity. We shall prove that 
these minimizers belong to H, they do not belong to Hj and their behavior at the 
origin is exactly |x|~%~/?. 

Assume on the contrary that u € Hj is a minimizer of the problem 


(lulls 
min # 
wé H |lull?, 


Then, u may be chosen to be a nonnegative and radial function, i.e., satisfying 
u(x) = u(r) > 0. Let w be the transformation of u, through (30). Since u € H/, we 
obtain that 


w(0) = 0. (52) 
Moreover, we have that w € D!7(R) is a minimizer of 


1 Jan |Vwl? dx 
(N — 2)? fon V(\x|) w? dx ” 


(53) 


where V(|x|) = |x|-2V-D e-2k1""™ | Note that if we set V(0) = 0, V is a con- 
tinuous function. Then, w should be a nonnegative solution of the Euler-Lagrange 
equation corresponding to (53): 


—Aw=c(N)V(\x|)w, we D!?(RY). 


However, application of the maximum principle contradicts (52), hence (5) 
does not admit an H,-minimizer. This argument might be applied to more general 
problems; 
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Proposition 2 Let 2 be a bounded domain of R“, N > 3, containing the origin. 
Then, minimizers of 


ul|2 2N 
i Halla a (54) 
ue H J, |ult dx N-2 
do not exist in Hy (92). 
Thecaseg = aN , as we know from (36) has the same quantitative behavior (in the 


radial case) and this maybe also obtained following the same argument. Moreover, the 
principal eigenvalue and the minimizer of the improved Hardy—Sobolev inequality 
(in the radial case) behave at the origin like |x|~“Y~?/?. Then, the Hardy functional 
for these functions is a well-defined positive number, although it does not represent 
their H-norm. These functions do not belong to the “worst” cases, where Ig is not 
well defined or is infinite. As a corollary of the previous argument, we have that the 
same happens to every minimizer ug, of (54). 


Corollary 1 Every minimizer ug.q of (54) behaves at the origin like |x|~N~”/. 

In the cases of Hardy type inequalities, similar results may be obtained, except 
the case 5 where the minimizers not only fail to be in H(, but also fail to have a finite 
k-improved Hardy functional, as a principal value. More precisely, they behave at 
the origin like |x|~\Y~2/2 []k_, X;/”, as we will see in the case of the minimizer of 
the k-Improved Hardy—Sobolev inequality (radial case). Their norm given by (20) is 
such that both 


Tkpe > CO and Age > OO, 


as € — 0. Moreover, as k grows, the minimizers are getting slightly more singular. 
We consider the minimization problems 


2 
u 
at II (2) age 2N 
~ N—-2 


we He (fz |ultdx) 


(55) 


Proposition 3 Let 2 be a bounded domain of R“, N > 3, containing the origin. 
Then the minimizers of (55) cannot exist in Hy (2). Moreover, every minimizer ux,g 
of (55) behaves at the origin like |x|~“~?/? pea x 

For the proof of the above results, we refer to [53, 54]. 

Improved Hardy-Sobolev Inequalities Transformation (30) applies also to im- 
proved Hardy—Sobolev inequalities. More precisely, it might give us the formulation 
of the inequality, providing us with the proper weight function, such that the 
inequality holds. 

The key result is the following Lemma, which actually relates critical inequalities 
with the Sobolev inequality on the space IR”. Then, the best constants and the 
minimizers are related with the ones of the Sobolev inequality. All the arguments 
considered the radial case since this case is the delicate one. With the exception of 
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inequality (37), we state also an inequality related to the case 5. For further details, 
one is referred to [54, 57]. 


Lemma 1 Leta & (0, 00] be fixed and K(r), r € (0, a), a positive function. Assume 
that the function E(r), with 


E'ry=r' K"0), 
is a well-defined negative function. Moreover, we assume that 


lim E(r) = —co and lim E(r) = 0. 


r—>0 


Then, inequality 


12 ih eel OND ies ° 
rK()dr<c r_ K~ (—E(r))” X= |v| "2 dr ; (56) 
0 0 


is equivalent to the inequality 


Oe Nhe _2w-) { f° yy, 26 N 
/ tN-lw!P dt <c(N —2)7 8 i tNliwit2 dt), (57) 
0 


0 


with the use of transformation 
w=), t= (HE). 
It is clear that the best constant in (56) is 
c = S(N)(N — 2) 7-DIN, 
and the minimizers are 
Vw (HE) *), 


where S(NV) and yw, are the best constant and the minimizers, respectively, of the 
Sobolev inequality in R™. 

Next, we state the k-improved Hardy Sobolev inequality (kIHS) in the radial 
case. In the general case, this inequality was proved in [30] and the best constant was 
obtained in [6]. For the radial case, we consider almost the same inequality, with a 
small difference, to than in [30, Lemma 7.1], following the procedure followed in 
[57]. For the sake of the representation, we assume that {2 = Bj, the unit sphere on 
RN, and in the definition of the X;’s we take D = 1. 


Lemma 2. For any radial function h € C5°(B,), the following inequality holds 


N-2 


1 k 1 k W 
i r ] [xr ta'P ar >c (/ r—} [|x (Xp - 1) [h| 7=2 i) . (58) 
0 j=] 0 i=l 
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The best constant is given in (38) and it is achieved by 
1 
Dy) = Vuw (Kee) — D¥=), (59) 


where Wy,» are the minimizers of the Sobolev inequality in RN. 


Proof we set 
ho) =h(t), t= (Keg) — 1) = (— log Xi). 


Using the fact that 
k 


(Xe41) = a I] Xj E cae 


i=l 
we have 
dt = oe tN-ty I X; dr. 
N-2 ae 
Then, (58) is equivalent to 


N-2 


z / \Vh’dy>c((N 2» f ore ie 
— ati A 
N-2 RV y = RN y 


and the result follows. 

As a consequence of the above lemma, we obtain the following (kIHS) inequality 
in the radial case. 
Theorem 2 For any radial function u € H;(B,), the following inequality holds 


N- 


: a N-1) 2N el 
llul cay = [Tx = (Xe) — 2" wl dx) 0) 
B 


Nv 


1 j=l 


The best constant is given in (38) and it is achieved by 


N 


k : 
hyve =! TX)? uw (Ke) — "2 (xD), GD 


i=1 


where Wy are the minimizers of the Sobolev inequality in RN. 
Note that, /,,, not only fail to be in Hj but also fail to have a well-defined k- 
improved Hardy functional, as a principal value. As we saw in Sect. 2, this is the 
case for certain minimizers in H,. In this sense, inequality (60) is different from the 

inequality 
N- 


i) 


x vs) 2-1) 2 al 
iu) = ¢ i [|% NW? (Xen) — 1) [ul x2 dx : 
B 


1 j=l 


The latter cannot hold as an equality for some radial function in H;(B}). 
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Nonexistence of Minimizers for Inequality (34) Finally, we provide a nonexis- 
tence result for inequality (34). We emphasize that inequality (35) has a minimizer 
and is given by (36). The difference of these two inequalities is actually the norm of 
H, which is given by (42) and the fact that the minimizers of (35) have a singularity 
at the origin of the type |x|~‘’~”/*. The procedure here is based on this fact. 


Theorem 3 A minimizing sequence for (34) is 
1 
_N=2 Ix] \\ > 
dn(lx|) = |x! 7 Wn { | — log R » X€ Br\{0}, Pnlas, = 0. (62) 
where 


ae 


Vnllx|) = (ue + v? |x|)? » Un > co, v £0, 


is for each n, the extremal of the Sobolev inequality and there exists no minimizer. 


Proof of Theorem 3 We define the functionals 7 : H(Br) — R and J : 
D!2(R") > Ras follows 


ne ae uw 
I(u) = |Vul? dx ( ) i 5 dx 
Br 2 Br |x| 
2(N—1) v 
2N |x| Ne} 
— Cus |u|*-2 | —log {| — dx 
Br R 


N-2 


; ( av \* NN-2)P , 
Jw) = i (Vw(t))? dt —C / wt dt) + ———onw*(0). 
RYN RY 


and 


By direct calculation we get that Jc,(u) > 0 if and only if Je7~“~7/u) > 0, 
and Ic,(u) = 0 if and only if Je(7~~7/u) = 0, with C) = C(N — 2)-P7A-DIN, 
It is clear now that the best constant for Jc to be positive is S(V); assume that for 
some C > S(N), Jc(w) = 0, for any w. Then, Jc(w) => 0, for w an extreme of the 
Sobolev inequality. This implies that 


N-2 


2N NT N(N —2 
~(C-5) ( / wine ar) in NO ow) > 0, 
RN 
or 
C1 ( i * wot ar)” <c w?(0). (63) 
0 


Let w(t) = (u? + v? t?)-“-/? for some js and b. We will prove that (63) cannot 
hold for every w i.e., we will find some yz and b such that (63) is not satisfied. From 
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(63) we compute the value of 
ss —N 
ra / O(a) de el, 
0 


We compute the first integral by setting t = © tan w and we obtain that 


—3N+2 
ne L< com , 


where 


m/2 m/2 
L= / (tan w)%—!(cosw)? % da = / (sin w)*~!(cos w)\~! dw 
0 0 


=} (sine)*~! de > 0, 
0 


and it is independent of jz and v. Thus, we can find a y such that (63) is not satisfied 
and the best constant for J to be positive is S(V). Then, the best constant for (34) 
is given by (38). In this case, one minimizing sequence for Js — 0 is y, and there 
exists no minimizer for Js and so for /¢,,,. Thus the proof is complete. Ml 


Remark 1 It is clear that w, are minimizers of Js in the level sets w(0) = c, 
c > 0 fixed number. This implies that these solve the corresponding Euler-Lagrange 
equation 


—Aw(t) =(N — 2) w3(t), te Rg. (64) 


In this direction, ¢, may be seen as the minimizers of J¢,,, in the level set with 
: N=2 : 
limjx|;+0 |x|-2 u = c, c > O fixed number, so these satisfy the Euler-Lagrange 


equation 
eam clini =< tog (2!)) 7° a8 (65) 
— (@) —2 
7 2 ) ke EVR . 


ulag = 0. 
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